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vt−div T(v, q)+v ·∇v = g, in R+ ×D(·),
div v = 0, in R+ ×D(·),

v = η+ω × (x−xc), on R+ × Γ(·),
v(0) = v0, in D(0).
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Model 

Fluid: Generalized Navier-Stokes Equations 








vt−div T(v, q)+v ·∇v = g, in R+ ×D(·),
div v = 0, in R+ ×D(·),

v = η+ω × (x−xc), on R+ × Γ(·),
v(0) = v0, in D(0).
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Model 

Fluid: Generalized Navier-Stokes Equations 

T(v, q)

T(v, q)

Rigid Body: Balance of momentum and angular momentum





mη� = mg −
�

Γ(t)
n dσ, in R+,

(Jω)� = −
�

Γ(t)
(x− xc)× n dσ, in R+,

η(0) = η0 und ω(0) = ω0.

 Solve for:              v, q, η, ω
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Generalized Newtonian Fluids 

Stress tensor:

Deformation tensor:  
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Generalized Newtonian Fluids 

Stress tensor:

Deformation tensor:  

Viscosity: 

µ(s) + 2sµ�(s) > 0
µ(s) > 0

µ ∈ C1,1(R+)
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Generalized Newtonian Fluids 

Stress tensor:

Deformation tensor:  

Viscosity: 

µ(s) + 2sµ�(s) > 0
µ(s) > 0

µ ∈ C1,1(R+)

µ(s) = µ0(1 + s)(d−2)/2

Special case: fluids of “power-law” type (       )

                            

d < 2 d > 2shear-thinning (       ), shear-thickening (       )             

d ≥ 1



µ = const. ⇒ A(v) = µ∆

March 8, 2010 | International Workshop on Mathematical Fluid Dynamics

Generalized Stokes Problem

Quasi-linear “Fluid Operator”:

A(v)



µ = const. ⇒ A(v) = µ∆
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Generalized Stokes Problem

Quasi-linear “Fluid Operator”:

A(u∗)



µ = const. ⇒ A(v) = µ∆
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Generalized Stokes Problem

‣Bothe/Prüss ’07:     

Quasi-linear “Fluid Operator”:

A(u∗)






vt−A(u∗)v+∇q = f, in (0, T )×D,
div v = 0, in (0, T )×D,

v = h, on (0, T )× Γ,
v(0) = v0, in D.

p > 5Lphas mazimal     -regularity for         .
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Overview

Outline

 Change of Coordinates

 Linear transformed coupled problem 
 Bothe/Prüss result

 Contraction mapping argument

Known Results

‣ Feireisl/Hillairet/Nečasová ’08

‣ Takahashi ’03

‣ Galdi/Silvestre ’02



xC

Id

B1

B2

B(t)

D(t)
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Coordinate Transform
(non-linear, local)

‣ Inoue/Wakimoto ’77 ‣ Takahashi ’03
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Transformed System of Equations

A,N ,G, T                transformed differential operators, e.g.
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Transformed System of Equations

     

A,N ,G, T                transformed differential operators, e.g.

t = 0 ⇒ A(u + u∗) = A(u + u∗), G = ∇, . . .

                                                    “quadratic”  [A(u∗)−A(u + u∗)](u + u∗), N (u), . . .



in (0, T )×D,

in (0, T )×D,

on (0, T )× Γ,

in D,

in (0, T ),
in (0, T ),






ut −A(u∗)u +∇p = F0,

div u = 0,

u = ξ + Ω× y,

u(0) = v0,

mξ� +
�
Γ T∗(u, p)n dσ = F1,

IΩ� +
�
Γ y ×T∗(u, p)n dσ = F2,

(ξ(0),Ω(0)) = (η0,ω0),
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Linearized System



in (0, T )×D,

in (0, T )×D,

on (0, T )× Γ,

in D,

in (0, T ),
in (0, T ),






ut −A(u∗)u +∇p = F0,

div u = 0,

u = ξ + Ω× y,

u(0) = v0,

mξ� +
�
Γ T∗(u, p)n dσ = F1,

IΩ� +
�
Γ y ×T∗(u, p)n dσ = F2,

(ξ(0),Ω(0)) = (η0,ω0),

ξ,Ω ∈ W 1,p(0, T )
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Linearized System

u(ξ,Ω), p(ξ,Ω)



in (0, T )×D,

in (0, T )×D,

on (0, T )× Γ,

in D,

in (0, T ),
in (0, T ),






ut −A(u∗)u +∇p = F0,

div u = 0,

u = ξ + Ω× y,

u(0) = v0,

mξ� +
�
Γ T∗(u, p)n dσ = F1,

IΩ� +
�
Γ y ×T∗(u, p)n dσ = F2,

(ξ(0),Ω(0)) = (η0,ω0),

I
�

ξ�

Ω�

�
=

�

Γ

�
T∗( )n
y ×T∗(u(ξ,Ω), p(ξ,Ω))n

�
dσ +

�
F1

F2

�
ξ,Ω ∈ W 1,p(0, T )
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Linearized System

u(ξ,Ω), p(ξ,Ω)
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in (0, T )×D,

on (0, T )× Γ,

in D,

in (0, T ),
in (0, T ),






ut −A(u∗)u +∇p = F0,
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u = ξ + Ω× y,
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mξ� +
�
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IΩ� +
�
Γ y ×T∗(u, p)n dσ = F2,

(ξ(0),Ω(0)) = (η0,ω0),

I
�

ξ�

Ω�

�
=

�

Γ

�
T∗( )n
y ×T∗(u(ξ,Ω), p(ξ,Ω))n

�
dσ +

�
F1

F2

�

pT (ξ,Ω) + pN (ξ,Ω)

ξ,Ω ∈ W 1,p(0, T )
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Linearized System

u(ξ,Ω), p(ξ,Ω)
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Linearized System

�pT � ≤ C�u�✓  

u(ξ,Ω), p(ξ,Ω)
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Linearized System

�pT � ≤ C�u�✓  

(I + M)

✓  

✓             invertible 

u(ξ,Ω), p(ξ,Ω)

Solve NP: 



v ∈ Lp(0, T0;W 2,p(D(·))) ∩W 1,p(0, T0;Lp(D(·)))
q = q0 + g · Y, q0 ∈ Lp(0, T0; �W 1,p(D(·))), Y ∈ C1(0, T0;C∞(D(·))),

η, ω ∈ W 1,p(0, T0; R3),
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Main Result

Then there exists a unique solution

Assume

(0, T0), T0 > 0on a maximal interval                    .                   

v0(x) = η0 + ω0 × x               , on   :                          . 

         ,                                 

C2,1     bounded       -domain, B
                 and                       ,η0,ω0 ∈ R3

p > 5

v0 ∈ W 2−2/p,p(D)

div v0 = 0 Γ


