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Formulation of Problems

Formulation of Problems

We consider the two-phase free boundary problem of incompressible capillary
fluids with phase transition. We set

Γ(t) = {x = (x ′, xn) ∈ Rn−1 × R | xn = h(t, x ′)},
Ωi (t) = {x = (x ′, xn) ∈ Rn−1 × R | (−1)i (xn − h(t, x ′)) > 0}, i = 1, 2,

Ω(t) = Ω1(t) ∪ Ω2(t).

Given are the intial position

Γ0 = {x = (x ′, xn) ∈ Rn−1 × R | xn = h0(x
′)},

Ω0 = Ω1(0) ∪ Ω2(0),

initial velocity u0 and initial absolute temperature θ0 in Ω0.

The unknowns are velocity u(t, x), pressure π(t, x), absolute temperature θ(t, x)

in Ω(t), and free boundary Γ(t).
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Formulation of Problems

Notations

u(t, x) = t(u1, . . . , un) : velocity , π(t, x) : pressure,

T (u, π) = µD(u) − πI , E (u) = 1
2 (∇u + t(∇u)),

θ(t, x): absolute temperature,

η(t, x): entropy, ψ(t, x): free energy, κ(t, x): heat capacity,

νΓ: unit normal directed into Ω2(t),

j(t, x ′): phase flux, HΓ = −div ΓνΓ: mean curvature,

VΓ: normal velocity, σ > 0: surface tension,

µ: viscosity, d : heat conductivity, ρ: density

µ =

{
µ1 in Ω1(t)

µ2 in Ω2(t)
d =

{
d1 in Ω1(t)

d2 in Ω2(t)
ρ =

{
ρ1 in Ω1(t)

ρ2 in Ω2(t)

[[v ]] =
(
v |Ω2(t) − v |Ω1(t)

)∣∣
Γ(t)

.
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Formulation of Problems

Navier-Stokes equations with phase transition

ρ(∂tu + (u · ∇)u) − µ∆u + ∇π = 0 in Ω(t),

div u = 0 in Ω(t),

[[u]] = [[ρ−1]]jνΓ on Γ(t),

[[ρ−1]]j2νΓ − [[TνΓ]] = σHΓνΓ on Γ(t),

u(0) = u0 in Ω0,

ρκ(θ)(∂tθ + u · ∇θ) − d∆θ − 2µ|E |22 = 0 in Ω(t),

[[θ]] = 0 on Γ(t),

θ[[η(θ)]]j − [[d∂νΓ
θ]] = 0 on Γ(t),

θ(0) = θ0 in Ω0,

[[ψ(θ)]] + [[2−1ρ−2]]j2 − [[(TνΓ · νΓ)/ρ]] = 0 on Γ(t),

VΓ −Ru · νΓ + j/ρ = 0 on Γ(t),

h(0) = h0 on Rn−1. (1)
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Formulation of Problems
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Linear Problems

Linearization at Equilibria

The equilibrium state we consider here is

u∗ = 0, θ∗ = const., π∗ = const. [[π∗]] = 0, j = 0,

Γ∗ = {x = (x ′, xn) ∈ Rn | xn = 0} =: Rn
0,

[[ψ(θ∗)]] + [[π∗/ρ]] = 0 ( [[ρ]] = 0 case it is [[ψ(θ∗)]] = 0).

We set

Rn
± = {x = (x ′, xn) ∈ Rn | ±xn > 0},

Ṙn = Rn
+ ∪ Rn

− = Rn \ Rn
0,

ν∗ = t(0, . . . , 0, 1), P∗ = I − ν∗ ⊗ ν∗,

and use the relation

`(θ) = −θ[[η(θ)]] = θ[[ψ′(θ)]].
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Linear Problems

Linearization at Equilibria

In the bulk Ṙn

ρ∂tu − µ∆u + ∇π = fu,

div u = fd ,

ρκ∗∂tθ − d∆θ = fθ, κ∗ = κ(θ∗).

On the interface Rn
0

−[[µ(∂nu
′ + ∇un)]] = gτ , − 2[[µ∂nun]] + [[π]] − σ∆′h = gn,

[[u]] − [[ρ−1]]jν∗ = gp, [[θ]] = 0,

−`∗j − [[d∂nθ]] = gθ, (`∗/θ∗)θ − [[2ρ−1µ∂nun]] + [[ρ−1π]] = gj ,

∂th −Run + j/ρ = gh, `∗ = `(θ∗).

Supplemented by initial conditions

u(0) = u0, θ(0) = θ0 in Ṙn, h(0) = h0 on Ṙn
0.
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Linear Problems

Lp-Maximal Regularity

ρ∂tu − µ∆u + ∇π = fu

div u = fd

ρκ∗∂tθ − d∆θ = fθ, κ∗ = κ(θ∗)

J = (0, T ). Let

fu ∈ Lp(J; Lp(Rn))n, =: F1,

fd ∈ H1
p (J; Ĥ−1

p (Rn)) ∩ Lp(J; H1
p (Ṙn)) =: F2,

fθ ∈ Lp(J; Lp(Rn)) =: F3,

then

u ∈ H1
p (J; Lp(Rn))n ∩ Lp(J;H2

p (Ṙn))n =: E1,

π ∈ Lp(J; Ĥ1
p (Ṙn)) =: E2,

θ ∈ H1
p (J; Lp(Rn)) ∩ Lp(J; H2

p (Ṙn)) =: E3.
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. . . . . .

Linear Problems

The class of boundary data

−[[µ(∂nu
′ + ∇un)]] = gτ , − 2[[µ∂nun]] + [[π]] − σ∆′h = gn,

[[u]] − [[ρ−1]]jν∗ = gp [[θ]] = 0,

−`∗j − [[d∂nθ]] = gθ (`∗/θ∗)θ − [[2ρ−1µ∂nun]] + [[ρ−1π]] = gj ,

∂th −Run +
j

ρ
= gh

By trace theory the resulting data spaces are

gτ ∈ W
1
2−

1
2p

p (J; Lp(Rn−1))n−1 ∩ Lp(J; W
1− 1

p
p (Rn−1))n−1 =: F5,

gn, gθ ∈ W
1
2−

1
2p

p (J; Lp(Rn−1)) ∩ Lp(J; W
1− 1

p
p (Rn−1)) =: F6 = F7.

We also know

[[π]] ∈ W
1
2−

1
2p

p (J; Lp(Rn−1)) ∩ Lp(J; W
1− 1

p
p (Rn−1)) =: E4
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. . . . . .

Linear Problems

[[ρ]] 6= 0 case

[[u]] − [[ρ−1]]jν∗ = gp, [[θ]] = 0,

−`∗j − [[d∂nθ]] = gθ, (`∗/θ∗)θ − [[2ρ−1µ∂nun]] + [[ρ−1π]] = gj .

gj ∈ W
1
2−

1
2p

p (J; Lp(Rn−1)) ∩ Lp(J; W
1− 1

p
p (Rn−1)) = F8.

The regularity class of j is equal to the class [[u]], which implies

j , gp ∈ W
1− 1

2p
p (J; Lp(Rn−1)) ∩ Lp(J;W

2− 1
p

p (Rn−1)) =: E5 = F4.

We express ∂th −Run + j/ρ = gh symbolically: S(t, ∂)h = gh,

gh ∈ W
1− 1

2p
p (J; Lp(Rn−1)) ∩ Lp(J; W

2− 1
p

p (Rn−1)) =: F9,

C1(|λ| + |ξ′|) ≥ s(λ, ξ′) ≥ C2(|λ| + |ξ′|),

h ∈ W
2− 1

2p
p (J; Lp(Rn−1)) ∩ H1

p (J; W
2− 1

p
p (Rn−1)) ∩ Lp(J; W

3− 1
p

p (Rn−1)) =: E6.

[[ρ]] 6= 0 case is dominated by velocity.
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. . . . . .

Linear Problems

[[ρ]] = 0 case

[[u]] = 0, − 2[[µ∂nun]] + [[π]] − σ∆′h = gn,

−`∗j − [[d∂nθ]] = gθ, (`∗/θ∗)θ − ρ−1[[2µ∂nun]] + ρ−1[[π]] = gj .

The regularity class of j is equal to the class [[∂nθ]], which implies

j ∈ W
1
2−

1
2p

p (J; Lp(Rn−1)) ∩ Lp(J; W
1− 1

p
p (Rn−1)) =: E5.
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gh ∈ W
1
2−

1
2p

p (J; Lp(Rn−1)) ∩ Lp(J; W
1− 1

p
p (Rn−1)) =: F9,

C1(|λ| + |λ| 1
2 |ξ′|2 + |ξ′|3) ≥ s(λ, ξ′) ≥ C2(|λ| + |λ| 1

2 |ξ′|2 + |ξ′|3),

h ∈ W
3
2−

1
2p

p (J; Lp(Rn−1)) ∩ W
1− 1

2p
p (J;H2

p (Rn−1)) ∩ Lp(J; W
4− 1

p
p (Rn−1)) =: E6,

gj ∈ W
1− 1

2p
p (J; Lp(Rn−1)) ∩ Lp(J; W

2− 1
p

p (Rn−1)) =: F8.

[[ρ]] = 0 case is dominated by temperature.
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. . . . . .

Linear Problems
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j ∈ W
1
2−

1
2p

p (J; Lp(Rn−1)) ∩ Lp(J; W
1− 1

p
p (Rn−1)) =: E5.

We express ∂th −Run + j/ρ = gh symbolically: S(t, ∂)h = gh,

gh ∈ W
1
2−

1
2p

p (J; Lp(Rn−1)) ∩ Lp(J; W
1− 1

p
p (Rn−1)) =: F9,

C1(|λ| + |λ| 1
2 |ξ′|2 + |ξ′|3) ≥ s(λ, ξ′) ≥ C2(|λ| + |λ| 1
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. . . . . .

Linear Problems

Compatibility Conditions (C)

div u0 = fd(0),

− [[µ(∂nu0
′ + ∇′u0)]] = gτ (0) if p > 3,

[[θ0]] = 0 if p > 3/2.

Additionally for [[ρ]] 6= 0 case

[[P∗u0]] = P∗gp(0) if p > 3/2,

− `∗[[ρ
−1]]−1([[u0 · ν∗]] − gp(0) · ν∗) − [[d∂nθ0]] = gθ(0) if p > 3,

for [[ρ]] = 0 case

[[u0]] = gp(0) if p > 3/2,

(`∗/θ∗)θ0 + (σ/ρ)∆′h0 = gj(0) − gn(0)/ρ if p > 3/2,

Run(0) + 1/(`∗ρ)([[d∂nθ0]] + gθ(0)) + gh(0) ∈ W 2−6/p
p if p > 3.
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. . . . . .

Linear Problems

The class of initial data

By trace theory, the spaces of initial data are

(u, θ) ∈ H1
p (J; Lp(Rn))n+1 ∩ Lp(J; H2

p (Ṙn))n+1,

(u0, θ0) ∈ (Lp(Ṙn), W 2
p (Ṙn))n+1

1−1/p,p = W 2−2/p
p (Ṙn)n+1 =: F10.

[[ρ]] 6= 0 case

h ∈ W
2− 1

2p
p (J; Lp(Rn−1)) ∩ H1

p (J; W
2− 1

p
p (Rn−1)) ∩ Lp(J;W

3− 1
p

p (Rn−1)),

h0 ∈ (W
2− 1

p
p (Rn−1), W

3− 1
p

p (Rn−1))1−1/p,p = W 3−2/p
p (Rn−1) =: F11.

[[ρ]] = 0 case

h ∈ W
3
2−

1
2p

p (J; Lp(Rn−1)) ∩ W
1− 1

2p
p (J; H2

p (Rn−1)) ∩ Lp(J;W
4− 1

p
p (Rn−1)),

h0 ∈ (W
2− 1

p
p (Rn−1), W

4− 1
p

p (Rn−1))1−1/p,p = W 4−3/p
p (Rn−1) =: F11.
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p (Ṙn))n+1

1−1/p,p = W 2−2/p
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. . . . . .

Linear Problems

Lp-Maximal Regularity Theorem

E(J) = ×j=1,...,5Ej(J), F(J) = ×j=1,...,11Fj(J).

.

Theorem (Lp-Maximal Regularity)

.

.

.

. ..

. .

Let 1 < p < ∞, p 6= 3/2, 3. In the case [[ρ]] = 0, we assume
`∗ = `(θ∗) 6= 0. The linearized problem admits a unique solution
(u, π, [[π]], θ, h) ∈ E(J) if and only if the data
(fu, fd , fθ, gp, gτ , gn, gθ, gj , gh, u0, θ0, h0) belongs to the regularity class
F(J) and satisfies the compatibility conditions (C).
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. . . . . .

Nonlinear Problems

Nonlinear Problems

.

Main Theorem ([[ρ]] 6= 0 case)

.

.

.

. ..

.

.

Let p > n + 2 and

(u0, θ0, h0) ∈ W 2−2/p
p (Ω0)

n × W 2−2/p
p (Ω0) × W 3−2/p

p (Rn−1)

be given. Assume that the compatibility conditions

div u0 = 0 in Ω0

[[µPΓ0E (u0)ν0]] = 0, [[PΓ0u0]] = 0 on Γ0

[[θ0]] = 0, [[d∂ν0θ0]] + `(θ0)[[ρ
−1]]−1[[u0 · ν0]] = 0 on Γ0

are satisfied. Then for each time T > 0 there exists η > 0 such that for

‖u0‖W
2−2/p
p (Ω0)

+ ‖θ0 − θ∗‖W
2−2/p
p (Ω0)

+ ‖h0‖W
3−2/p
p (Rn−1)

< η,

there exists a unique solution (u, π, θ, h) ∈ E(J, Ω(t)) for t ∈ J.
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. . . . . .

Nonlinear Problems

Main Results

.

Main Theorem ([[ρ]] = 0 case)

.

.

.

. ..

.

.

Let p > n + 2 and

(u0, θ0, h0) ∈ W 2−2/p
p (Ω0)

n × W 2−2/p
p (Ω0) × W 4−3/p

p (Rn−1)

be given. Assume that `(θ∗) 6= 0 and the compatibility conditions

div u0 = 0 in Ω0

[[µPΓ0E (u0)ν0]] = 0, [[u0]] = 0 on Γ0

[[θ0]] = 0, [[ψ(θ0)]] + (σ/ρ)HΓ0 = 0, [[d∂ν0θ0]] ∈ W 2−6/p
p on Γ0

are satisfied. Then for each time T > 0 there exists η > 0 such that for

‖u0‖W
2−2/p
p (Ω0)

+ ‖θ0 − θ∗‖W
2−2/p
p (Ω0)

+ ‖h0‖W
4−3/p
p (Rn−1)

< η,

there exists a unique solution (u, π, θ, h) ∈ E(J, Ω(t)) for t ∈ J.
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. . . . . .

Nonlinear Problems

Outline of a Proof ([[ρ]] 6= 0 case)

Step 1 (1) is transformed to a problem on a fixed domain Ṙn by means of
transformation

v(t, x) = u(t, x ′, h(t, x ′) + xn)

ϑ(t, x) = θ(t, x ′, h(t, x ′) + xn) − θ∗

q(t, x) = π(t, x ′, h(t, x ′) + xn) − π∗

(1) is deformed into

ρ∂tv − µ∆v + ∇q = fu(v , q, h) in Ṙn, t > 0

div v = fd(v , h) in Ṙn, t > 0

[[v ]] − [[ρ−1]]jν∗ = gp(h, j) on Rn−1, t > 0

−[[µ (∂nv
′ + ∇′vn)]] = gτ (v , [[q]], h, j) on Rn−1, t > 0

−2[[µ∂nvn]] + [[q]] − σ∆′h = gn(v , h) on Rn−1, t > 0

v(0) = v0 in Ṙn,
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. . . . . .

Nonlinear Problems

ρκ∗∂tϑ − d∆ϑ = fθ(v , ϑ, h) in Ṙn, t > 0

[[ϑ]] = 0 on Rn−1, t > 0

−`∗j − [[d∂nϑ]] = gj(ϑ, h, j) on Rn−1, t > 0

ϑ(0) = ϑ0 in Ṙn,

(`∗/θ∗)ϑ − [[2ρ−1µ∂nvn]] + [[ρ−1q]] = gθ(v , [[q]], ϑ, h, j) on Rn−1, t > 0

∂th −Rvn + j/ρ = gh(v , h, j) on Rn−1, t > 0

h(0) = h0 on Rn−1. (2)

where v0(x) = u0(x
′, h0(x

′) + xn), ϑ0(x) = θ0(x
′, h0(x

′) + xn) − θ∗.

Since [[q]] and j can be expressed by v , the right members are given by functions

of v , ϑ and h.
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. . . . . .

Nonlinear Problems

Step 2 Reduction to time trace 0.

We construct z∗ = (v∗, q∗, [[q∗]], ϑ∗, h∗, j∗) ∈ E(J) such that

v∗(0) = v0, ϑ∗(0) = ϑ0, h∗(0) = h0.

Set

f ∗d = et∆fd(v0, h0) ∈ F2(J), g∗
p = et∆′

gp(v0, h0) ∈ F4(J),

g∗
τ = et∆′

gτ (v0, h0) ∈ F5(J), g∗
n = et∆′

gn(v0, h0) ∈ F6(J),

g∗
θ = et∆′

gθ(ϑ0, h0) ∈ F7(J), g∗
j = et∆′

fd(v0, ϑ0, h0) ∈ F8(J).

g∗
h = et∆′

gh(v0, h0) ∈ F9(J).

By Lp maximal regularity theorem, there exist a unique solution

Lz∗ = (0, f ∗d , 0, g∗
p , g∗

τ , g∗
n , g∗

θ , g∗
j , g∗

h , u0, θ0, h0).
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. . . . . .

Nonlinear Problems

Step 3 We set

X = {(v , ϑ, h) |v ∈ W 2−2/p
p (Ṙn)n, [[P∗v ]] = 0,

ϑ ∈ W 2−2/p
p (Ṙn), [[ϑ]] = 0, h ∈ W 3−2/p

p (Rn−1)},

PM = {(v , ϑ, h) ∈ X |div v = fd(v , h), [[v ]] − [[ρ−1]]j(v)ν∗ = gp(v , h)

− [[µ(∂nv
′ + ∇′vn)]] = gτ (v , h),

− 2[[µ∂nvn]] + [[q(v)]] − σ∆′h = gn(v , h)

− `∗j − [[d∂nϑ]] = gθ(ϑ, h),

(`∗/θ∗)ϑ − [[2ρ−1µ∂nvn]] + [[ρ−1q(v)]] = gj(v , ϑ, h)},

X 0 = {(v , ϑ, h) ∈ X | div v = 0, [[v ]] − [[ρ−1]]j(v)ν∗ = 0

− [[µ(∂nv
′ + ∇′vn)]] = 0, −2[[µ∂nvn]] + [[q(v)]] − σ∆′h = 0

− `∗j − [[d∂nϑ]] = 0, (`∗/θ∗)ϑ − [[2ρ−1µ∂nvn]] + [[ρ−1q(v)]] = 0}.
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ϑ ∈ W 2−2/p
p (Ṙn), [[ϑ]] = 0, h ∈ W 3−2/p

p (Rn−1)},

PM = {(v , ϑ, h) ∈ X |div v = fd(v , h), [[v ]] − [[ρ−1]]j(v)ν∗ = gp(v , h)

− [[µ(∂nv
′ + ∇′vn)]] = gτ (v , h),

− 2[[µ∂nvn]] + [[q(v)]] − σ∆′h = gn(v , h)

− `∗j − [[d∂nϑ]] = gθ(ϑ, h),

(`∗/θ∗)ϑ − [[2ρ−1µ∂nvn]] + [[ρ−1q(v)]] = gj(v , ϑ, h)},

X 0 = {(v , ϑ, h) ∈ X | div v = 0, [[v ]] − [[ρ−1]]j(v)ν∗ = 0

− [[µ(∂nv
′ + ∇′vn)]] = 0, −2[[µ∂nvn]] + [[q(v)]] − σ∆′h = 0

− `∗j − [[d∂nϑ]] = 0, (`∗/θ∗)ϑ − [[2ρ−1µ∂nvn]] + [[ρ−1q(v)]] = 0}.
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. . . . . .

Nonlinear Problems

For given (v0, ϑ0, h0) ∈ PM, it is possible to parametrize over
(ṽ0, ϑ̃0, h̃0) ∈ X 0, namely there exists φ ∈ C 3 such that

(v0, ϑ0, h0) = φ(ṽ0, ϑ̃0, h̃0).

As in the argument in Step 2, for given (v0, ϑ0, h0) ∈ PM, we construct

z∗ = z∗(v0, ϑ0, h0) ∈ E(J).

For the simplicity we set

w = (v0, ϑ0, h0), w̃ = (ṽ0, ϑ̃0, h̃0)

Then z∗ = z∗(φ(w̃)).
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As in the argument in Step 2, for given (v0, ϑ0, h0) ∈ PM, we construct

z∗ = z∗(v0, ϑ0, h0) ∈ E(J).

For the simplicity we set

w = (v0, ϑ0, h0), w̃ = (ṽ0, ϑ̃0, h̃0)
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. . . . . .

Nonlinear Problems

Step 4 (2) is equivalent to

L(z + z∗(φ(w̃)) = N(z + z∗(φ(w̃)), z ∈ 0E(J).

If we set
G (z , w̃) := Lz + Lz∗(φ(w̃)) − N(z + z∗(φ(w̃)),

then it holds that G (z , w̃) = 0. Since

G : 0E(J) × X 0 → 0F(J),

G (0, 0) = 0, DzG (0, 0) = L,

Lp maximal regularity shows L is an isomorphism from 0E(J) to 0F(J).
By implicit function theorem,

∃Br (0) ∈ X 0, ∃Bδ(0) ∈ 0E(J),

F : Br (0) → Bδ(0) is C 3,

F (0) = 0, G (F (w̃), w̃) = 0 for ∀w ∈ Br (0).

Therefore F (w̃) + z∗(φ(w̃)) is the solution.
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. . . . . .

p 6= q case

p 6= q case

.

Theorem (p 6= q, [[ρ]] 6= 0 case) (S)

.

.

.

. ..

.

.

Let 1 < p, q < ∞. If the data satisfy the following regularity conditions:

fu ∈ Lp(J, Lq(Rn))n, fθ ∈ Lp(J, Lq(Rn)),

fd ∈ W 1
p (J, Ŵ−1

q (Rn)) ∩ Lp(J, W 1
q (Ṙn)),

(gτ , gn) ∈ H
1
2
p (J, Lq(Rn))n ∩ Lp(J, W 1

q (Ṙn))n,

gj ∈ H
1
2
p (J, Lq(Rn)) ∩ Lp(J, W 1

q (Ṙn)),

gp, gθ, gh ∈ W 1
p (J, Lq(Rn)) ∩ Lp(J, W 2

q (Ṙn)), gh ∈ Lp(J, W 2
q (Ṙn)),

u0 ∈ (Lq(Rn),W 2
q (Ṙn))n1−1/p,p = B2(1−1/p)

q,p (Ṙn)n, θ0 ∈ B2(1−1/p)
q,p (Ṙn),

h0 ∈ (W 2−1/q
q (Rn−1),W 3−1/q

q (Rn−1)1−1/p,p = B3−1/p−1/q
q,p (Rn−1)

and compatibility conditions (C)
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. . . . . .

p 6= q case

p 6= q case

.

.

. ..

.

.

then the linearized problem admits a unique solution

u ∈ W 1
p (J, Lq(Rn))n ∩ Lp(J, W 2

q (Ṙn))n,

π ∈ Lp(J, Ŵ 1
q (Ṙn)),

[[π]] ∈ H
1
2
p (J, Lq(Rn)) ∩ Lp(J, W 1

q (Ṙn)),

θ ∈ W 1
p (J, Lq(Rn)) ∩ Lp(J, W 2

q (Ṙn)),

h ∈ W 1
p (J, W

2−1/q
q (Rn−1)) ∩ Lp(J, W

3−1/q
q (Rn−1)).

We use operator-valued Foulier multiplier theorem as the same method in
Shibata-S (’08 J. reine angew. Math.).
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