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Introduction
e0
Problem Formulation

o Steady state flow of a Navier-Stokes liquid past a translating and rotating
body B (in a frame attached to B):

UAV —Vp—v-Vv+E& - Vv+wAx-Vv—wAv="F inQ,

div(v) =0 in Q,
v=v, onJQ,
‘ I‘im v(x) =0.

e ¢ € R3 = translational velocity, w € R3 = rotational velocity,
Q C R3 exterior domain.

e Leray solution: Vv € L?(Q), v € L%(Q), p € L2 (Q)

loc
@ Question: Are Leray solutions Physically Reasonable?
(in the sense of Finn)

SN
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oe
Problem Formulation

@ Answer:

A) € £0, w=0:

B) £#0, w#0:
C)&é=0,w=0:

D)¢{=0,w#0:

Yes! (Babenko, 1973)
Yes! (Galdi, K., 2010)

If (v, p) satisfies the Energy Inequality
and the data is small, then Yes! (Galdi 1993)

If (v, p) satisfies the Energy Inequality
and the data is small, then Yes! (Galdi, K. 2010)

@ The topic of this talk is the case D.
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Definition of a Physically Reasonable Solution

Av—-Vp—TRv- VerT(el xx-Vv—e; ><v) in Q,
(1) div(v) = in Q,
v=v, ondfQ

A Leray solution (v, p) is Physically Reasonable iff:
I) Energy Equality:

/|D( )P dx = — /f vdx+/m(T(v p)-n)-v.dS

T
— = \v*| Vi -ndS + — / v, |* ey xx - ndS.
2 o9

[I) Decays like the Stokes fundamental solution as |x| — cc.

[II) Solution is unique for small data.
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Main Result

Theorem (Uniqueness)

Let f € [2(Q) N L3(Q), and v, € W32(0RQ). Moreover, let (v, p) be a
Leray solution that satisfies the Energy Inequality

2/Q|D(v)|2dx§—/Qf-vdx—k/m(T(v,p)-n)~v*d5

T
- — |v*|2v*-nd5—|——/ lvi|* e1 xx - ndS.
Elo} 2 Joq

2
If (w,m) € DY2(Q) N L%(Q)3 x L%() is another solution and

1
[l = esssup [(1 T |x|>|w(x)|} <L

then (w,m) = (v, p). In this case, (v, p) satisfies the Energy Equality.
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Main Result

Theorem (Main Theorem)

Let R,T € (0, B], for some B > 0. There is a constant M(£2, B) > 0
such that if f = div(F) an v, satisfy

RIF+ 14l 2 ) < M

then a Leray solution (v, p) that satisfies the Energy Inequality is
Physically Reasonable.

Under the given assumptions, a P.R. solution (w,7) exists with
[w]: < 5% (Galdi, 2003). O




Proof of Main Result
@0
Regularity of v

@ Testing the equation
Av—Vp—Rv~Vv+T(e1 xx Vv —ep ><v) =f

with =V x (¢3V x v), where ¢)g = 0in B,, g = 1 in Bro,, g =0 in
B?R, and [Dyr| < —&, yields, since

[x[leT
|| £ (= V x (RV x v)) dx| < C(IVv3 + [IF]2) + el vrAv]:,
| [ (erxv) - (= V x (&Y x v)) dx| < C[|Vv]]3,
| [ (erxx - Vv) - (= V x (¥RV x v)) dx| < C|[Vv],
[ (v V) (= V x (&Y x v)) dx| < C(IVv]5 + IVv]3) +ellvrAvz,

/Vp~(—Vx(¢§va))dx:o,
Q
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Regularity of v

/Av~ (= V x (¥&V x v)) dx = |[yrAvf; + / Av - (V x v) x V[¢z] dx,
Q

Q

| / Av- (Y x v) x Vil dx] < CIIVv[E + ellvrAvE,
Q

we have

lrAvlz < C (Vv + [V VIE +IIF13)-

Let f € [3(Q), v, € W%’Z(aﬂ). A Leray solution (v, p) satisfies Vv € L?(Q).
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Regularity of p

o Let ) =0o0n B, and ¢ =1 on R?\ By, and put
z:=yv+H, q=1p,
where div(H) = V4 - v. Then

Az—Vq+T(e1 xx-Vz—e ><z) =¢f+G+Rypv-Vv inRS
div(z) =0 in R3.

e Taking divergence on both sides:
— Aq =div (¢f) + div(G) + Rdiv (v - Vv) in R
o If f =div(F):

—Aq = div (div(¢F)) + div(G) + R div (¥v-Vv) inR3
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Regularity of p

@ Another solution is given by § = g1 + g2 + g3 with

PSRy i 919 , =1 S )
"=y <|5|2 S(W)’k)) ® =5 <|5|2 (&)
q3 = Rs_l % ((’wv . VV)J)>

o If f e L2(Q) N L3(Q) we have g € L3(R3) and Vg € L3 (R3).
-3

@ Since A(g — G) = 0 we have

C

V(@ —a)(x) = 3 o )V(EJ— q)dy
C R—oo
< zz( IVally BrI® + R Va/(1+ ly)]l2|Br|? ) == 0

e Note that [|[Vq/(1+ |y|)|l2 < oo since |Az]|]2 < oo and

Az—Vq—«—T(elxy'Vz—el xz): Yf 4+ G+Ryv-Vvin RS
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Regularity of p

Let f € [2(Q) N L2(Q), v, € W2:2(RQ). A Leray solution (v, p) satisfies
(p+ c) € L3(Q) for some constant c € R.
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Proof of Uniqueness Theorem

@ Let (v, p) be a Leray solution and (w,7) a P.R. solution to
Av—Vp—Rv-Vv+T(e1><x~Vv—e1><v):f in Q,
div(v) =0 inQ,
v=v, on 0.

Then

—/ Vv:dex+/ (Vv-n)-WdS—/ p(w-n)dS
Qg 8B 5Bk

—R/ (v~Vv)-wdx—|—T/ (e1><x~Vv—e1><v)-wdx
Qr Qr

:—/m((Vv—pl)-n)-wd5+/ f-wdx.

Qg
1
3

R—o0
° U‘GBR p(w - n)dS| < esssup,cq [(1 + |x|)|w(x)|} (R faBR Ip|? dS) —=0.
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Proof of Uniqueness Theorem

@ Put u= v — w, then, using the Energy Inequality for v and E.E. for w:

/|Vu|2dx:/|Vv|2dx+/|VW|2dx—2/Vv:dex
Q Q Q Q
SR</(U'VU)~WdX/(W‘VU)‘UdX)
Q Q

<2R esxses;p [(1 + \X\)|W(x)\] (/Q - _|’_U|‘X| [Vl dx)

gsn[[w]]l/\w\zdx.
Q

@ We conclude that u = 0 when 8 R [w]: < 1.

Theorem (Uniqueness)

Let f € [2(Q)NL5(Q), and v, € W32(8Q). A Leray solution (v, p) that
satisfies the E.l. and and a P.R. solution (w, ) coincide when
8R |IW]I1 < 1.
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Conclusion

UAv —Vp—v-Vv+E&-Vv+wAx-Vv—wAv=Ff inQ,
div(v)=0 inQ,
v=v, onJQ,
lim v(x)=0.

|x|—00

@ Question: Are Leray solutions Physically Reasonable?
@ Answer:

A)€#0, w=0: Yes! (Babenko, 1973)
B) £#0, w#0: Yes! (Galdi, K., 2010)

C)£=0,w=0:|If (v,p) satisfies the Energy inequality
and the data is small, then Yes! (Galdi 1993)

D) ¢=0,w#0: If(v,p) satisfies the Energy inequality
and the data is small, then Yes! (Galdi, K. 2010)
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