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Motivation:
The Navier-Stokes flow in the exterior of a rotating obstacle
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Setup:

» K C R® a compact obstacle

> the exterior of the obstacle Q := R*\ K filled with a viscous incompressible fluid
» K is rotating with prescribed time-dependent angular velocity:
me C([0,00); R**3)  with m(t)" = —m(t) forall t>0
> exterior of the rotated obstacle at time t: Q(t) := Q(t)R2, where Q(t) solves
Q(t) = m(t)Q(t), t>0,
Q(0) = Id.
» fluid flow subject to an outflow condition: fluid has a prescribed velocity

Voo € R® far away from the obstacle
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The equations for the fluid: Navier-Stokes Equations

vi—Av+v-Vv+Vg = 0 in Ry x Q(t),
divve = 0 in Ry x Q(t),
v(t,y) = m(t)y in Ry x 09(t),
limpy—oo vV(t,y) = Voo #0 for t € Ry,
v(0,y) = wl(y) in Q.
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The equations for the fluid: Navier-Stokes Equations

vi—Av+v-Vv+Vg = 0 in Ry x Q(t),
divve = 0 in Ry x Q(t),
v(t,y) = m(t)y in Ry x 09(t),
limpy—oo vV(t,y) = Voo #0 for t € Ry,
v(0,y) = wl(y) in Q.

Transformation: x = Q(t)Ty, wu(t,x) = Q(t)"(v(t,y) — vao), p(t,x) = q(t,y)
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The equations for the fluid: Navier-Stokes Equations

vi—Av+v-Vv+Vg = 0 in Ry x Q(t),
divve = 0 in Ry x Q(t),
v(t,y) = m(t)y in Ry x 09(t),
limpy—oo vV(t,y) = Voo #0 for t € Ry,
v(0,y) = wl(y) in Q.

Transformation: x = Q(t)Ty, wu(t,x) = Q(t)"(v(t,y) — vao), p(t,x) = q(t,y)

uy — Au — (M(t)x) - Vu+ M(t)u .
+(Q(t)TVoo)-Vu+u‘Vu+Vp } 0 n R+><Q.
divu = 0 in Ry x Q,
u(t,x) = M(t)x — Q(t) v in Ry x09Q,
limy oo u(t,x) = 0 for t € Ry,
u(0,x) = w(x) in Q,

where M(t) := Q(t)" m(t)Q(t).
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Linearization leads to operators of the form

A(t)u(x) =P (Au+ (M(t)x — Q(t) Tva) - Vs — M(t)u) . t>0 xeQ J

Some known results:
» Autonomous case M(t) = M and voo =0

» Hishida '99 (L3-theory)
> Geissert, Heck, Hieber '06 (LP-theory)
» Hishida, Shibata '09

> Autonomous case M(t) = M and Mvo, =0
> Shibata '08
> Non-autonomous case
» Hishida '01 (L*-theory and M(t) = (0,0, wo(t))x )

March 2010 | TU Darmstadt | Tobias Hansel | 4



Ornstein-Uhlenbeck operators
A TECHNISCHE

UNIVERSITAT
DARMSTADT

Consider Ornstein-Uhlenbeck type operators (for functions ¢ : R? — R)

La(t)p(x) = Ap(x) + (M(t)x + c(t), V(x)), x€Q, t>0, J

The parabolic problem with Dirichlet boundary conditions
u(t,x) — La(t)u(t,x) = 0, te(s,00), x€Q,

uf
u(s,x) = f(x), xe€

t,x) = 0, t € (s, 00), x € 09,

Interesting case: Q C RY is an exterior domain, i.e. Q :=R?\ K and 9Q smooth

Assumptions:
> Me Co(Ry, R, ¢ € C2(R4,RY) for some a € (0, 1) J
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Non-autonomous abstract Cauchy problem
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Set
D(La(t)) = {ue W (Q)n Wol'p(Q) s (M(t)x, Vu(x)) € LP(Q)},
LQ(t)u = £Q(t)u.
Non-autonomous abstract Cauchy Problem:
(CP) u'(t) = Lo(t)u(t), 0<s<t, u(s) = f € LP(Q), J
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Set
D(La(t)) = {ue W(Q)n W, ?(Q): (M(t)x, Vu(x)) € LP(Q)},
LQ(t)u = ﬁQ(t)u.
Non-autonomous abstract Cauchy Problem:
(CP) u'(t) = Lo(t)u(t), 0<s<t, u(s) = f € LP(Q), J
Definition. Tq(:,-) € Z(LP(2)) is an evolution system if
> To(s,s)=Id, and Ta(t,s) = Ta(t, r)Ta(r,s),
> (t,s)— Tq(t,s) is strongly continuous, for0<s<r<t.

(CP) well-posed if there exists an evolution system Tq(-, ) and dense subspaces Y of
LP(Q) such that Tq(t,s)Ys C Y: C D(Lo(t)) for 0 < s < t and the function
u(t) := Tq(t,s)f is a solution of (CP) for f € Ys. We say Lqo(-) generates Tq(, -).
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Non-autonomous abstract Cauchy problem
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Well known: For fixed t, (La(t), D(La(t)) generates Co-semigroup (not analytic !)

Classical generation results for non-autonomous problems:
» Parabolic evolution systems
~» generators of analytic semigroups
» Hyperbolic evolution systems
~~ stable family of generators
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Well known: For fixed t, (La(t), D(La(t)) generates Co-semigroup (not analytic !)

Classical generation results for non-autonomous problems:
» Parabolic evolution systems
~» generators of analytic semigroups

» Hyperbolic evolution systems
~~ stable family of generators

Strategy:
> Study the whole space R?
~~ use representation formula (Da Prato/Lunardi '07, Geissert/Lunardi '08)
» Study bounded domains D
~ apply standard results for parabolic problems
> Use some cut-off technique for exterior domain
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Lemma

Let U(-,-) be the evolution system in R? that satisfies 0, U(t, s) = —M(t)U(t, s).
For t > s set

1

Tra(t, s)f(x) = ——F———<
(£ 5)f() (47)2 (det Q:5)2

—Ltyy)
f(U(s, t)x + g(t.s) — y)e” # =" dy,
Rd

where g(t,s) = /t U(s, r)e(r)dr and Q:s = /t U(s, r)U*(s, r)dr.
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Lemma

Let U(-,-) be the evolution system in R? that satisfies 0, U(t, s) = —M(t)U(t, s).
For t > s set

1 1,0-1
Td f f = 0 f(U ) , — _4<Qt,s}/r)’)d ,
w2 (47r)%(det Qt,s)% /Rd (Uls t)x+g(t,s) = y)e Y

where g(t,s) = /t U(s, r)e(r)dr and Q:s = /t U(s, r)U*(s, r)dr.

> Lga(-) generates Tra(:, ).
» Let T>0,1<p<g<ooand3e€Nd. Thereexists C := C(T) >0 s.t.

1_1

s | Tao(t9)fllo < Ct— ) 2 )Al,, 0<s<e<T,

18]

> |08 Taa(t,s)F|l, < C(t—s)""2 ||flp. 0<s<t<T.
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Lemma

Let D C RY be a bounded domain with C'!-boundary.
> Lp(-) generates an evolution system Tp(-, ).

> let T>0,1<p<ooand p<gqg<oo. Thereexists C := C(T) > 0s.t.
74(1,1)
> [ To(t,s)fllq < C(t—s) 2\p a/[[f],, 0<s<t<T,

> [V To(t, s)fll, < C(t —s)~2||f]

P 0<s<t<T,

> |V To(t, s)f|l, < C(t —s)7 | f|lp 0<s<t<T.
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» Consider exterior domain Q = R? \ K.
> Let R >0s.t. KC B(R).
> Set D:=QnNB(R+ 3).
> Consider a cut-off fct. p € C*(Q) s.t.
0<p<1and
(x) = 1, |x|>R+2,

PROZ 0, X[ <R+,

> For f € LP(Q2) set W(t,s)f = pTra(t,s)fo+ (1 — @) Tp(t,s)fp.
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Short calculation: W(t, s)f solves inhomogeneous problem
OW(t,s)f = La(t)W(t,s)f — F(t,s)f, 0<s<t,
{ W(s,s)f = f,
with error terms

F(t,s)f =2V (V Tra(t, $)fo + V To(t, s)fo)
+ (Ap + (M(t)x + c(t)) V) (Tra(t, s)fo + To(t, s)fp) .

Estimate for error terms:
IF(t,s)fllp < C(t—s) 2||fll,, O0<s<t<T,
for every T > 0.
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Consider the integral equation (Variation of constant formula)

Ta(t,s)f = W(t,s)f + /t To(t, r)F(r,s)fdr, t>s>0,f e LP(Q).

s

Solution to integral equation:

TQ(t,S)f = i Tk(t, S)f

k=0
where To(t,s)f = W(t,s)f and

Ti+1(t, s)f = /t T«(t, r)F(r,s)fdr.

March 2010 | TU Darmstadt | Tobias Hansel | 12



Cut-off technique TECHNISCHE
UNIVERSITAT
DARMSTADT

Consider the integral equation (Variation of constant formula)

Ta(t,s)f = W(t,s)f + /t To(t, r)F(r,s)fdr, t>s>0,f e LP(Q).

s

Solution to integral equation:

TQ(t,S)f = i Tk(t, S)f

k=0
where To(t,s)f = W(t,s)f and

Ti+1(t, s)f = /t T«(t, r)F(r,s)fdr.

(Technical) calculation yields:

O: Ta(t,s)f = Lao(t) Ta(t,s)f and OsTa(t,s)f = —Ta(t,s)La(s)f

for "nice” functions f.
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Result:
Well-posedness and L”-estimates in exterior domains

TECHNISCHE
UNIVERSITAT
DARMSTADT

Theorem

Let Q C RY be an exterior domain with C'-boundary and 1 < p < oo.
> Lo(-) generates Tq(, -).
> let T>0,1<p<ooand p<gqg<oo. Thereexists C := C(T) > 0s.t.
_g(;_;)
> ||TQ(t,S)f”Lq(Q) < C(t—s) 2\r 4 Hf”LP(Q), 0<s<t<T,
> ||V Ta(t, s)flle@) < C(t—s) 2| fllig O0<s<t<T,

> ||V2TQ(t,5)f||LP(Q) < C(t — 5)71||f‘|Lp(Q) 0<s<t<T.
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