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Stokes equations

Stokes equations

ou—Au+Vr=0 in (0,00) x £,

V-u=0 in (0,00) x €, (GS)
u(t,z) =0 on (0,00) x 09,
u(0,z) = a(x) in Q.

u= (uy, - ,up) : Velocity field

7 : Scalar pressure
a : Initial data
2 : Some domains (R™, R’}, bounded domains)
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Penalty method

a >0 : Constant

Stokes equations approximated by Penalty method
ou—Au+Vr=0 in (0,00) x £,
V-ou=—7/a in (0,00) x Q,
u(t,z) =0 on (0,00) x 0L,
u(0,z) = a(z) in Q.

(PS)
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Penalty method

a >0 : Constant

Stokes equations approximated by Penalty method
ou—Au+Vr=0 in (0,00) x £,

V-ou=—7/a in (0,00) x Q,
u(t,z) =0 on (0,00) x 09, (PS)
u(0,z) = a(z) in Q.

Merit of Penalty method

We have m = —a'V - u, and obtain the following equation:
Opu—Au—aV(V-u)=0.

Therefore we can eliminate 7 without Helmholtz decomposition.
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Resolvent problem

In order to get resolvent estimate,
| consider the corresponding resolvent problem.

Resolvent problem

Au—Au+Vr=f in €,
V.ou=-7/a in €, (PRS)
u(z) =0 on 0.
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Resolvent problem

In order to get resolvent estimate,
| consider the corresponding resolvent problem.

Resolvent problem

Au—Au+Vr=f in €,
V.ou=-7/a in €, (PRS)
u(z) =0 on 0.

Resolvent problem corresponding to Stokes equations
Au—Au+Vr=f inQ,
V.-u=0 in Q, (RS)
u(z) =0 on 0N2.
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Resolvent problem

In order to get resolvent estimate,
| consider the corresponding resolvent problem.

Resolvent problem

A\u, — Au,, + Vr, =1 in Q,
V-u, =—7,/a in Q, (PRS)
u,(z) =0 on ON).

Resolvent problem corresponding to Stokes equations
Au—Au+Vr=f in{,
V-u=0 in Q, (RS)
u(z) =0 on ON).

Y. Saito (Waseda Univ.) Penalty Method 2010/03/08 5/18



Main results

Letn>21<g<o0 0<e<m/2
Set ¥, = {A € C\{0} | |arg \| < 7w —¢}.
Theorem (Resolvent estimates for ) = R",R"} )

For every A € X,
there exists a unique solution (uq, ) € W2 ()" x W (Q) of (PRS).
The solution (u,,7,) satisfies the following estimates:

A|ua, qua,V Uy, Vg
| (s 1 Vo, P20, )

|, o < Onacallfloo

1 1
|AI2 ||7Ta||q,(z < Chgen(l+a)?|fllge.
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Main results

Letn>21<g<o0 0<e<m/2
Set ¥, = {A € C\{0} | |arg \| < 7w —¢}.
Theorem (Resolvent estimates for ) = R",R"} )

For every A € X,
there exists a unique solution (uq, ) € W2 ()" x W (Q) of (PRS).
The solution (u,,7,) satisfies the following estimates:

IA[ta, A2 Vg, V2ug, Vg
[ (A, N3 Pue, Ve, Vo)

|, < Cracalfllan,
q,92

1 1
A2 [Tallg0 < Cngeall +a)?[[f]lgq-

cf. Resolvent estimate of Stokes equations (Farwig-Sohr.94)

| found the following estimate in the paper of Farwig and Sohr:

[ (1A, 1N W, 72, 97 Hq o < Cngeallfllan:
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Main results

Q : a bounded domain
08 1 compact C%! hypersurface
Theorem (Resolvent estimates for €2 is a bounded domain)

There exists a constant A\g > 1 such that for every A € ¥, (J\| > Ao),
there is a unique solution (u,,mq) € W2 ()™ x W, () of (PRS).
The solution (u,, 7, ) satisfies the following estimates:

H (|)\|um |)\|%Vua, Vu,, Vwa>

|, o < Cracalltlao

||7Toz||q,§z < Cngealfllgo-

The solution of (RS) has similar estimates:

H<|)\|u, I\FVu, V2u, w)H o = Cugeallflloa (Solonnikov and Giga),
q,

ik I7lly.0 < Cngealfllae (Hieber and Saal).
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Outline of the proof of main results
"
By 1o = —aV - u,, | rewrite (PRS) as follows:

Au, — Au, —aV(V-u,) =f1.
Applying the Fourier transform, | have

X + €7 a; ‘HXZQEZ@‘ =f (G=1,...,n).

i=1
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Outline of the proof of main results
"
By 1o = —aV - u,, | rewrite (PRS) as follows:

Au, — Au, —aV(V-u,) =f1.

Applying the Fourier transform, | have

)‘uJ +|€|2 +QZ§]&U1 f] (]: 1,...,n).

i=1

Then | obtain the solution formula:

I _ &i&5E? &5 2
u=7 [<A+|s|2 ] Zf KAH&P*H5|2+a|s|2)f’]’

N1 odi 2
m=-i) F [A+|§|2+a|§|2ﬂ]
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Outline of the proof of main results

In order to estimate u,, and 7, | use the Fourier multiplier theorem.

Resolvent estimates

A |ug, |>\|%Vua, Vu,, Vg
I )

‘an < Cngeollfllorn,

1 1
A2 7allggn < Cngenll + )2 |[fllgrn-
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Outline of the proof of main results

In order to estimate u,, and 7, | use the Fourier multiplier theorem.

Resolvent estimates

| (1A 1AV, V200, Vs )

‘q R S Cn7q7E’Q||f||q7R”l7

1 1
A2 ||7Ta||q,Rn < Crge(l+a)?||f] g

The estimate of m, implies that

< C(l—i—a)§

e
7 sl =] 2],

[fllgrr — 0 (& — o0).

So | see that penalty method is justified in R™.
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Outline of the proof of main results

[Case 2] =R

Let v be a solution to the whole space resolvent problem with

F=(ff,- oo, [R):
AW—Av—-—aV(V-v)=F in R™,

where f¢ is even extension of the function fi, and f is odd extension of f,.
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Outline of the proof of main results

[Case 2] =R

Let v be a solution to the whole space resolvent problem with
F= (.flea ety 7?—17.]‘-7(1)):

AW—Av—-—aV(V-v)=F in R™,

where f¢ is even extension of the function fi, and f is odd extension of f,.
Setting u = v + w, | have the following equations for w:

Resolvent problem

Aw —Aw —aV(V-w)=0 inQ,
’UJj(ZL‘/,O):—Uj(SC/,O) (jzla"'an_]-)a
wy (2',0) = 0.
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Outline of the proof of main results

[Case 2] =R

Let v be a solution to the whole space resolvent problem with
F = (ff,

] ;—lvf;z)):

AW—Av—-—aV(V-v)=F in R™,
where f¢ is even extension of the function fi, and f is odd extension of f,.
Setting u = v + w, | have the following equations for w:

Resolvent problem

Aw — Aw —aV(V-w) =0
w;(z',0) = —v;(2,0)
wy (2',0) = 0.

in Q,
(jzla"'an_]-)a

To solve these equations, | apply the partial Fourier transform with respect to x’
variables.

Y. Saito (Waseda Univ.) Penalty Method

2010/03/08 10 /18



Outline of the proof of main results

) : a bounded domain
09 : compact C?! hypersurface
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Outline of the proof of main results

€ : a bounded domain
09 : compact C?! hypersurface

By using cutoff technic, (PRS) is reduced to the bent half space problem.

/\ Yn
N
Yn = w(y') H, /
0 v
Definition of bent half space
H, ={(2',z,) e R" | z, > w(z')} J

Y. Saito (Waseda Univ.)
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Result for bent half space

Let w € C2H(R™1). Set K| = Z‘
[87]=1

o2
Lo Rn 1)
Lemma (Resolvent estimates for Q = H,,)

There exist constants kK < 1 and A\g > 1 such that if Ky < k, then for every

A € X. (JA] > o) there is a unique solution (uy, ) € W2(H,,)" x Wy (H.,,) of
(PRS).

The solution (u,,7,) satisfies the following estimates:

H <|)\|um |)\|%Vua, Vu,, V?Ta>

‘ o < Cn,q,a,Q”f”q,Hw

)

1 1
A2 Imally m, < Crgen(l+a)2|fllqm.-

cf. It is well known that the usual Stokes problem has similar resolvent estimate.
(Farwig-Sohr.94)
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Outline of the proof of lemma

Standard change of variable

yl = x/7 Yn = Ty — w(xl)

By changing of the variable, (PRS) is reduced to the following half space problem.

Au—Au+Vr=f+ G(u,7) in RY,
=1

V-u= —7r/oz+Z(5‘iw)8nui in R?,
i=1

u(z) =0 on ORY.
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Outline of the proof of lemma

Standard change of variable

yl = x/’ Yn = Ty — w(xl)

v

By changing of the variable, (PRS) is reduced to the following half space problem.

Au—Au+Vr=f+ G(u,7) in RY,
n—1
V-u= —7r/oz+Z(5‘iw)8nui in RY,
i=1
u(z) =0 on ORY.
I would like to apply the result of R”} to this equations directly.
n—1

But | have serious difficulty because of Z(@iw)ﬁnui.

i=1
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Outline of the proof of lemma

Standard change of variable
y =2, yn=azn—w(@) )
By changing of the variable, (PRS) is reduced to the following half space problem.
Au—Au+Vr=f+ G(u,7) in RY,
V-u= —7r/oz+§(5‘iw)8nui in RY,
i=1
u(z) =0 on ORY.
I would like to apply the result of R”} to this equations directly.
n—1

But | have serious difficulty because of Z(@iw)ﬁnui.

i=1

So | use Solonnikov transform.
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Outline of the proof of lemma

Solonnikov transform

| choose unknown function v = (v1,...,v,) and @ as follows:
=1
vi=u; (=1,...,n—-1), vp=wu,— Z(@iw)ui,
i=1
0=m
Then,

Av —Av+VO=f+H(v,0) inRY,
V.-v=—-0/a in R%,
v(z)=0 on ORY.

| can apply the result of R}.
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Outline of the proof of main results
By compactness of 952, there exists a covering { B,.(x;)}_, such that

00 c | Br(xy).

j=1

And | choose a partition of unity {¢;}I, such that

N
00 € CR(Q), @ € C(Brl(x;), > ;=1
7=0
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Outline of the proof of main results
By compactness of 952, there exists a covering { B,.(x;)}_, such that
N
00 c | Br(xy).

j=1

And | choose a partition of unity {¢;}I, such that

N
00 € CR(Q), @ € C(Brl(x;), > ;=1
7=0

Localization

If (u, ) is a solution of (PRS), (¢;u, ¢;) satisfies the following equations:

Alpju) — A(wq)ﬂ—l— V(pjm) = p;f + F(u, ) in QN B,(z;),
V- (pw) =—E5 4+ (Vg;) - u in QN B,(x;),
Yo(pju) = 0.

4

Y. Saito (Waseda Univ.) Penalty Method 2010/03/08 15 /18



Outline of the proof of main results

Generalized Bogovskil operator

Let 1 < g < oo, integer m > 0,

Let  be a bounded domain with C"! -boundary (m > 1).
There exists a bounded linear operator B : W',(Q2) — ;},H
which have the folowing properties:

(1) There exists p € C§°(€2) such that p >0, [, pdz =1 and

V-B[f]:f—p/Qfdx.

Furthermore f satisfies V - B[f] = f if [, fdz = 0.

(2) If f is given by f = Dyg (g € W5 (Q)), there exists a constant C, ;0 >0

q,
such that

IB[Drglllm.g.0 < Cm,g,0llgllm,q.0-

(€)
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Outline of the proof of main results

V- B[(Ve;) - u] = <wj>-u—p/

(V) - udz
QNBr(x;)

P
=(Ve;) - u— —/ pjmdr
@ JonB, (z;)
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Outline of the proof of main results

VB(Ve) w = (Ve up [ (V) ude

P
=(Ve;) - u— —/ pjmdr
@ JonB,(z;)

(Vej)-u=V-w, + E/ pjmdx (w; =B[(Ve;) - u])
& JonB,.(z;)
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Outline of the proof of main results

VB(Ve) w = (Ve up [ (V) ude

P
=(Ve;) - u— —/ pjmdr
@ JonB,(z;)

(Vej)-u=V-w, + E/ pjmdx (w; =B[(Ve;) - u])
& JonB,.(z;)

AMpju—w;) — A(pju—w;) +V (%’W—P/ <Pj7fd$>
QﬂBr(wj)

=p;f+F(u,m) — Aw; + Aw,; — (Vp) p mdx,
QﬁBr(mj)

1
r\Zj

Yo(pju—w;) =0.

V.
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Outline of the proof of main results

Applying the result of bent half space problem, | get the following estimate:

| (AR A2 90 720 7)< Ol + )
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Outline of the proof of main results

Applying the result of bent half space problem, | get the following estimate:
1
| (P AV, v2u,97) | < Clla + lInla0)-
q,
By contradiction argument, | obtain

I7llg.0 < Cllfllq.0-

And | get
| (1A, A1 7, 72, 97 Hqﬂ < Ol
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