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TECHNISCHE
UNIVERSITAT
DARMSTADT

Viscous, incompressible fluid surrounding
a moving obstacle.

1. Rotation with constant speed and axis

2. Axis of rotation parallel to translation

3. Translation with constant speed or
fluid velocity at co is constant
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Viscous, incompressible fluid surrounding
a moving obstacle.

1. Rotation with constant speed and axis
2. Axis of rotation parallel to translation

3. Translation with constant speed or
fluid velocity at co is constant

The governing equations are given by
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The Navier-Stokes equations
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u—Au+u-Vu+Vr=divF inQ(f),t>0
divu=0 in Q(t),t >0

u(x, t) = Mx on 0Q(t),t >0
u(x,ty — U for |x| — oo

u: velocity, 7: pressure, “U = u(co)”
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The Navier-Stokes equations TECHNISCHE
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Transformation x ~~ eMx and u ~ e (u — U) leads to the system

u—Au+u-Vu+Vr=dvF inQ ,t>0
+U-Vu— (Mx)-Vu+ Mu
divu=0 inQ ,t>0
u(x, t) = Mx—U on9dQ2 ,t>0
u(x,t) —0 for |x| — oo

u: velocity, 7: pressure, “U = u(c0)”,
Q exterior domain, eM: rotation matrix, i.e. Mx = w X x
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Transformation x ~~ eMx and u ~ e (u — U) leads to the system

u—Au+u-Vu+Vr=dvF inQ ,t>0
+U-Vu— (Mx)-Vu+ Mu
divu=0 inQ ,t>0
u(x, t) = Mx—U on9dQ2 ,t>0
u(x,t) —0 for |x| — oo

u: velocity, 7: pressure, “U = u(c0)”,
Q exterior domain, eM: rotation matrix, i.e. Mx = w X x
Set

b(x) = % rot [n(x) (U x x — |x°w)]
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Homogeneous boundary data TECHNISCHE
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Then (v — b, p) satisfies

up— Au+Vr+(U— Mx)-Vu+ Mu =div(F — Qyu)) inQ,t>0

divu=0 inQ,t>0
ux,t)=0 on 90N, t>0
u(x,t) — 0 for [x| — oo

with
Qu(u)=(Uu+b)®(u+b) — Vb+(U— Mx)® b+bx (Mx)
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Then (v — b, p) satisfies
We consider stationary solutions here:

— Au+Vm+(U— Mx) - Vu+ Mu=div(F — Qu)) in Q

divu=0 inQ
ux )=0 on 92
ux )—0 for [x| — oo

with
Qu(u)=(Uu+b)®(u+b) — Vb+(U— Mx)® b+bx (Mx)
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» Galdi: Weak and strong solutions, U = 0,

pointwise estimates under decay assumption on the force.
Silvestre: Strong solutions, U # 0
Galdi/Silvestre: Decay estimates of strong solutions, U # 0
Farwig/Hishida/Mller: LP-theory for a model problem with U = 0 in R”
Hishida: LP-setting for weak solutions, U = 0, Q = R3 or exterior
Farwig: Strong solutions in LP, U #0
Farwig/Hishida: Weak solutions in Lorentz spaces, U = 0
Hishida/Shibata: Stability of stationary solutions in weak L3

vV V. vV VvV vV VvV VY

Necasova/Kracmar/Penel: Weak solutions, LP-setting, U # 0
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Lorentz spaces
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The critical space L3(R), is too restrictive.
One possible way is to switch to the class L3 ().

Definition
6 €(0,1),1<r<s<oo,qelloo 5=+

r

> Lorentz spaces: L, 4(Q) := (L"(2), L°(£2))s,q

» Homogeneous Sobolev-Lorentz spaces: I'-l;,,q(Q) :
Note: C5°(Q) is not dense in A} (), set I:I;!q(

> negative spaces: H, () = (IfI;,!q,(Q))*

—_

2
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Remark
» Sobolev imbedding and real interpolation gives H] 12,00(2) € L3,00(Q)
» For[u] € I'-I,1,’1(Q) there exists a representative u € BC(Q2) with

u(x) — 0as|x| —

Definition

We say that (u, ) € H} 4(Q) x Lpq(Q), divu = 0, is a weak solution if
(wxx—U)-Vu—wx ue Hy;;(Q) and

(Vu, V) — {(wx x = U)-Vu—w x u, ) — (Qp(u), V) — (m,divy) = (F, V)

forall ¢ € C§°(2)
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Vog = H31/2,oo(Q) N H;J,q(Q)’ Mpg = Ls oo
Let (p, q) = (3, 00) or (p, ) € (3,3) x [1, oc].

1. F € Mpq with [U| + |w| + [|F||3/2,.c small enough

Q) N Ly q(2)

= Existence of (u, m) € Vpq X Iy 4 With
ullscc + IV Ulla/2.00 + 7ll3/2.00 < C (U] + [w] +[|Fll3/2,00)

[ullp.q + IVUllpg + I7llpg < C (JU] + |w] +[|Fllp.q)
(here: p* =3p/(3 — p))
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Vog = H 1o o @ N L), Mpgi= Ly o (Q) N Lpg(Q)
Let (p, q) = (3, 00) or (p, q) € (3,3) x [1,¢].
1. F € Mpq with [U| + |w| + [|F||3/2,.c small enough
= Existence of (u, m) € Vpq X Iy 4 With
ullsse + [ 90l3/200 + I7ls 200 < C (U] + el + [IFlls/2.)
[ullpr.q + Vullpg + I7llo.g < C (IU| +|w] + [ Fllpq)
(here' p* =3p/(3—p))
. I (p,q) € (,3) x [1,00] the solution is unique
. If(p, g) = (2, 00) there exists n such that
lulls.co <n = Uniqueness
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Comments on the proof
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The linear problem
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SetLlu=—-Au+(U—w x x)-Vu+w X u, and consider
Lu+Vrm=f in Q
divu=g in Q (1)

u=0 on 0f2
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SetLlu=—-Au+(U—w x x)-Vu+w X u, and consider
Lu+Vrm=f in
divu=g in Q (1)
u=0 on 9N

Proposition
(p=32,g=00 or (iN3<p<3,1<g<co or (i)p=3, q=1.
feHa(Q) and g € Ly q(Q) with (U — w x x)g € H, }(Q),

then there exists a unique weak solution (u, ) € H,‘,,q(Q) X Lpg(Q2) of (1).
Moreover, for |U| + |w] < M < o0

lu

pra * [VUllpg + 17llpg < C (Il -1pq + 19llpg + (U —w x X)gll~154) - (2)
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» Existence is proved by localization using corresponding results in R® and
bounded domains.
» The uniqueness follows from

Lemma
Let (pi, qi), i = 1,2 satisfy (i), (ii) or (iii). Lets > 3/2.
f=divF € Ly(Q) with (1 + |x]2) F € Lo(Q).

Q) + H! (), 7 € Ly, ,(Q) + Lp, 4, () satisfies

Then a weak solution u € H! 0.0

P1,q1

e @), | [(1+x)ue Lo@)] | V2u e Ly(Q),

7 € HY(Q) N Ls(Q)

and

/ |Vul?dx = —/ F - Vudx. (3)
Q Q
It thus follows that if f = 0, then (u, ) = (0, 0) in Q.
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The nonlinear problem:
proof of the main result
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Existence: For u € V, 4 define v = T(u) where
Lv+Vm =div(F — Qyu)) inQ
dvv=0 inQ
v=0 onoQ
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The nonlinear problem:
proof of the main result
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Existence: For u € V, 4 define v = T(u) where
Lv + Vr =div(F — Qp(u)) inQ
divv=0 inQ
v=0 onodQ
Estimates for the linear problem yields
IVT(W)ll3/2,00 < 2C (JU] +|w] + [|Fll3/2,00)

IVT(W)llv,, <2C (JUl + |w] + [[Fllpq)

IT(u1) = T(W)llv,e < C (IVUtllzz0 + [ Vizllazeo) lur — tellv,,
provided [|Vu|[g/200 < 2C (|U] + [w] + [|Fll3/2,00)
and  [|Vullpq < 2C (U] +|w] + [[Fllpq)-

Then use contraction mapping principle

Waseda, Mar. 2010 | TU Darmstadt | Horst Heck | 14



Proof of the main result

TECHNISCHE
UNIVERSITAT
DARMSTADT

Uniqueness:
Let (uq,m1), (U2, m2) be two solutions. Then for (u, w) := (uy — U, 1 — T2)

Lu+Vr=divG
where G = Qp(U2) — Qp(Uy) = U@ (U1 + b) + (U + b) @ V.
A bootstrap argument with Vp, g C Vo0 C L3 00(£2) N Lp+ o0(£2) let us find

(u,m) € HY(SQ) x La(Q)
Estimating G finally yields
IVul5 < Co (JU] + |w] +[|Flls/a.00) [ Vull3

= [[VulF=0. (if [U] +[w] + [[Fll3/2.00 is small)
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