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Problem description
The Navier-Stokes Equations in the rotation setting
The transformed Navier-Stokes Equations
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The semigroup on L2(9)
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Physical setting of the problem
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The Equations
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The usual Navier-Stokes Equations:

ov—Av+(v-V)v+Vq=0, y e Qt), t>0;
divv =0, y € Qt), t > 0;
v =My, y € 09(t), t > 0;
v(y,0) = vo(y), ye
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Coordinate transformation:
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Coordinate transformation:
y(t) = e™x u(x, 1) = e~ ™M(v(y, ) — us)

Additional assumption: u, is an eigenvector of e~
The transformed problem:

ou—Au+ (u-Vu— (Mx — us) - Viu

+Mu+Vp=0,
divu =0,
u=Mx— Uy,

u(x, 0) = uo(x),

p(X! t) = q(y! t)

x e t>0;
xeQ,t>0;
x € 09Q,t>0;
x € Q.
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ou—Au+ (u-Vu— ((Mx — us) - Vu

+Mu+Vp=0, xeQ,t>0;
divu =0, xeQ,t>0;
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Known results closely related to the problem TECHNISCHE
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Rotation
» Borchers (1992): weak solutions
» Hishida (1999/2001): existence of a local mild solution in L2 space
» Geissert/Heck/Hieber (2006): extension to LP space , 1 < p < o0
» Hishida/Shibata (2009): global solutions for small initial data
Rotation and Oseen
» Shibata (2008): u,, = aes, global LP-L9-estimates
» Farwig/Neustupa (2008): u., = aes, calculation of the essential spectrum
» Hansel (to appear): arbitrary u,., existence of a local mild solution in R?
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Goal of this talk
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What we want to prove:

Theorem

Letd >2,d<p<g<ooanduy— b e LP(Q). There exists Ty, > 0 and a unique
mild solution to system (1) which satisfies

tes t2673u(t) € C([0, To); LI()),
ts 2V u(t) € (0, To); LUQT).
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ts 2V u(t) € (0, To); LUQT).

But how to prove such a theorem?
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> semigroup extension to LP(£2), 1 < p < o0
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Definition (mild solution)

Let 0 < T < co. We call a function u € C([0, T); LP.(2)) a mild solution of system
(1), if it satisfies the integral equation

t
u(t) = T4 p(t)(uo — b) — / 7§ »(t — 8)Pa(Fi(u, u)(s))ds
0

t
+ / T2 ot — S)Pa(F>)ds
0

where Tg‘;,b denotes the semigroup generated by Aq , on L(£2).

Fi(u,v)=(u-V)v Fo=—-Ab+(b-V)b— (Mx — usy) - V)b+ Mb
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Solving the linearized problem TECHNISCHE
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Define:

Aqpu = Po(Au+ (Mx — us) - VIu — Mu+ (u- V)b + (b V)u)
D(Aqyp) = {f € W2P(Q)? N W) P(Q)7 N LP(Q) : (Mx — ux) - V)f € LP(Q)7}
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Solving the linearized problem
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Define:

Aqpu = Po (AU + (Mx — Us) - VU — Mu + (u- V)b + (b V)u)
D(Aqyp) = {f € W2P(Q)? N W) P(Q)7 N LP(Q) : (Mx — ux) - V)f € LP(Q)7}

» Q= D,RY with D a bounded (smooth) domain: Aq , generates a strongly
continious semigroup.

» In both cases the semigroup satisfies LP-L9-smoothing estimates.
» Idea for exterior domain: reduction to these cases.
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Existence proof via the Lumer-Phillips Theorem
- a sketch
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Step 1: The existence of the exterior domain semigroup on L2().
» dissipativity of the operator
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Step 1: The existence of the exterior domain semigroup on L2().
» dissipativity of the operator
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Step 1: The existence of the exterior domain semigroup on L2().
» dissipativity of the operator
» show: 3IC € R Vw > C Yu € D(Aap) Re((Aqp — w)u,u) <0
» proof: an easy calculation
» range condition
» show: Vf € LP(Q), A >w 3Ju € D(Aqy) such that
AU — Aqpu = f holds
» proof: localization shows

R\, Aqp)f = Us(Id —PaTa) ' f = UE%(PaTh)".

where

> Pq T, are the pertubating terms
> Uxf=¢R(A Agap) + (1 — @)R(A, App) — Bi(VS(R(A, Aga ) — R(A, Apyp)))
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A representation formula for the semigroup TECHNISCHE
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Step 2: The extension of the semigroup to L°(€2), 1 < p < oc.
Let

t
Ta(t) = /0 To_1(t — 8)H(s)ds,

To = ¢Tre + (1 — @) Tpp — Bi(Ve(Tre — Tpp)),

where L(H) = Po T,
= T(t)f = T2, Ta(t)f is the semigroup on L2(Q)
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Extension of the representation formula to L*-
space
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We have:
T(t)f = X2 Ta(D)f

is the semigroup on L2().
One can show:
ITOfllo < Za% |l Ta(t)1ll
< C|If|l forall f € L2(Q) N LP(Q)

> T(f) can be (uniquely) extended to all LE(2)
» we have a representation formula for the semigroup on LP(€2), 1 < p < ¢
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LP-L9-smoothing estimates TECHNISCHE
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Key ingredient for Kato’s iteration argument:
Let1 <p<ooundd <p<qg< .
3 C > 0such that

_g_1
ITas(tullg < Ct™ 26 e ull,

IV Tas(tull, < Ct~2e“!||ull, forallte R*,ue LP(Q)
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Key ingredient for Kato’s iteration argument:
Let1 <p<ooundd <p<qg< .
3 C > 0 such that

I Tas(tully < Gt~ 2e!|Ju]],

VTas(t)ull, < Ct2e*!|ull, forallteR* ue LP(Q)
, 1% 1% o

> estimates hold on R?, bounded domain D

» representation formula allows to extend these estimates to the exterior
domain semigroup 7§ , on L2(Q)
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The nonlinear terms TECHNISCHE
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Step 3: Treatment of the nonlinear terms via Kato’s iteration procedure.
The mild solution is exactly the fixpoint of the following sequence:

U1 (t) = ur + Gu(t),
where

(1) = TG p(t)(uo — b)
t t

Guj(t) = — / TA o(t — S)F1(u;, u)(s)ds + / T ,(t — 5)Fzds.
0 0
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Step 3: Treatment of the nonlinear terms via Kato’s iteration procedure.
The mild solution is exactly the fixpoint of the following sequence:

U1 (1) = ug + Gug(t),
where

ui(t) = Tg ,(t)(Uo — b)
t t
Gu(t) = — / T2 ot — )F: (U, u)(s)ds + / TZ ,(t — 5)Fads.
0 0
By successive approximation of £33 u(t), t3(5~@*2 Vy(t) in the Banach space

C([0, T), L2(£2)) we show the existence of a local mild solution to the (nonlinear)
problem.
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