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The spherical MHD kinematic mean-field a? - dynamo

Rm, large: Magnetic field lines “frozen” in the
electrically conducting fluid in a sphere.
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The spherical MHD kinematic mean-field a? - dynamo

Rm, large: Magnetic field lines “frozen” in the
electrically conducting fluid in a sphere. Helical flow
twists the field line of a seed toroidal magnetic field
into poloidal planes. Diffusion detaches the loop

Cyclonic turbulence: Many flux loops produce a large

| scale electrical current parallel to the toroidal field
o — effect 1 (inverse cascade). It induces poloidal field (a-effect) 1

~
AV

Helical C:—_) It is widely accepted that magnetic fields of planets
flow v are generated by a? — dynamo ?

In o2 - dynamo the « - effect is the source of

J4
R both poloidal and toroidal mean field components 2
¥

LE.N. Parker ApJ 122, 1955; 2 M. Steenbeck et al. Z. Naturforsch. 21a, 1966
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The spherical MHD kinematic mean-field a? - dynamo

Cyclonic turbulence lacks mirror piap.-.gg; toroidol
. . eld frald

symmetry: averaging yields =

large scale EM.F. ~ oB A- el

Mean field induction equation ‘\ o llok /
0B=Vx(eB)+v,AB, V-B=0

Self-amplification of magnetic field in o? - dynamo

Helical turbulence function a=a(r) B=B,+B;, B,=VxA;

couples toroidal and poloidal fields A;=-rxVF, B;=-rxVFE, LZ F,dw=0

a— coupled pair rxV|v,AF, + aF, —6,F,|=0

1
of induction PDEs 3 I x V[VmAF2 —F(ara)(arrFl) —aAF, —-0,F, =0

3 U. Gunther, F. Stefani J. Math. Phys. 2003



The spherical MHD kinematic mean-field a? - dynamo

Re-scalingrandt: v,=1, boundary conditions at r=1

A series expansion in spherical harmonics 3

F,=Ye"ES™(r)Y,"(0,¢) e *(Q ridr)®*(S*,dw), Q=[0,1]
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Denote A, :=r—128rr28r - I(Irerl)
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F,=Ye"ES™(r)Y,"(0,¢) e *(Q ridr)®*(S*,dw), Q=[0,1]

I,m,n

Denote A, :=r—128rr28r - I(Ir;rl)

Radial a-coupled equations for a spherical harmonic of degree |
(I,m,n) (I,mn) (I,m,n)
AR +ak, =4, R

Al FZ(I,m,n) _%(ara)(arrlzl(l.m.n)) —OlAl Fl(l,m,n) _ ﬂLnFZ(I,m,n)
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The spherical MHD kinematic mean-field a? - dynamo

“A alr)

1(1+1)
A. —A 2

Operator matrix A, ::( A, =a(rA-d(r)o,
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The spherical MHD kinematic mean-field a? - dynamo

“A alr)

1(1+1)
A. —A 2

Operator matrix A, ::( A, =a(rA-d(r)o,

] with A=—6+

" 0 |
Fundamental symmetry 3 A =JA J, J= -

Boundary eigenvalue problem

AU=u, D(A)={ueH =L(01)®L(0L)|u(0)=0,Bu|_, =0f

with (indices (Im,n) omitted) u:(ﬁ], B:(ﬂaf+ﬂ'+1_ﬂ 0

, 0<p4<1
o L) 0ss

2

In general D(A)=D(A)

3 U. Gunther, F. Stefani J. Math. Phys. 2003



Typical spectra (eigencurves)
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Oscillatory o?2-dynamo and geomagnetic reversals
Dipole field intensity from paleomagnetic data during past 4 Myr 4
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Oscillatory o?2-dynamo and geomagnetic reversals
Dipole field intensity from paleomagnetic data during past 4 Myr 4

Geomagnetic field polarity reversals in numerical simulations >

Radial component of magnetic field at surface
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4J. P. Valet, L. Meynadier, Nature 1993, > P. H. Roberts, G. A. Glatzmaier Rev. Mod. Phys. 2000



Oscillatory o?2-dynamo and geomagnetic reversals
Dipole field intensity from paleomagnetic data during past 4 Myr 4

Geomagnetic field polarity reversals in numerical simulations >
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Oscillatory az-dynamo and geomagnetic reversals
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Field reversals are provoked by transitions to oscillatory solutions 67

6E. N. Parker, ApJ. 164, 1971, / F. Stefani, G. Gerbeth Phys. Rev. Lett. 2005



Oscillatory az-dynamo and geomagnetic reversals
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Heuristic model 7

rxV|v, AF, + oF, - 3,F,]=0

I x V[vaF2 —%(Gra)(ﬁrrﬁ) —oAF, -0,F, |=0

Quenching a — effect (saturation)

a(r,t) :C1 (") + noise

+(B(r,t)/B, ¥

6E. N. Parker, ApJ. 164, 1971, 7 F. Stefani, G. Gerbeth Phys. Rev. Lett. 2005



Oscillatory az-dynamo and geomagnetic reversals
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Field reversals are provoked by transitions to oscillatory solutions 67

Magnetic field dynamics in Heuristic model 7
the vicinity of exceptional rxV[v_AF, +aF, -9,F,]=0
point 1 7

I x V[vaF2 — F(ara)(ﬁrrFl) —oAF, -0,F, |=0
Field reversals observed Quenching a — effect (saturation)
with the variaion of r :

a(r,t)=C a(r) >+ Noise

parameter C 1+(B(r,t)/B,)

6E. N. Parker, ApJ. 164, 1971, 7 F. Stefani, G. Gerbeth Phys. Rev. Lett. 2005



How to excite the oscillatory a?—dynamo?
Inverse problems for the dynamo operator 8

8 F. Stefani and G. Gerbeth, Phys. Rev. E 2003
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How to excite the oscillatory a?—dynamo?
Inverse problems for the dynamo operator 8

Given: Non-self-adjoint boundary eigenvalue problem

E_'A\ a(r)j(ﬁj_l(lzlj F(0)=F,(0)=0
A. —A\R) (R (A+1-BRM+A1)=0 F1=0

1(1 +2)

r.2

A, = a(nA (1o,

A=-o7+

Find: Describe a-profiles that yield Re4A >0, ImA =0

Note: Numerically possible (hard); without clear rule 8

8 F. Stefani and G. Gerbeth, Phys. Rev. E 2003



Why exciting the oscillatory dynamo is not easy?

We look for the a-profiles of the form a(r)=ag+~ ¢(r)

The problem reduces to description of Arnold’s tongues in («,, 3, ~)-space

B=0.0

B=0.03

B=0.5

Complex eigenvalues with ReA<0:
decaying magnetic field

Complex eigenvalues with ReA>0:
Oscillatory instability,

generation of the magnetic field,
oscillatory dynamo

Pictured above: Numerical results for various boundary conditions



Eigencurves and spectral mesh

For a(r) = a, = const, eigenvalue problem can be solved exactly in 2 cases 10

Isolating b. c. (3 = 1): D(A,)#=D(A,)

For 1 =0: ﬂh(ao)%(aé—fnzx

Superconducting b. c. (3 =0): D(A,)=D(A,)

For I'=0: A (ay) = —(7n)? £ aumn
For 10 Aa)=—p, ta\p,, NeZ”
Zeros of Bessel functions: sz(f) 0, O<\/7 0, <o

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Transition from superconducting to isolating boundary conditions ?
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Spectral mesh deforms to parabolic eigencurves when g<[0,1], 7 =0

2 O.N. Kirillov, U. GUnther, F. Stefani Phys. Rev. E 2009



Eigencurves and spectral mesh

Superconducting b. c. (3=0): D(A,)=D(A))

A_ is self-adjoint in a Krein space with indefinite inner product

0 |
[ALVI=[u AV uve(K LD, [1=0.), J:(| o)

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Superconducting b. c. (3=0): D(A,)=D(A))

A_ is self-adjoint in a Krein space with indefinite inner product

0 I
Ao wveetd. L1-60, 3-() |

1 1 J2
A =- + J ur?n = [ |\Inrz‘] nr ) I\In = /_
n Lhn Gnao\/pn [Gn an I+;(\/p ) JI+§( ,On)
2

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Superconducting b. c. (3=0): D(A,)=D(A))

A_ is self-adjoint in a Krein space with indefinite inner product

0 I
Ao wveetd. L1-60, 3-() |

1 1 J2
A" =—p + 1/ , U= N r2J \/ r), N, =
n Pn T 0,0\ P [Gn /_an I+;( P ) JI+§( ,_,On)
2

Krein signature o, =sgn[u,,u.]=sgn(Ju,,u.)

Spectral mesh: o,= sign of the slope of an eigenline \(«a)

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Superconducting b. c. (3=0): D(A,)=D(A))

A_ is self-adjoint in a Krein space with indefinite inner product

0 I
Ao wveetd. L1-60, 3-() |

1

! NG
A" ==p+ ! ur?n = |\Inrz‘] nl) I\In = T
n Pn T On G+ P [Gn /_an I+;(\/p ) JI+§( ,_,On)
2

Krein signature o, =sgn[u,,u.]=sgn(Ju,,u.)

Spectral mesh: o,= sign of the slope of an eigenline \(«a)

o, = 0, definite Krein signature
Double eigenvalue 1,=4, <
o, # o, mixed Krein signature

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Crossing of eigenlines: A°=1°, A°=-p, +¢cag/p,, &36=1

200 1
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Nodal point: (ay,A;)

1=0,4=0 P
.;J:;I - ag:g@w O
g

l Doublet (semi-simple):
' Ay = €5 Po Py
’ Two eigenvectors:

uy, Uy

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Crossing of eigenlines: A°=1°, A°=-p, +¢cag/p,, &36=1

2002

1=0, =0 Y Nodal point: (&, ,4,)
100 ot g v
_ ,ﬁ'ﬂ w0 TPt Oy
0_ e ] 2 1 /u:u

Doublet (semi-simple):

v
i
|
\
Q

—200 " ' #o = €03 Pop
300 0'"" Two eigenvectors:
400 - uy, Uy

Doublets at the crossings with \>0 have definite Krein signature

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Crossing of eigenlines: A°=1°, A°=-p, +¢cag/p,, &36=1

g
20015 |20, =0 o Nodal point: (&g, 4y)
100 - ' i’ \
- Ay = E~|Pn + 04/ P
0 o T =T

Doublet (semi-simple):

Ay = €6/ PPy

:
i
i
§

—200 -

K
‘
Y
iy
$

%

300 0’ ' Two eigenvectors:
£ o
=400 - Uy, Uy

Doublets at the crossings with \>0 have definite Krein signature

Doublets at the crossings with X<0 have mixed Krein signature

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Eigencurves and spectral mesh

Unfolding doublets by perturbation  a(r)=ay +yp(r), =0

Indefinite inner product in the Krein space: [.,.]=(J.,.)

Define: alzg[Ku;?,u;?] - 5[Kuri,uri] bz:[Kuﬁ,uﬁ][Kug,ug]
\/;n \/Fm \/pnpm

1
[Ku, 021 = 7 | (p[(ea oo+ il))umun +u;nu;}dr
0

r

Splitting: 4 = 4% + A4, AA=[(a,+a,)++/(a,—a,)? +&5b?]/2

e =0 (A,">0): AL is real; e=-56 (A,'<0): AL can be complex

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Two branches with the slopes of the same sign — real splitting

200725, 3007 Re
o004 p(r)=cos(2mkr), k=2

100 1

0

=100

—200 1

-400 —-300 -

Two branches with the slopes of different signs — complex splitting

300 3007 Rex

200 200 -

100 1

0

-100

—200 1

—300 -

10 J. Gunther, O.N. Kirillov J. Phys. A 2006



Fourier coefficients select sequences of resonant crossings

(a)

1007

801

60+

ReA

=0
B=0.3
cos(4nr)

1 v=2.5

(b)

1004 Rel

801 1-0

sl B=03

cos(6mr)

30

9 O.N. Kirillov, U. Glnther, F. Stefani Phys. Rev. E 2009



o, 3, ~ — unfolding of the crossings

Node: (o), A)), A =eox’nm, a =exn+oxm, &0==
After the splitting *:

Matg, By) = 2 — e5x°nmp +%(&*n +en)Aa,

+ %\/((Jm —en)Aa, ) + 4mn(57/Aa — (=)™ ﬂnﬂ)(é'yAa — (—1)“+m7z’m,6’)

Condition for existence of the complex eigenvalues:

((en—m)Aa,)® +
mn((e + 0)yAa — (D)™™ (n+m)Br)> —mn((e = 0)yAa — (=)™ (n—m) fr)* <0

*.

1 1
Aoy, =a,—ay, Aa:= _[gp(r) cos((en—om)zr)dr, _[(p(r)dr =0
0 0

2 O.N. Kirillov, U. GUnther, F. Stefani Phys. Rev. E 2009



Three dimensional Arnold tongues of oscillatory dynamo

1/2, 2k == (en—adm)

o(r) = cos(2zkr), Aa=£¢(r)608((€n—5ﬂ)f)dr={ 0, 2k == (en—om)

Two sorts of the resonance domains in the plane (o, 7)
Hyperbolic regions for e = -8 (decaying magnetic field):
mn(ey — (n—m)Br)° —4k*(a, — o))’ > mn((n+m)Br)*
Re A =—-7’mn(1- p) +g%(n —m)(e, —}) <0
Elliptic regions for € = 6 (growing magnetic field):
4k* (e, — af)> +mn(ey — (n+m)Bz)° <mn((n—m)Br)?

Re A :7z2mn(1—,8)+g§(n +m)(e, — ) >0

2 O.N. Kirillov, U. GUnther, F. Stefani Phys. Rev. E 2009



Resonance tongues and islands (¢(r)=cos(2rkr), k = 2)

¥

B =0: only resonant tongues with
ReX < 0 are visible in the plane (o, )

|

* B> 0: resonance “islands” of oscillatory
dynamo with ReX > 0 appear in the

“prohibited” zone in the plane (a,, y)

» Separate variation of y or  does not
yield the oscillatory dynamo

 Simultaneous changing of y and B easily
produces the non-trivial oscillatory
dynamo regions

* v is bounded from above (in a corridor)

2 O.N. Kirillov, U. Gunther, F. Stefani Phys. Rev. E 2009



Oscillatory dynamo domains (Arnold tongues)

Numerical vs. perturbative (dashed)
3 principal tongues:

y:—4al >167°B%, 16(a, £27)° +(y £1078)° < 4(y + 47pB)°
Infinitely many islands: n=1,2,...
16(cr, — (4 +2n)7)* +n(4+n)(y + 2(n + 2) Br)* < 4n(4 +n)(k Br)’
. — " i . vy \ L

I !
]

-10n| —8n| —6n . y 8n |10 Co
-40 -30 -20 -10 0 10 20 30 40 —40 -20 0 20 40 0,

2 O.N. Kirillov, U. Gunther, F. Stefani Phys. Rev. E 2009



Oscillatory dynamo domains (Arnold tongues)
Numerical vs. perturbative (dashed)

(b) 357y n=1,0,= 67

d p(r)=cos(2mkr), k=2

25-

20

15-

10-

-
-
-
-----
______
-
-
-

0 0.2 0.4 0.6 0.8 1

green (blue) — decaying (growing) oscillatory modes

2 O.N. Kirillov, U. Gunther, F. Stefani Phys. Rev. E 2009



PRE Kaleidoscope Images: January 2009

Krein signature (KS) determines
orientation of the resonance zones Physical Review E

statistical, nonlinea

Definite KS (blue) — no instability at 3=0 205 dours 455 o e i
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2 O.N. Kirillov, U. Gunther, F. Stefani Phys. Rev. E 2009



2. Outline

Magnetized Taylor-Couette flow
Axisymmetric perturbations

Local stability analysis
Islands of helical magnetorotational instability

Standard and helical magnetorotational instability
Transition through spectral exceptional points

O.N.K, F. Stefani The Astrophysical Journal 712, 52-68 2010



Mathematical setting

Navier-Stokes equation for the fluid velocity u

2
a_u+(u.v)u:_iv(p+8—]+ L (B-V)B+wW°u
ot P 20y ) Hop

Induction equation for the magnetic field B

%BZVX(UXB)+77VZB

Mass continuity for incompressible flows and the solenoidal condition
V-u=0, V-B=0
p: pressure, p =const: density, v =const: kinematic viscosity
n = (ueo)™t : magnetic diffusivity, o : conductivity of the fluid

L, - magnetic permeability of free space

O.N.K, F. Stefani The Astrophysical Journal 712, 52-68 2010



Linearization w. r. t. axi-symmetric perturbations, cf. [Liu et al. 2006]

Steady state: A magnetized Taylor-Couette flow
u, = RQ(R)e,, p=py(R), B,=B;(R)e,+Be,
dQ

Bg(R): 4| : Q(R):a+£2, RO? :i%, K’ =2Q(2§2+ R—j
27R R p OR drR

Axi-symmetric perturbation: u'=u'(R,z) B'=B'(R,z) p'=p'(R,2)

0 9, 0 1 =~
Operators: D, =8,0} +67, at:a, aRzﬁ, 8225, GL:GR+E, E =diag(D,,1,1,1)
' ' ions: 0 2B° u/
Linearized equations: D2 2007 B, Do, - g R
HoP PR
K’ B? U’
~ ~ _ |-=— D 0 L9, ¢
atEg’: Hgl H = 20 . y7ye; 5’:
B%, 0 D, 0 B,
2B,
— B%, R&Q D, B,
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Local stability analysis [Pessah & Psaltis 2005]

Local stability analysis around a fiducial point (R,, Z,)

~

Local coordinates

R=R-R,

Z=17-1,

PDEs with constant coefficients 6£0§’ = H~0§’

D 0 0 O
o 10 0| _
EO: 'HOZ
O 010
0O 0 0 1

Q,=Q(R,), «;= 290[290

v(D})?
K
20,
B%,
28
RO

+ Rod—Q

0 2B?
2Q,04 B, D)o, ——2%-0;
Hop HoPRy
BO
WD, 0 20,
Mo
0 7D, 0
2
B%. 0 _20 DO
Al ZQO 0 77 1

}, B, =B,(R,)), D/ =05+0:+
R=R

9%

R,

1

Ro
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WKB approximation, cf. [Lakhin & Velikhov 2007, Ridiger et al. 2008]
A plane wave  &'=Eexp(n+ikR+ik,Z), & = (U, 0, By, B,)'
Restriction to the modes with kR >1

Eigenvalue problem  (H—-#) =0 H =-diag(w,, 0,,0,,0,)+H, + H,

2
0O 0 10 0 20,07 0 — 20, —2—
" & \ HoP
dQ
. 0O 0 01 —20, RS2 0 0 0
H1: Ia)A H2: d R=Ro
do
—2w, 4 0 R— 0
0 o 0 0 a)A¢ Hop "R .
Alfvén frequencies Viscous and resistive frequencies
2 0y\2 0y}2
2:kz(Bz) 2 :(B¢) ) :sz’ ) :77k2 k? =k? +k? a:ﬁ
G)A ’ a)A 2 v n z R k
Hop v PRy
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Splitting the Alfvén frequencies, cf. [Lehnert 1954, Nornberg et al. 2009]

Damped Alfvén modes (H,=0)

2 2
@, + @, — . o,+to ®,—
Vi =~ 5 77"'\/( 5 nj —Wp, V3= 5 n_\/L 5 UJ -,

Fast and slow Magneto-Coriolis waves (wA¢ =0 R

Y12 = i\/a)/zx+an2 H100Y), 744 = —i\/a)f\ +Qla’ +iaC),

R=Ry

Imy Rey

o Ro<0 \ Ro <0 /
/0 Qo 0 Qo

A N
> /N

) c)

a)
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Dispersion relation P(y)=det(H —1) =0 [LVO7, Riidiger & Schultz 2008]

Dimensionless dispersion relation

P(1)=A"+al’ +a,X +(a,+ib)A+a, +ib, =0 Y =Ao,0,

Rossby, magnetic Prandtl, Reynolds, and Hartmann numbers

(0 0
Ro:l&d_g ’ m:K:a)‘/’ ﬂ*:aﬁ’ Re*:a&’ Ha*:ai
2Q, dR R=R, n o, Wp @, Ky topvi

Coefficients

a, = 2(\/Pm ¥ \/s_j a, = [+ Ha™ | + 45 Ha™ + 4Re” + 4R Ro(PmHa™ +1)
m
2
a, = aju 2(1+ Ha)+ 48 Ha” + 4Re’Pm(1+ Ro) b, = -84 Ha”’Re"VPm

a,=a,(1+Ha")+2a,8 Ha~ +8Re” (1+ Ro)vPm b, =44 Ha "Re’(2+(1- PM)Ro)
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SMRI in the absence of the azimuthal magnetic field (5" =0)

b,=0, b,=0 Real coefficients: Routh-Hurwitz criterion

(1+ Ha*z)2 + 4Re"

Ro<Ro®:=- — -
4Re (PmHa +1)

Standard magneto-rotational instability (SMRI), cf. [Ji et al. 2001]

Ro Ro
-1000 0 1000 -2 -1 0 1
Ha*
Re*=2-10° Re*=0.5
Pm=10" -0,2- Pm=10" -1-

O.N.K,, F. Stefani The Astrophysical Journal 712, 52-68 2010



SMRI as destabilization of slow Magneto-Coriolis waves [Nornberg 2008]

No dissipation (®,=0, ®,=0)

y = i\/— 2Q0%a” (1+ Ro) — w; + ZQOa\/Qéaz(l +R0)* + o},

Threshold of 0= O Ha
SMRI ° 20°R0.0

> /N

) c)

a)
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Helical magnetorotational instability (HMRI)

HA=5 Ro= -0.86 Re-100 HaZ5 Ro= -0.85 Ré=100 Ha%5 Ro= -0.835 RE=100

41 BEO:NoSMRI i pZ0: SMRI exists 147 pto:NosMRI E pE0: SMRI exists B0: No SMRI ! p0: SMRI exists
B 12 ! |
0,81
0,6-
0,4 :
) 0,21
OEJ 0,005 0,01 0,015 0,02 - 0,005 0,01 0,015 0,02 ’ 0,004 0,008 0,012 0,016 0,02
a) b) c)
. *2 *2
Dashed line; SMRI — _ o (1+ Ha )2 +4Re " (1+ Ro)
Pm =Pm" = - —
threshold for p*=0 ARORe “Ha~

Left to the dashed line — a (semi-) ,island” of the essential HMRI

Right to the dashed line — a ,continent” of the helically modified SMRI
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Essential HMRI as a weakly destabilized inertial oscillation
Series expansions of the roots in the vicinity of B*=0,Pm =0

Ayy =— +Ha™ v/Pm +o(Pm™)

1
A Pm

11,3 — \‘_1_ Ha*z _I__ ZRE*\/— (1+ RO)]\/Pm + O(Pml/Z)

The roots A, ; are complex for Ro > -1

Frequency of the inertial wave

= ZQO%\/RO-F].
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The mechanism of continuous transition from SMRI to HMRI

8 -8 8
1 B=0 1 B=0.06 1 p=0.084
12 -121 -12
: : ] Im
T e Iml T, 3 ESENII—— — Imk 16m
10 5 0 5 10 40 5 0 5 10 40 5 0 5 10
a) b) c)
olRe A b olRe 2 ‘ 0] Re —e
8 8 '85
1 pB=0.1 ] p=02 1 p=07
-12] -12- -127
£ SIS I ....... Im 2 -16 i | ..... Im A ot RPN :!Im?u
-0 5 0 5 10 10 5 0 5 10 15 10 5 0 5

Inertial wave (black) gets destabilized through an exceptional point
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Continuous connection between SMRI and HMRI - a paradox?

[Hollerbach & Rudiger 2005]: There exist continuous and monotonic
connection between SMRI (a destabilized slow magneto-Coriolis wave) and
HMRI (a weakly destabilized inertial oscillation, [Liu et al. 2006])

096: 9 0,6_
i ReA : JRei
05 3 : 0,51 i
; $ ¢ :
] $ ] 0,47
0,4 $ 02’ 0,004 0,006 0,008 0,01 "
g ' 0.31
0,31 g ™4
] §
] &
0,21

0,21
0,1
01 o
] Im 2

041 ]
] -104
: /\ jpm :

a) b) c)

The hidden exceptional point governs transfer of instability between
the branch of (helically modified) SMRI and a complex branch of the
inertial wave and thus reconciles both findings !
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Thank you!

Plicker conoid in the unfolding of 1:1 resonance
I. Hoveijn, O.N. Kirillov J. Diff. Eqns. 2010
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