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Simple and Complicated Flow Domains

» The Navier-Stokes equations captures the physics
of incompressible, viscous fluid dynamics

» Von Karman vortex street developed off Guadalupe Island




Simple and Complicated Flow Domains

» Solving Navier-Stokes equations is infeasible

\®)

Connected paves give a rock permeability,

A pore is a small open space

» Darcy's Law:
u=—-vtK(Vp+f)

» sub-surface fluid flow (bedrock, sand, clay, ...)
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Very porous media

Pebble bed nuclear reactors
Helium

Flowpath

16 m » > 350,000 uranium fuel

pellets per core

» Fuel pellets,
70mm-diameter

» Porosity ~ 0.50




Very porous media

Wind farms

» $114 million DOE grant
for Texas wind farm
development

» Complicated flow
obstacles
(rotating turbine blades)




Very porous media

Open-angle glaucoma

> ~ 85% of Glaucoma
cases

» Related to flow
obstruction from eye
through the

@ Wayo Foundation for Medical Education and Research, All rights ressrved. trabecular meshwork




The Brinkman Flow Model

Problem

(Brinkman 1947a, 1947b) Find (u,p) in Q0 satisfying

Darcy Drag
—N

~V-iD(u)+Vp+ vK tu =f

Darcy’s Law

D(u) = 0.5(Vu + Vut)

"X XN T <

filtration velocity

pressure

kinematical viscosity
permeability

Brinkman (effective) viscosity
body forces




The Brinkman Flow Model

Problem

Find (u,p) in Q satisfying
u-Vu—V-9D(u)+Vp+vK lu=f
V-u=¢
Boundary, Initial conditions

Model validation:
» Marcenko, Hruslov (1974) - homogenization technique

» Rubenstein (1986) - probabilistic approach




The Brinkman Flow Model

Problem
Find u € HY(Q) so that u|sq = i1 and V - u = ¢,

(u-Vu,v)+ (#Vu, Vv) + (vKtu,v) = (f,v), YveV

V={weHQ):V -w=0}.

Compatibility condition:

5=

-

=2




Existence of steady Brinkman solutions

Theorem
There exists (u, p) € HY(Q) x L3(Q) satisfying

ulpg = i e HY2(0Q), V-u=d¢e Q)
under small data constraint on Ui and ¢.

Remark

> ¢ € L3(Q) = no small data required on i

» a priori estimate + Leray-Schauder = existence




Existence of steady Brinkman solutions

Navier-Stokes solutions, V- u =0

0Q-connected:

» Existence in H! for any data

» Uniqueness for small data

00-not connected:

» Existence guaranteed only if |&r; is small

» Represents sources and/or sinks




Problem reformulation

Lemma
Fixe >0 and i1 € H/?(09Q), ¢ € 13(Q)
> There exists iip € H(Q) such that Tig|sq = U and

[|dof|es <&

Note: ¢ =0 = there exists V - iip =0
(ref. Hopf (1941, 1957), Galdi (1994))

> There exists Ui, € H}(Q) such that
V- (Z’ext) = ¢a Uext 1= Uy + Up

and
o) < CU1El 7o) + [141])




Problem reformulation

Problem
(Reformulated Brinkman) Find U = u — et € V

(FVU,Vv)+ (U-VU,v)+ (vK U, v)
= (f,v) = (?PVilext, Vv) — (VK Higxe, v)
- (Dext * Vilext, V) - (U -+ Vilext, V) - (Dext -VU, V)




Existence of steady Brinkman solutions

Energy equation: v=U=
1712V V|2 + v||KH2U|

= (f, U) — (#Vilext, VU) — (VK Lz, U)
- (U : v’tlextv U) - (aext : v’t’exi_w U) - (Z’ext : VU, U)




Existence of steady Brinkman solutions

Crucial estimate

/U-Vﬂext-U
Q
:_/ U VU Gl < Cl|liee]| 4] [V U2
Q
/Fjext-VU-U
Q

:_/Q¢|U\2§ Cll¢l[[[VUlP?




Existence of steady Brinkman solutions

Conclusion Terms must be absorbed into LHS
>» p=0=>

||Text|| 14 < €, (Hopf extension)
» Otherwise, require

C(||ext||re + 1lol]) < (smallness condition)
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THANK YOU FOR YOUR ATTENTION.
QUESTIONS?




