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Notations

2 C R™ is an open bounded domain with smooth boundary 02,

Q;(t) is the subdomain occupied by fluid : = 1,2 at time ¢,

[(t) is the interface separating the two phases.

We assume no boundary contact, i.e. I'(t) N 92 = 0, and no external forces.

Denote by

uw = u(t,z) velocity field, = = w(t,x) pressure field
S(t,x) stress tensor
BE(t,z) := 3(Vu(t,z) + Vu(t,z)T) rate of strain tensor
0 = 0(t,z) (absolute) temperature field, g = q(t,xz) heat flux
e = e(t,x) internal energy, 1 =y (t,2) (Hemholtz) free energy
p; > 0 densities, pu; > 0 viscosities in the phases, o > 0 surface tension
vr-(t,x) the normal at = € I'(¢) directed into 25(¢)
ur = ur(t,x) velocity of N'(t), Vi = ur v normal velocity of I
Hr(t,x) = —divryr(t,z) curvature of ()
[oll = limpo4[o(t, z + hor(t,2)) — ¢(t, z — hvr (¢, 2))],
the jump of the quantity ¢ accross ().



I The Model

Balance of Mass
Op +div(pu) =0, t>0, xgTI(t),
lp(u —up)]] -vF =0, t>0,xecTl ().

Define the interfacial mass flux (phase flux for short) by means of

1
j:=plu—ur) -vr, which means [—]7 = [u-vr].
Jo

Here we consider the completely incompressible case, i.e. we assume
that the densities are constant in the phases. Then conservation of

mass reduces to
divu=0, ¢t>0, z&[l(t).

No phase transition means ;7 = 0; then [[u-vr]] = 0 and Vi = u - v,
i.e. the interface is advected with the flow.
Here we are interested in the case 5 % 0!



Balance of Momentum
p(Ou+u-Vu) —divl'=0, ¢t>0, z&Tl(t),
Tull7 — [Tvr] = diviETr t>0, zel(t).
Balance of momentum is complemented by the constitutive laws
1
T =2uk —nl, E=_(Vu+ vu'), Tr=oPr,

where Pr =1 —vr Q v and o > 0 constant. Then diviir = ocHruyr.

This yields the two-phase Navier-Stokes problem
p(Opu+u-Vu) — pAu+ V=0, t>0, xz&Tl (),
Tullj — [Tvr] = cHrvr, t>0, xzel(t).
for the velocity v and the pressure .
We further assume no tangential slip at the interface, i.e.

1
[Pru]l =0, equivalently [u]l = [-ljvr.
P

Note that uw is continuous across the interface in the case of equal
densities, but otherwise discontinuos!



Balance of Energy

p(Oe +u-Ve)+divg—T :Vu=0, t>0, &l (1),
(Lel + [l — wrBD7 — [Tvr (o —ur)l + g 1 =0, £>0, 2 € ().
Here we employ the constitutive laws

e(0) = (0) +6n(0), n(6) = —¢'(0),
k(0) = €(0) = —6¢" (), q= —dVe,

considering the free energy v (6) as given, and in Fourier's law d > 0
is a constant, for simplicity. We assume «(6) > 0 below.

Observe that due to the constitutive law [Pru]] = 0 we have

I,

Tl/r . I/r

[lu — ur 3] = [[piz]]j% [Tvr(u—ur)] = [

hence the boundary jump condition can be rewritten as

{lo()I + 10 2]]3 — 135 +{lon(@)ls + lg - vrl} = 0.

Tl/r Vr




We further assume
1 .
[ ()] + ﬂﬁ]]]Q — [
P
the first one is a generalized Gibbs-Thomson law. This gives the
following problem for the temperature 6.

pr(0) (40 4+ u - VO) — dAO = 2u|E|3, t>0, = ¢ (1),
[0n(0)]l7 — [doy-0l =0, t>0, zel(t),
[6] =0, ¢>0,z¢cTl(t).

Ty -
T ") =o0, [6]1=0;

The second equation is a generalized Stefan law.

Note that in the case of equal densities the linearization of the gener-
alized laws of Stefan and Gibbs-Thomson at ux = 0,7« = 0,604 = 0,
where 6,, denotes the melting temperature defined by [¢(6,,)] = 0

yields the corresponding classical laws

where l,;, = —0,[1n(0)] means the latent heat at melting temperature.

If w =0 we have j = —pV.



Total Entropy Production

T he total entropy is given by

W(u,0,lN) = /Q pndzx.

By the Reynolds transport theorem, it satisfies

iw(e ") _/ pat”(e)dw—/[[pnw)]]vrdr
n’gzi{MEb —divg — pu-Ve}pdz — / [on(0)ur - vdl

- /Q{ B3 + 2|V9|2}d=”’3 + / {0ln]lj + [[q - v1}/6dr > O.

Thus there is no entropy production on the interface if

Olln(0)]7 + g vl = 0.

This is the generalized Stefan law.



Conservation of Total Energy

We have for the total energy ®(u,0,IN) = fQ{§|u]% + pe}dr +omesl by
the Reynolds transport theorems

o® = [ {u- popu+ poretdz — [ {[Z1ul3 + pell}vidr
= — /Q{(p(u V) -u—divT -u) + (p(u-V)e+divg—T : Vu)}dx
— A3 + pelyur - vrdr

= [{I;Ju3 + ¥ @1 — [Tu - v} + {1601 + la - v ydr
-
= [ {0 + ;—pQ — Tur v /ol + {10n(0)]) + [q - vr]}dr =0

Thus there is conservation of energy across the interface if the gen-
eralized Stefan law holds, and

2
[ (0) + 2]_/)2 — ;TVI_ -] =0,

i.e. the generalized Gibbs-Thomson law is valid.



The Complete Model

In the bulk 2\ ' (%)

p(Oru + u-Vu) — pAu+ Vo = 0,
divu = 0,
pr(0)(810 + u - VO) — dAO — 2u|E|3 = 0
On the interface I (t)

u%]]j% [Tor] = oHrvr,  [ul = ﬂ%]]jvr,
@l - ool =0, Wl=0,
[W(Q)]]-l-[[ ]]J —[[ Tl/r vrl =0, Vr=w-vr——j.

P
On the outer boundary 0S2

u — O, aye — O
Initial conditions

(0)=Tg, u(0)=mwug, 6(0)=6.
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II Equilibria

The negative entropy is a strict Ljapunov functional:
if ;W = 0 on a time-interval (tg,t1) # 0, then

E=0, VO=0 in (io9,t1),

hence 6 is constant. If latent heat [(0) := —0[n(0)] %= O then j
hence [[u]] = 0. Korn's inequality then implies ©« = 0, hence V=
This in turn yields Hr constant, i.e. ' is a sphere if connected.

Il
©0

Therefore the (non-degenerate) equilibria are
u=0, 6 =const, Vx=020,
Vr=0, j=0, T =Sg(zg)CS2,

D o = I, O] + /el =0,

1(9) DR™ + p2e?(0)(mes 2 — —R“) + cwp R 1 = g := d(0),

with w, = mes S{. Denote the set of non-degenerate equilibria by £.



Linearization at Equilibria

The linearized problem at a non-degenerate equilibrium (0, 6«, ['«) reads:
In the bulk 2\ I

poru — pAu 4+ V1 = fu,
divu = g4,
P00 — dAO = fy,

on the interface I,

1.
— HTV*]] + o Axhvs = gu, [[U]] — [[;]]]V* — Jp,
—lxj — [d0,0] = g9, [0 = O,

Ty - 1
(1+/0:)0 — [ ”*p “1 =g, O — - vt = fi,

supplemented by boundary conditions on 02 and initial conditions.

Here Kx — K)(@*), l>|< = l(Q*), Vg — Vr*, A* — —H’(l_*) — _(?”LR—Q]. + A*)




Maximal L,-Regularity

The strategy to solve the linear problem is as follows.
Suppose 5 and h are given.

(i) Solve the heat problem to determine 6 as

here 0 is determined by the data alone, and Ny means the Neumann-
to-Dirichlet operator for the heat problem.
(ii) Solve the Stokes problem with h = 0 and extract

w-ve —j/p=g1— Rij, —[Tv«-vs/p] = g+ [1/p]%GY,
where g, are given by the data, and R and G are linear pseudo-
differential operators to be studied.
(iii) Solve the Stokes problem with trivial data and ;7 = 0 and extract
u-vy —j/p=—0NgAsh, —[Tv«- vs/p]l = ocRpAxh.

Here Ng means the Neumann-to-Dirichlet operator for the Stokes
problem and R> is a linear pseudo-differential operator.



(iv) Insert into the next-to-last equation to obtain an equation for j:

(12/0:)Nyj + [1/p]°Gj = —oRoAsh + ;.

Here §j is determined by the data. Solve this equation for j.
(v) Insert into the last equation to obtain the final equation for the

height function h:
Oth + oNgAxh 4+ o R1((12/0:) Ny + [1/p1°G) " RoAch = gy,
where g;, is given by the data. Solve this equation for h.

Note that the operators Ny, Ng are of order (—1/2,—1), i.e. —1/2 in
time, 1 in space, R1, R are of order (0,0), and the phase-flux operator

G is of order (1/2,1).

Therefore the evolution equation for A has order (1,1) if [p]] #& O; in
this case it is velocity dominated.

It has order (1,3) and in addition has mixed order 1/2 in time and 1
in space, if [[p]] = 0; in this case it is temperature dominated.



The Underlying Semigroups

Consider first the velocity dominated case. Set
2—1
Xo = Lpo(Q) x Lp(Q2) x W2 HP(I),
and define the operator A by

A(u,0,h) = (— (u/p) Du~+V/p, —(d/prs) A0, —u- v+ [1/p] ~ [u vl /p).
To define the domain D(A) of A, we set

X1 = {(u,0,h) € HA(Q\ ) x HX(Q\ ) x Wy YP(r) -
divu=0 in Q\ Ty, [Pau]]l =[0] =0 on I},
and
D(A) = {(u,0,h) € X1 : [uP:sEvs] = [dou,0] + L«[1/p] ‘Muw-v«] = 0 on Iy}

Here 7 is determined as the solution of the weak elliptic problem

(V7 /pIVe)2 = ((1/p)AulVe)2, ¢ € Hy(RQ),
[7/pll = [2uEvs« - vi/pl]l — (1+/0x)0, 7]l = —0Axh + 2[pu(Evs«|vs)].



Next we consider the temperature dominated case. Set
22
Xo = Lpo(S2) x Lp(2) x W2 2/P(I),
and define the operator A by
Au,0,h) = (— (p/p)Au~+ Vr/p, —dAO/pris, —u - vs — (Lup) ™1 [dOw,0]).
To define the domain D(A) of A, we set
X1 = {(u,0,h) € HA(Q\ ) x HX(Q\ ) x Wy YP(r) -
divu =0 in Q\ Ty, [ul] =[6] =0 on Iy},
and
Here 7 is determined as the solution of the weak transmission problem

(VrIVe/p)2 = ((1/p)AulVe)a, ¢ € Hy(RQ),
[x] = —oAch + 2[u(Evs|v)l.



Then the linearized problem can be rewritten as an evolution equation
in Xp as

z+Az=f, t>0, z(0)==z, (1)

where z = (u,0,h), f = (fu, fo, 1), z0 = (ug, g, ho),
provided g = gu = gp = g9 = g; = 0.

The linearized problem has maximal L,-regularity, hence (1) has this
property as well. Therefore, —A generates an analytic Cp-semigroup
in Xo.

Since the embedding X — X is compact, the semigroup e~ as well
as the resolvent (A + A)_l of —A are compact, too. Therefore the
spectrum o(A) of A consists only of countably many eigenvalues of
finite algebraic multiplicity.



Nonzero Eigenvalues

Suppose that A %= 0, ReX > 0 is an eigenvalue of the linear problem.
Then taking the inner product of the equation for v with v we get:

0 = Al|pt/2u|2 + /QT . Vids + /I_ [Tva]dr
= A|p*/2ul3 + 2||u/2E|3 4+ oX(Axh|R)2 + ([p~  Tv - v]|5)2.
Similarly, for 8 we obtain

0 = || (pr«) /20|13 + ||d*/ 2V 0|3 + ([d8,01]6)2
= Al (pr«)1/20|13 + (|d*/2V0||3 — 6. GG|lp ™ Tv - v])o,
Adding the real parts yields
0 = ReX||p/?ul|5 + 2| u!/2E||3 4+ oRe A(Axh|h)2
+6; L(Re || (pre) 12013 + ||d1/2v6)3).
If ImA # 0, taking imaginary parts we get

o(Ah|R)2 = ||pY/%ul3 — ||(pr«) /263 /6.



We deduce from this

0 = 2Re \||p"/?ul3 + 2| ut/2E||5 + [|dY/2V0)5/0:,
which shows that such eigenvalues are real. Next decompose
0=0+6, j=7+jo, h=h+ho,
with the weighted means
0 = (kaV|p)2/(kslp), h=(h|1)a/mes, T« j = (j|1)a/mesT ..
By the equations we have
A= —j/p, A(kx|p)ol = lsmesTj,
in particular h =7 =60 = 0 in case [[p]] # 0. Otherwise
Mt 2ul3 + 2|t/ 2E||3 + oA(Asholho)2 + (M| (prx) /20013

2mesly  (n—1)o

1 11dY2v0,(12) /64 4 Apmes T

}A|? = 0.




AS a consequence we have

Theorem. Let the phases be connected. Then
(i) In case [[p]] # 0, there are no eigenvalues Re\ > 0, \ #= O.

(i) In case [[p]] = O, there are no eigenvalues ReX > 0, \ £ O if

IfmesTy  (n—1)o -0

) 0«(rslp)  p?RZ

This is the Stability Condition for equilibria in the temperature domi-
nated case.

If the stability condition is violated there will be a positive eigenvalue
which is algebraically simple.

Note that the condition (S) does neither involve the diffusion coeffi-
cients d¥ nor the viscosities 1!



The Eigenvalue N =0

Here the equations vield
0 = 2||pt/2E|? + ||d'/2ve)?,

hence 6 is constant, with [, #= 0 also 57 = 0, hence v = 0 by Korn's
inequality. This further shows that = is constant in the phases, hence
we are left with the equations

[7] = oAk, (1+/6:)0 + [x/p] = O.

The kernel of A, consists of the (orhonormalized) spherical harmonics
1Yy }—, of degree one.

In the temperature dominated case, there is one further degree of
freedom, namely [[x]], hence eigenvalue zero has geometric multiplicity
n + 1. It is semi-simple, unless equality holds in condition (5).



In the velocity dominated case, there are two further degree of freedom,
namely 71, 72, hence eigenvalue zero has geometric multiplicity n + 2.
However, taking preservation of volume into account, we have [[x]] = 0O
which reduces the multiplicity to n+ 1; A = 0 is semi-simple.

If one also takes into account conservation of energy, then the dimen-
sion of £ and of the kernel are both equal to n.

Thus in both cases, the dimension of the eigenspace for A = 0 of the
linearization equals the dimension of the manifold £ of equilibria, and
its tangent space is isomorphic to this eigenspace.

This shows that the equilibrium in question is normally stable in the
velocity dominated case, and also in the temperature dominated case
if we have strict inequality in (S). If (S) does not hold, it is normally
hyperbolic. In the temperature dominated case, the equilibrium is not
normally hyperbolic if and only if we have equality in (S) ( or I, = 0).



IIT The Induced Semiflow

We first introduce the semiflow induced by the solutions. Recall that
the closed C2-hypersurfaces contained in 2 form a C2-manifold, which
we denote by M7H2. Charts are obtained via parametrization over a
fixed hypersurface, and the tangent spaces consist of the normal vector
fields. As an ambient space for the phase-manifold PM of the two-
phase problem with surface tension and phase transitions we consider
the product space Xg := Ly () x Ly(2) x MH?.

In the velocity dominated case we define PM as follows
PM = {(u,0,7) € Xo: (u,0) € W2 2P\ M)t rews 2P,
the compatibilities (3) hold }. (2)

The charts for this manifold are obtained by the charts induced by
MH?, followed by a Hanzawa transformation.



Observe that the compatibility conditions

PripElvr = Pru] =01 =0 onT,
1(O)[1/p] *[u-vr] + [dOy-6] =0 on I (3)
u = 0,0 = 0 on 012,

as well as regularity are preserved by the solutions.

Applying the local existence result and re-parameterizing repeatedly,
we obtain a local semiflow on PM.

Theorem Letp > n-+2 and [[p]] # 0. Then the two-phase problem
with phase transitions generates a local semiflow on the phase-manifold
PM. Each solution (u,0,") exists on a maximal time interval [0, tx).



In the temperature dominated case we define PM as follows
PM = {(u,0,7) € Xo: (u,0) € W2 2P\ )"t rewys /P,

2—6
[dd, o € Wy ®/P(F),  1(0) %0, on T (4)
and the compatibilities (5) hold }.

The charts for this manifold are obtained by the charts induced by
MH?2, followed by a Hanzawa transformation.

Observe that the compatibility conditions

PripElvr =u]l =[] =0 onT, (5)
[»()] + (o/p)Hr =0 on T,
w= 08,0 =0 on 9%,

as well as regularity are preserved by the solutions. However, the well-
posedness condition [(#) #= 0 may fail to be preserved by the semiflow!

By the local existence result and re-parameterizing repeatedly, we ob-
tain also in case [[p]] = 0 a local semiflow on PM.



Nonlinear Stability

The properties of the linearized problem near an equilibrium call for
the Generalized Principle of Linear Stability; cf. P., Simonett, Zacher
2009. Employing this technique we obtain

Theorem. Let (0,60«,x) be an equilibrium

such that . #= 0 in case [[p] = 0.

(i) If [[p]] # O then the equilibrium (0,04, «) is stable in PM for the
nonlinear problem. Each solution starting near (0, 0., ) converges to
another equilibrium.

(ii) If[[p] = 0 and the Stability Condition (S) holds with strict inequal-
ity, then the equilibrium (0,60«, ) is stable in PM for the nonlinear
problem. Each solution starting near (0,04, «) converges to another
equilibrium.

(iit) If[[p]] = O and the Stability Condition (S) does not hold, then the
equilibrium (0,04, ) is unstable in PM for the nonlinear problem.



Asymptotic behaviour
There are a number of obstructions to global existence of the solutions:

- regularity: the norms of either u(t), 6(t) or I'(t) become unbounded;
- geometry: the topology of the interface changes;

or the interface touches the boundary of €2;

or the interface shrinks to a point (in case [[p]] = 0);
- well-posedness: [(6(t)) develops a zero (in case [p]] = 0).

Note that in case [[p] # O the phase volumes are preserved by the
semiflow!

We say that a solution (u,0,) satisfies a uniform ball condition, if
there is a radius » > 0 such that for each ¢ € [0,t«) and at every point
p € M(t) we have

Br(p £ rvry () NT () = {p}.



Combining the above results, we obtain the following theorem on the
asymptotic behavior of solutions.

Theorem Letp > n—+ 2. Suppose that (u,0,I") is a solution of the
two-phase problem with phase transition on the maximal time interval
[0,tx). Assume the following on [0, tx):

() 1wl gy 227+ 10 22 + 1T 3270 < M < 00;

(ii) (u,0,1") satisfies a uniform ball condition,
and in case [[p]] = 0 in addition:

Giit) 110)] > 1/M, [FON azsyp + 110D 2mssp < M.
p b

Thent. = oo, i.e. the solution exists globally and its limit set w(u,0,1") C
E is nonempty. If this limit set contains a stable equilibrium, then the
solution converges in PM to this equilibrium. The converse is also
true.

For the proof we combine a compactness argument with the entropy
and apply the stability result.



