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Fluid: Generalized Navier-Stokes Equations

(v —divT(v,q)+v-Vv = g,
< divy = 0,
vo= ntw X (z—x.),
\ v(0) = o,
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Model

Fluid: Generalized Navier-Stokes Equations

(v —divT(v,q)+v-Vv = g, in R,y x D(-),

dive = 0, in Ry x D(-),

< v = ntwX (r—zx:), onRy xTI(),
\ v(0) = o, in D(0).

Rigid Body: Balance of momentum and angular momentum

mn’ = mg —/ T(v,q)n do, in R,
T'(¢)
| (Jw) = -— (x —x.) x T(v,q¢)n do, in Ry,
(1)
n(0) =ny und w(0) = wy.

\

Solve for: v,q,n,w
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Generalized Newtonian Fluids

Stress tensor: T(v,q) :=2u(|EV|3)EY — ¢Id

_ 1
Deformation tensor: EY = §(Vv + (Vo)1)
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Generalized Newtonian Fluids

Stress tensor: T(v,q) :=2u(|EV|3)EY — ¢Id
: 1
Deformation tensor: EY .= §(W + (Vo)1)
Viscosity: e CHH(RY)
p(s) >0
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Generalized Newtonian Fluids

Stress tensor: T(v,q) :=2u(|EV|3)EY — ¢Id
: 1
Deformation tensor: EY .= 5(W + (Vo)1)
Viscosity: e CHH(RY)
p(s) >0

Special case: fluids of “power-law” type (d > 1)
uls) = po(1 + 5)72/2

shear-thinning (d < 2), shear-thickening (d > 2)
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Generalized Stokes Problem

Quasi-linear "Fluid Operator”:

(A(v)v); = div(2u(|E"5)E")
3
= (| BV [3)Av; + 44/ (| BY[3) Y eledy d;0imn
ik, l=1

p = const. = A(v) = pA
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Generalized Stokes Problem

Quasi-linear "Fluid Operator”:

(Alw o) = div(2u(|E"[3)EY),
3
= (B B)Av + 4/ (| B3) Y eleli 0,0
4.k, 1=1

p = const. = A(v) = pA
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Generalized Stokes Problem

Quasi-linear "Fluid Operator”:

(A(us); = div(2u(|EV3)EY);
3
= (| B“B)Av + 4/ (B 3) Y elers 0;0m
gk, l=1
p = const. = A(v) = pA
» Bothe/Priss '07:
(v —A(u)v+Vqg = f, in (0,T) x D,
) dive = 0, in (0,7) x D,
v = h, on(0,T)xT,
\ v(0) = wvg, inD.

has mazimal L? -reqgularity for p > 5.

March 8, 2010 | International Workshop on Mathematical Fluid Dynamics



TECHNISCHE
UNIVERSITAT
DARMSTADT

Overview

Outline
= Change of Coordinates

* Linear transformed coupled problem

» Bothe/Priss result

= Contraction mapping argument

Known Results

» Feireisl/Hillairet/Necasova 08
» Takahashi ‘03

» Galdi/Silvestre ‘02
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Coordinate Transform
(non-linear, local)
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» Inoue/Wakimoto 77 » Takahashi '03
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Transformed System of Equations

( ur — A(us)u + Vp = A(u 4wy ) (v + uy) — A(us)u in (0,7T) x D,
+(V —-G)p—N(u)+lLo.t.,
divu = 0, in (0,7) x D,
u=~E+Q Xy, on (0,7) x T,
) u(0) = vy, in D,
m¢’ + [ Ti(u,p)ndo = [(Tyx —T)(u,p)ndo +l.o.t., in (0,7),
IV + [Ly x Ty (u,p)ndo = fry X (T« —T)(u,p)ndo +l.0.t, in (0,T),
\ (£(0),£2(0)) = (10, wo);

= A N,G,T transformed differential operators, e.g.

(Alw)w); = p(EB) S oy g 02 + 255 1y g Ty + ) + ..
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Transformed System of Equations

( uy — A(us)u + Vp = Alu 4wy ) (u 4 uy) — A(uy)u in (0,7T) x D,
+(V —=G)p—N(u) + l.ot.,
divu = 0, in (0,7) x D,
u=~E+Q Xy, on (0,7) x T,
) u(0) = vy, in D,
m¢’ + [ Ti(u,p)ndo = [(Tyx —T)(u,p)ndo +l.o.t., in (0,7),
IV + [Ly x Ty (u,p)ndo = fry X (T« —T)(u,p)ndo +l.0.t, in (0,T),
\ (£(0),2(0)) = (nosw0)
= A N,G,T transformed differential operators, e.g.
(A(u)u); = p(|€]3) (27 k= 19jka2kuz + ngkz 19 T 0y + .. ) + .

» =0 = Alu+tu,) =Alu+us), G=V,
= [A(us) — A(u + uy)](u+ uy), N(u),... “quadratic”
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Linearized System
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( up — A(us)u + Vp = Fo,
divu = 0,
u=§+Qxy,
\ u(0) = vy,

m¢ + [ Tu(u,p)ndo = Fy,
IV + [y x Ty(u,p)ndo = F,
\ (5(0)79(0)) — (?70,(,00),

n (0,7) x D,
n (0,7) x D,
n (0,7) x T,
in D,

n (0,7),

n (0,7),
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Linearized System
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£QeWhP(0,T)
u(f? Q)7p(€7 Q)

( s — A(us)u + Vp = Fp, in (0,7) x D,
divu = 0, (0,T) x D,
u=E&¢+Q xy, n (0,7) x T,
\ u(0) = v, in D,
m¢ + [ Tu(u,p)ndo = Fy, in (0,7),
IV + [y x Ty(u,p)ndo = F, in (0,7),
| (€(0), 2(0)) = (1] ).
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Linearized System

( uy — A(us)u + Vp = Fo,
divu = 0,
u=¢§+Qxy,

n (0,7) x D,
(0,T7) x D,
n (0,7) x T,

{ U(O) = o, in D,
m¢ + [ Tu(u,p)ndo = Fy, n (0,7),
IV + [y x Ty(u,p)ndo = F, n (0,7),

\ (5(0)79(0)) - (770 WO)»
£,QeWhP(0,7)

(&)= Ly Y+ ()
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Linearized System

( uy — A(us)u + Vp = Fo,
divu = 0,
u=E&+ QO Xy,

n (0,7) x D,
(0,T7) x D,
n (0,7) x T,

{ U(O) = o, in D,
m¢ + [ Tu(u,p)ndo = Fy, n (0,7),
IV + [y x Ty(u,p)ndo = F, n (0,7),

\ (5(0)79(0)) - (770 WO)»
£,QeWhP(0,7)

H( o ) _/(yx(T(< <)é,pﬂ(>l e ) )d”(?i)

pT(£7 Q) + pN(f? Q)
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Linearized System

( uy — A(us)u + Vp = Fo,
divu = 0,
u=E&+ QO Xy,

n (0,7) x D,
(0,T7) x D,
n (0,7) x T,

{ U(O) = o, in D,
m¢ + [ Tu(u,p)ndo = Fy, n (0,7),
IV + [y x Ty(u,p)ndo = F, n (0,7),

\ (5(0)79(0)) - (770 WO)»
£,QeWhP(0,7)

H( o ) _/(yx(T(< <)é,pﬂ(>l e ) )d”(?i)

pT(Saﬂ) + pN(f,Q)
v lprll < Cllull
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Linearized System UNIVERSITAT
( Us — A(w;u—:— Vp = Fp, n (0,7) x D,
divu = 0, (0,T) x D,
u=E&¢+Q xy, n (0,7) x T,
X u(0) = vy, in D,
m¢ + [ Tu(u,p)ndo = Fy, n (0,7),
I + fry X Ty(u,p)ndo = Fy, n (0,7),
\ (5(0)79(0)) — (770 wo),
£QeWhP(0,T)
O\ [ T@EQpEDm N, [ F
H(Q/>/(?JXT((§,Q)1(€Q)) )d+(F2)
pT(Saﬂ) + pN(S? Q)
V llprll < Clul Solve NP:  Vo=v=m(f)
{ —Ag—z’) i (()§+Q X y)-n f;?’ Vv (I +M) invertible
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Main Result

Assume
= p>9H,

= B bounded C?*! -domain,

= o, wo € R? and vy € W22/pP(D),

" divog=0,0onT:vy(x)=ny+wo X .
Then there exists a unique solution

v € LP(0,To; W*P(D(-))) nW(0, Ty; LP(D(-)))
¢ = qo+g-Y, g€ LP(0,To; WHP(D(4)), Y € CH0, To; C=(D(-))),

nw € WhP(0,Ty; R?),

on a maximal interval (0,7y), 7o > 0.
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