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Introduction

The Euler equations R",n> 2

DU+ Op=0,  (x1) CR"x (0.).
(B) { divu=o, (%,t) € R" x (0,00),
u(x,0) = up(x), xeR",
where

u=u(xt) = (ut(xt), -, u"(xt)) : velocity filed

p= p(x,t) : pressure

Uo = Up(X) = (U3(x),--- ,ud(x)) : given initial velocity field
with divug =0

Ryo TAKADA (TOHOKU UNIV.) Commutator estimates related to the Euler equations



Introduction

| Known results Existence of solutions

Kato (‘72)
Vup € [HM(RM]" (m>n/2+ 1) with divug = 0,
3T = T(||uo||wm) > O s.t.
J1lu e C([0, T]; [HMR™)]") : sol. of (E)

e Kato-Ponce (‘88) WSP(R") with s> n/p+1,1< p < o
e Chae (‘02), Chen-Miao-Zhang (‘10)
Foq(R") withs>n/p+1,1< p,q< o
o Chae ('04): By ;(R") withs=n/p+1,1<p<oo
o Pak-Park (‘04) B, ;(R") i.e. s=n/p+1,p= oo
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{9170 C .7 (R") with

supppo C {|€]<3/2},
suppdj C {2 < |€] <21t jeN,

%df](f) =1, V&eR"
j=

Definition (Littlewood-Paley Operators)
For f € /'(R"),

Ajf =¢;«f, jeNU{0},

J
Sif=Y Af, jeNU{O}, (S1=S2=0)
k=0
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Notation

Definition (the Besov spaces)

Forse R,1< p,q< oo,

B3,q(R") = { f € /(" ||| lgs, < 0}

I¥llegq = || {25712 o} o

A

Definition (the Triebel-Lizorkin spaces)
Forse R,1<p<o,1l<g<®0rp=qg=oo,

Foa®Y) ={f 'R |||z, <o},

Iflkg,= | |2t

aA||Lp
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Main Results
Commutator (type) estimates in the Besov and the Trielgel-
Lizorkin spaces

[{2°7 182 - D —5(F D)o}, < I Fllsp,lollegy @)
for (f,9) € [Bpq(R")]" x By 4(R") with div f = 0.

H |{2¥1] - onjg-ai(f- D)} ’Lps Ifllrs lalles, ()
for (f,9) € [Faq(R")]" x F5q(R") with div f = 0.

Kato-Ponce’s commutator estimates
1f(1-28)29—(1-2)2(fg)[Lr < I fllwsell9llws-1p
for (f,g) € WSP(R") x WS LP(RD).
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Main Results

(i) (1) s<n/p+ll<pg<e
or
(M) s=n/p+L1<p<ew,l<gse
—> Commutator type estimatés) fail.

(i) (') s<n/p+1,1<p<o1l<q<® 0or p=Qq=»
or
(") s=n/p+1,1<p<®,1<q<® Of p=Qg=
—> Commutator estimate@) fail.

1
(Nor(ll) < B3 4(R") ¢C'R")
(I or (") < Fyq(R") ¢ CYR")




Main Results

(the case of the Besov spad@,(R"))
Chae (‘04), Pak-Park (‘04)
Commutator type estimat¢s) are valid in B, ;(R") with

s>n/p+1, 1<p<o, 1<qgo
or
s=n/p+1 1<p<w,gq=1

In particular, (1) is valid in B, ; (R").

s<1 = (1) failsfor 1<Vp,Vq< o
s=1 = (1) isvalidifand only if p=cw,q=1

e s=1 --- optimal differential order for (1)
e BL1(R") - optimal class for (1)
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Outline of Proof

case (Il) By (RM with 1< p< oo, 1 < g< o

We construct a sequengéfN gN)1e_; such that
sup| fNHBn/pH < o, SUpHgNHBn/p+1 < 00
NeN Pq NeN P4

and

{Z(n/p+1)j HsjfoN . DAjgN _Aj(fN . DgN)“Lp}cﬁo 0
j=

— 007
/a
asN — oo,

Let (f,g) € [Z(R")]" x .7(R") satisfy
(i) divf =0,
(i) supp(f,8) c {|&| ~ 2} : sufficiently small,
(i) f(x)-Og(y)=c, for Vx,Vye B (0)



Outline of Proof

We put
1 _
N (x) = mf(zmzx), V(%) = Z@g(zk 'x).
Then{(fN,g")}X_; satisfy

N
suppfN ¢ {1&] ~ 242}, suppgV < J {1¢] ~ 2}
k=1
Hence we have

1 .
fN, i —N+3 ﬁgzj—l.’ 1<j<N
,  Otherwise 0 otherwise

which yields

N o1\
1
N N
1% goyper = cllFlle, 197 gyper = cligliLe <,§_1jq>
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Outline of Proof

On the other hand, we see that
S_2fN-08jgN =0(vj), suppZ[fN-OgN] c {|&] ~2V+3}

Hence

H{z(n/p+1>j 82 g — (1N 0gM) |,
j=

v
_ 2(n/p+1)(N+3) ” fN . DgN”LD

|3 51000 (se)

k=1

=

LP(Br(0)

N
1
>c[Br ()P Y @ asN-—w.
k=1
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