Stationary problem for a cross-diffusion
system of a prey-predator type with
a protection zone

Kazuhiro Oedal Waseda University, Japanl

International Workshop on Mathematical Fluid Dynamics
March 10, 2010



Prey-Predator model (P)

= A[(1+ka(2)v)u] Fu(A—u—b(z)v) in 2x(0,00),

v = Av + v(u + cu — v) in 2\2gx (0, c0),
Ohu = Opv = 0 on 012 x (0, c0),
Onv =0 on 9§29 x (0, 0).

2, 2 : bounded domains in RV (2 C 2, N < 3).
0§2,0(2p : smooth boundaries of (2, {2;.

w(x,t) : population density of a prey species.
v(x,t) : population density of a predator species.
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Fig.1. Protection zone (2.

The prey species u can enter and leave (2g freely.

T he predator species v can not enter (/;.



Fig.1. Protection zone (2.

In the case of linear diffusion, population models with a

protection zone have been studied by Du-Shi(2006) etc.



Prey-Predator model (P)

= A[(1+ka(2)v)u] Fu(A—u—b(z)v) in 2x(0,00),

v =Av 4+ v(u + cu — v) in 2\2gx (0, c0),
anu — an'v =0 on an (O, OO),
Onpv =0 on 9§29 x (0, 0).

a,b:a=b=201Iin 29, a,b> 0 in 2\.
k,\, c,u . constants satisfying k>0, A >0, ¢> 0, u e R.



Prey-Predator model (P)

KutzA[(l—l—koz(:r;)v)u] +u(A—u—>b(x)v) in 2x (0, c0),

v =Av 4+ v(u + cu — v) in 2\ g x (0, c0),
anu — an'v =0 on an (O, OO),

Onpv =0 on 929 x (0, 0).
- Cross-diffusion kA[a(x)vu] N

The prey species u tends to leave high-density

areas of the predator species wv.




Stationary problem (SP)

A[(1 4+ ka(z)v)u] +u(h —u—b(z)v) =0 in £2,
Av+v(p+cu—v) =0 in 2\,

<3nu = 0ohv=2~0 on 02,

\anv =0 on 0.
Biological problem

[Do the two species can coexist? }

J
[ Mathematical problem }

Study the structure of the set of positive solutions of (SP).

6



Stationary problem (SP)

(A[(l + ka(x)v)u] + u(A—u —b(x)v) =0 in £2,
Av+v(p+cu—v) =0 in 2\,
anu — afn,'U — O on 5’(2,

~ The purpose of this talk 2

To study the effect of cross-diffusion on the set of

J

kpositive solutions of (SP).




Stationary problem (SP)

A[(1 4+ ka(z)v)u] +u()h —u—b(z)v) =0 in £2,

Av+v(p+cu—v) =0 in 2\,
anu — an’U — O on 39,
Oonv =0 on 0(2p.

A intrinsic growth rate of the prey species.

1 - intrinsic growth rate of the predator species.
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Coexistence region of (SP)
with no protection zone (25 = 0).



A=\ (u
A /
A= FH
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Coexistence region of (SP)

with a protection zone (£25 # ) and no cross-diffusion (k = 0).
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A=A (k)

> =

k — oo

Y.
>~

A= FH
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Coexistence region of (SP)
with a protection zone (£29 # @) and cross-diffusion (k > 0).
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Main results

N (i, k, o, b, £2) : positive number satisfying Ay (X2e— o) =o,

1+ka(z)w’
N ( b(z)pu—\* ' : b(x)pu—\*
where ) (1—|—kg(x)u’ (2) is the least eigenvalue of —A+{%E-5" over

(2 with Neumann boundary condition.

~ T heorem 1 \
(i) Case u > 0.

(SP) has a positive solution < A > \*.
(ii) Case u < 0.
A > —u/c= (SP) has a positive solution.
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~ Theorem 2
Suppose u > 0.

T = k*(a, \, u, b, £2, £29) > 0 such that
k> k* = (SP) has a positive solution.

B A=X(p, k)
A

k — oo
<
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Asymptotic behavior of positive solutions of (SP)

as k — oo

(A[(l + ka(z)v)u] + u(A —u —b(x)v) =0
Av+v(p+cu—v) =0
Onu = Onv = 0

(977,?):0

in (2,

in 2\,
on 02,
on 9df2.
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~ Theorem 3 2
Let (ug,v) be any positive solution of (SP) for each k.

(i) If > 0, then
im w, = X in C1(2p),

k— 00

klim ur = 0 uniformly on any compact subset of 2\,
—00

im v, = p in C1(2\2p).

k— o0

(i) If A > —pu/c > 0, then 3{k;}82; with lim;_ . k; = oo s.t.
lim (ug,, vy, kivg,) = (4,0,%) in CH(2) x CH(2\120)",
1— 0O

where u % const., w # const., (u,w) is a positive solution of
Al(1+a(z)d)a]+a(0—u) =0 in 2,

Aw + w(p 4+ cu) =0 in 2\ 2,

Onti = Opw = 0 0N 042, O = 0 on 8.

N\
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~ Theorem 4
The set of positive solutions of (LP) with bifurcation param-

~

eter p contains an unbounded connected set [’ satisfying the
following properties:

(i) I" bifurcates from {(u,u,w) = (u, A\,0) : u € R} at u = —cA.
(i) (=cA,0) C{u: (u,ap, wy) € I't C (i, 0)

for some o € (—oo, —cA].
(iii) lim,_oau = X in C1(2p),
lim,,_0 4, = 0 uniformly on any compact subset of 2\(2,
lim,,_,owy, = oo uniformly in £\ 2,

where (u, uy,wy) € I

N
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[@,|

—CcA
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Proof of Theorem 2 I
[ Theorem 1(i) (u > 0)
) — 0. J

(SP) has a positive sol.< A > \*, where >\]1V (ff;iéf&?;

b — A
(SP) has a positive solution )\le( (@)p ) <0

1+ ka(x)u
b(x)pu — A ) . ( 5 b(x)pu — A )
A ( = inf V| 2) d
1+ ka(x)p pcHL($2), 12l 12(0)=1 /Q Vo 1+ kOé(fL‘)M¢ v

1 b(x)uw — A B
=12 Jot+ ki(a:)udx (o =1/vi2)

< 1 / b(x)p |~QO|
<— | T .
02| JO\20 1 + ka(x)p 02|
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‘ Proof of 1Moo A (1) < AP (£20) I

Let ¢1 satisfy
_\D : _ 2 _
~A¢1 =2 (20)¢1 in 2o, $1=0 on %, [, ¢Fdr=1
and define ¢; € H1 () as follows:

&1 — qbl N QO) &1 =0 Iin Q\Qo.

Then
P14 k)
. b(z)p — X () 2)
= f Vo|? d
¢€H1(9),I|r|]¢||L2(Q)=1/Q <| i 1+ ka(z)p )

< [, (V6112 =X ()eF) dz (& = 61)
= M (20) = A*(p) for Yu>o0.
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