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R" = {x € R" | x, > 0}.
A perturbed half space €2

Br = {x € R" | |x| < R}.

There exists R > 0 suchthat Q \ Bgr =]R“+ \ Bg.
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Navier-Stokes equation

Uuy—Au+u-Vu+4+Vp =0 inQ x (0,c),

V.u=0 in 2 x (0, o),
u-v=0, Beg(u,p) =0 on 92 x (0, o),
u(x,0) = a(x) in Q.

u = (ug,-+-,un) : Velosity, p : Pressure,

v : A unit outer normal vector of €2,

a : Ainitial value,

Robin boundary condition,

Q : A perturbed half space with smooth boundary 92,
Space dimension n > 3.

o & = =
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Robin boundary condition

Robin boundary condition

uv =0, Bag(u,p) = au+B{T(u,p)v—(T(u,p)»v)r} =0 (a+B = 1).

T(u,p) = D(u) — pl : stress tensor of the Stokes flow

_ oy ouy ;
D(U)jk = 3% + a_x, . strain tensor.

Ba,ﬂ(u, p) = Ba,ﬁ(u)'

Especially
a = 0: Navier’s slip condition, B = 0: non-slip condition. J

a>0, >0. I

[} o = = QL
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The main result

Letn > 3.
There is a constant € = €(£2,n) > 0 such that if a € J"(2) satisfies
llallne) <€

Navier-Stokes equation admits a unique strong solution u(t) on (0, c).
Moreover ast — oo,
1,0
o [lu(t)lle() = 0(t™27%) for n < p < oo,

o [IVu(t)llLn(g) = o(t™?).

With non-slip condition (Kubo-Shibata '04).
The global existence of solution to Navier-Stokes equation with small data.

v

I would like to extend these results to the Robin boundary candition.
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To get main theorem

| shall analyze the following linear equation.

Stokes equation

uy—Au+Vp =0 in 2 x (0, o),
V-u=0 in 2 x (0, o),
u-v=0, Beg(u,p) =0 0onaR x (0, ),
u(x,0) = a(x) in Q.

JP(Q) ={uel’(Q)"|V-u=0inQ, u-v=0o0naxR}

P:a continuous projection from LP (£2)" onto JP (£2).
Au = —PAu foru € D(A)

D(A) =JP N {u € W2 (Q) | Byp(u,p) = 0on dQ}
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To get main theorem

According to Kato's argument
to get the main theorem,

it suffices to show the following two results about Stokes equation

© A generates an anlytic semigroup {T (t)}:>o.

@ L" - L9 decay estimates of the Stokes semigroup {T (t)}i>o0-

o [IVullun(@) < Ct™2|[fllLn(), t >0, f € I"(R)
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To get main theorem

©Q A generates an anlytic semigroup {T (t)}>0.
@ L" - LY decay estimates of the Stokes semigroup {T (t)}t>0-

To show the two theorems about Stokes equation,
| consider the resolvent problem:

Resolvent problem of Stokes equation in a perturbed half space
Au—Au+Vp =f in Q,

V-u=0 in €,
u-v=0, Byg(u) =0 on oL
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Resolvent estimates in a perturbed half space with large A
(Shimada-Shibata '05)

For all e > 0 there exists Ay and C, such that satisfies the following:

[ Nullea (@) + |12 IVullLag) + IV2ullLs(e) + IVPIILa(e) < ClifllLo(e)

for 1€ Y, |4 > Ao

where >, = {1e€ C\ {0} |]|arg 4] < 7 — €}.

—s O The generation of an anlytic semigroup {T (t)}>o.
x L" — LY estimates of the Stokes semigroup {T (t)}t>o0

To show the L™ — LY decay estimates,
| have to analyze the resolvent problem with small A.
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To get L" — L9 decay estimates of the Stokes semigroup.

| shall show the following theorem.

Letn > 3.
There exists a positive constant C such that u satisfies the following:

_1l_n
o llullage) < CIITZ % lfllng), g 2n
o [IVullioa) < CIAI21Iflln (o),
forie Y, ={1€C\{0}||larg A <7 —¢€}, |1 < .

To show these estimates,
| consider Generalized resolvent problem in a perturbed half space.
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To get L" — L9 decay estimates of the Stokes semigroup.

The key step of my argument is to consider the following generalized
resolvent problem:

Generalized resolvent problem of Stokes equation
in a perturbed half space

Au—Au+Vp =f1 in Q,
V-u=g in €,
u-v=0, Byg(u) =h onoS.

Let us define the solution operator U(1) and M(2) by the formula:

U(A)F = u,N(QF = p,

where | set F = (f, g, h).
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U() : Lg+3(9)” xWR’pgo(Q) xW (Q)n — W ”’(Q),

t(f g,h) — u,

. P n 1,p 1,p n 1p
(D) : L2 (R)" x WP (2) x WP ()" — WEP(9),

'(f,g,h) +— p.

Function spaces

R_|_3(Q) = {f e LP(Q)|suppf c Bgrys},

R+30(Q) {f e WP (Q) | suppf ¢ BR+3,fodx — O},

R+3(Q) {f e WP (Q) |suppf c BR+3}.
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Ais small, F has a compact supprt
Letn >2and1<p < .

—_ p n 15p 1’p n z’p l9p
Gq = L(LR+3(Q) X WR+3,0(Q) X WR+3(Q) W () x W (2))

Then solution operators (U(4),M(2)) € Gg for A € U

02 1
i . (1+V2)2p2
moreover they have the following expansion formula

(U(AF, N(A)F)
= AT Hy(A)F + 27 Ho(A)F + (Alog A)Hs(2)F + Ha(A)F,
where H; (j = 1, 2,3,4) are Gg-valued holomorphic functions in

U » ’th(f,g,h).
(1+ ¥2)2p2

Up={1eC||A <r}.
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A model problem —a half space—

Moreover | need the results of a half space problem.

Avh — Avy + VO, =f in IR{”+,
V.vh =g inR",
Vi = Bdyvni = hj (j = L,--+n = 1), vhp =0 ondR}.

In a half space, the unit outer normal vector becomes v = (0,--- ,0,—1).
Using the Gagliardo-Nirenberg-Sobolev theorem, | can get the inequalities:

LP — L > estimates in a half space
_i_n
© |IvallLeqrn) < ClA2 P IFllLr g1 )s

-1
© lIVWhllL=(wr) < ClA2IIFlle mn ),

forde Y, |4 <9, p #nN.

v

Yuka Naito (Waseda University) Stokes and Navier-Stokes 09/02/2010 14720



To get the estimates when A is small.

Under the preparations | shall show the theorem:
Letn > 3.
There exists a positive constant C such that u satisfies the following:
_i_n
@ [lullLage) < ClA 2 2 ]If[lLn(g),
_1
@ [IVullLn(e) < ClA2]IfllLn(g),

forle Y. ={1€C\{0}|larg A <7 —¢€}, |1 < .
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To get the estimates when A is small.

Figure: Qg

To divide a domain into two parts,
| use cutoff function.

Figure: Q \ Qr

s () e e = {

1 forlx]| >R +1
0 for|x] <R
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To get the estimates when A is small.

First | shall consider a bounded part 2r = Q2 N Bg.
U=y>vah +W,p =y>60, +x

(A-A)w + V=K, in €,
V-w =K, in Q,
w v =0, Byg(w) =Kz onaQ.

Kj : The linear functions of Vi - Vi, (AY=2)vh, Vreooh, (1 — y)f.

Since supp K1,Kz,K3 € Bg, | can use resolvent expansion:

n—2
IWllL=(@r) < ClAl 27 lI(K1, K2, K3)llL=(2g)
n-2 140
< CIIE (A2 Il o))
< CIAY oL (g
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To get the estimates when A is small.

Next | shall consider (w,x) in Q\ Qg
Figure: 2\ Qg

(A-A)z+VO=H,
V-Z=H2

in R"
@z = fonzi = Hg (j = 1,-+-n - 1), z =0 ondR.

[m]

inR",
H; : The linear functions of V¢ - w, (Ay® Yw,Vy® 7
R-2 R-2 R-2
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. 2 %(%'%) a P
lzlle zr) < CIIV Z”Lq(]R:_) I|z|ILq(]Rn+)

b3-)
< ”(H19 HZ, HS)”Lq(R" )
+

x {MrlnHluLn(m;) + Mzl -aqan) + M2 1(H2, Ho)llLagan)

< CLT B (LA A Lo o)
< CLIT* T2 He 5| f || oy

< CI 2G| |lLa gy forq < p.

V.

] = = =
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The main result

Letn > 3.

There is a constant € = €(£2,n) > 0 such that if a € J"(£2) satisfies

llallLr @) < €
Moreover ast — oo,

Navier-Stokes equation admits a unique strong solution u(t) on (0, o).
o [lu(®)llr(@) = O(t_%+%) for n <p < oo,

1
@ |IVu(t)lln(e) = o(t™2).
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