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1. Introduction

( w(z,t) + uzr(z,t) = h (h:const.),

u(x,0) = upg(x) on R.

t
— u(ac,t)Z/ hds + ug(x —t).
0

’LLt(CE, t) — ’U’CUCB(xa t)a

u(x,0) = ug(x) on R.

(z, 1) / L o)
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vi(x,t) + H(x, t,vz(x,t)) = h (xeR,te|0,T]),

(HJ)
v(z,0) = vg(x) (z € R).
(37 t) + H(z,t,vi(z,t)) = h+ = U:m;(m t),
(HJ)v
vY(x,0) = vg(x).
Uﬁl—l—l_vvl%—l_'_?}fn—kl ok ok
(H)a A H o . AT =
O = vo(xm).

H(z,t,u) € C2(T2 X R), Hyu > 0, liM)y_ o0 EEY) = 4 oo,
vg € Lip(R), bdd. below.



Representation formula for sol. of (HJ)

t
o) = inf [ [ {LG().5,7/(5)) + hds +w0(:(0))]

v(t)=x

L(x,t,&) :=sup{éu — H(x,t,u)}, L € C?(T? x R).
ueER

v:R x [0,T] — R is the viscosity sol. of (HJ), i.e.
v: Lipschitz, semiconcave, satisfies equation a.e.

There exists a minimizer v«(s), which is a C2-sol. of

%{LMS), 5,7 ()} = La(v(s), 5,7 (5)).

(zx(8), ux(s)) 1= (1«(8), Le(vx(8),8,7«(s))) is a sol. of
z'(s) = Hy(z(s),s,u(s)), u'(s) =—Hg(xz(s),s,uls)).



Representation formula for sol. of (HJ),

t
v(a,t) = inf B[ [ {LG1(),5,6((5),9)) + h}ds + vo(2(0))
ceC 0

¢ . smooth function,

v ody(s) = &(v(s),s)ds + vdw(s), (1) = =,
w . Brownian motion,
F[]: expectation w.r.t. the Wiener measure.

vY is the C2-solution of (HJ),.
As v — 04,

v — v, locally uniformly.

There exists a minimizer &
5*(33775) — Hu(CI},t,’Ug(Qj,t)>



Application to the Aubry-Mather theory
(BE) ut + H(z,t,u)y =0 in T2, /Tu(a:,t)da: = C.
(HJ) v+ H(z,t,C 4+ vy) = H(C) in T2,
A(C) = / /T H(a,t,u(z,1))dedt.
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2. Problem and Results
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Set A > 0, N,K € N, Az := (2N)~ 1, At := (2K) 1,
% = A. (Az, At are changed to 04 with the fixed A.)

( ’U,k ’U,k

ul;ﬂ—:_ll | m+2m-|-2) N H(:Bm_|_2,tk,u]fn_|_2) — H(xm, tg, ul) 0

At 2Ax

Y

(BE)A { k k k2K
Umnp4+oN — Uy — Uy, ;

Z wE2Az=C (k+ m =even).
0<m<2N

\
VC € [Co, C1], 3/ uk, = uk (C) sol. of (BE)A s.t.

ub e (=a71 a7,

which approximates a Z2-periodic entropy sol. in CO(T; L1(T)).



Set AA(C) = > H(wm, tg,up,(C)). Then Ap € CL.

0<m<2N
0<k<2K
)
vk+1_”f§z—1""”§z+1 ko k

v vE _
N 2 +H($m,tk,0+ m—|—21Axm 1) — HA(C)7

k _ k k42K
(HDAS  Umt142N = Vpt1 = Vi1 o

k

Ufn+1 ~Um—1 k
\ “F 2Ax = um(C).

van+1 — Uf,]%+1(c) sol. of (HJ)A, which approximates a
72-periodic viscosity sol. in CO.



Representation formula for sol. of (HJ) A

For each m*,l1,lg € Z (Ig < 17), full’l'l(C) includes the

information on ]—"m il
Xm*, thi+1
o( M 1-:) Li+1
PS o [;
li-1
° o
PS o/




Define random walk on ]—"m il

Take &(wm, tpq1) = &m L1 F T o [2am AT,

_k_l_l : (]. —+ )\fk_l_l) for Tm — Tm — Ax at tk—l—la

_ 1
,5,,1?,14_1 = 5(1 k_l_l) for xm — xm + Az at tp4,

RMOLtTL ={v | =" L Az, g <k<ly, 1Tl =g}

lo
lo(n - k1 k1 Skt ot
pom) = ] Pin(yht1y Pra(yht1y = Pry(yht1y OF Pr(htay
lo<k<ly
m* ll-l-l

ulo yields a measure of Ry



o O =InfE | Y LG 4, L)

lo
& lo<k<ly
~Cey Ty H HAC) AL+ ()],

where E,LLZO 1L(v)] := > m* 1141 uo(y)L(v),

’yeRlO
e I minimizer £ = §*|flm*,l1+1, where
0
k k
vy 1 1(C) — vy _1(C)

*(Zm, t = Hy(zm, tr, C + —1T1 m- |

& (xm, k-l—l) w(Tm, tg ! A )
e With this ¢*, Flo = E 1 [+!0] is well-defined for Vi < I3,

_lO B

o im = A, (C).

lp——00 tlo



