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Formulation of Problems
We consider the two-phase free boundary problem of incompressible capillary
fluids with phase transition. We set

M(t)={x=(,x)) €ER"I xR | x, = h(t,x")},
Qi(t) = {x = (¥, xa) €ER" xR | (=1)/(x, — h(t,x")) >0}, i =1,2,
Q(t) = Q1(t) U Qa(2).
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Formulation of Problems

We consider the two-phase free boundary problem of incompressible capillary
fluids with phase transition. We set

(1) = {x = (<,x) € R X R | x = (e, x')},

Qi(t) = {x = (¥, xa) €ER" xR | (=1)/(x, — h(t,x")) >0}, i =1,2,
Q(t) = Q1(t) U Qa(2).

Given are the intial position

Mo ={x=(x,x1) ER"I xR | x, = ho(x')},
Qo = Q1(0) U 22(0),

initial velocity ug and initial absolute temperature 6 in Q.
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Formulation of Problems
We consider the two-phase free boundary problem of incompressible capillary
fluids with phase transition. We set

(1) = {x = (<,x) € R X R | x = (e, x')},

Qi(t) = {x = (¥, xa) €ER" xR | (=1)/(x, — h(t,x")) >0}, i =1,2,
Q(t) = Q1(t) U Qa(2).

Given are the intial position

Mo ={x=(x,x1) ER"I xR | x, = ho(x')},
Qo = Q1(0) U 22(0),

initial velocity ug and initial absolute temperature 6 in Q.

The unknowns are velocity u(t, x), pressure m(t, x), absolute temperature 6(t, x)
in Q(t), and free boundary I'(t).
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Notations

o u(t,x)="(u1,...,u,): velocity , m(t,x) : pressure,
o T(u,m)=puD(u)—xl, E(u) = 3(Vu+(Vu)),

0(t, x): absolute temperature,

n(t,x): entropy, ¥(t,x): free energy, k(t,x): heat capacity,

@ ur: unit normal directed into Q,(t),

J(t,x"): phase flux, Hr = —divryr: mean curvature,
@ Vr: normal velocity, o > 0: surface tension,

@ i viscosity, d: heat conductivity, p: density

= M1 in Ql(t) d— dl in Ql(t) o= P1 in Ql(t)
Lo in Qg(t) dr in Qg(t) p2 in Qz(t)

[Vl = (VIew = vieuo) |y
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Formulation of Problems

Navier-Stokes equations with phase transition

p(Oru+ (u-V)u) — pAu+ V=0 in Q(
divu=0 in Q(
[ul = [p~'Livr  on I (1),
Ip~*1%vr — [Tvrl = oHrur on T(t)
u(0) = wo in Qo,
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Formulation of Problems

Navier-Stokes equations with phase transition

p(Oru+ (u-V)u) — pAu+ V=0
divu=20
[u] = [p~"Ljvr
|[p_1]]j2y|- —[Tvr] = oHrvr
u(0) = u
pr(0)(0:0 + u - V) — dAO — 2u|E|3 =0
[e1=o0
0[n(0)lj — [d9..0] = 0
6(0) = 6o
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Formulation of Problems

Navier-Stokes equations with phase transition

p(Oru+ (u-V)u) — pAu+ V=0 in Q(t
divu=0 in Q(
[ul = [p~'Livr  on I (1),
Ip~*1%vr — [Tvrl = oHrur on T(t)
u(0) = uo in Qo,
pr(0)(0:0 + u- V) — dAO — 2u|E|3 =0 in Q(t),
[f]1=0 on (),
() — [d0,.0] =0  on I(z),
6(0) =6y in Qo,
O+ 27071 — [(Ter - vr)/p] =0 on T(2),
Vi—Ru-vr+j/p=0 on I(t),
h(0) = hy on R"% (1)
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Linearization at Equilibria

The equilibrium state we consider here is

u, =0, 6,=const., m,=const. [m]=0 j=0,
M. ={x= (" x) €R"| x, =0} = R,
[¥(0.)] + [7«/p] = 0 ( [p] = 0 case it is [1(6+)] = 0).
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Linear Problems

Linearization at Equilibria
The equilibrium state we consider here is

u, =0, 6,=const., m,=const. [m]=0 j=0,
M. ={x= (" x) €R"| x, =0} = R,
[¥(0.)] + [7«/p] = 0 ( [p] = 0 case it is [1(6+)] = 0).

We set

R} = {x = (¥, x,) € R" | £x, > 0},

R" =R? UR" = R"\RY,
ve =50,...,0,1), Pi=1I—-1v,Qus,

and use the relation

£(0) = =0n(0)] = O1v' (O)]-
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Linearization at Equilibria

In the bulk R"

pOru — uAu+ Vr =1,
divu = fd,
P00 — dAO = Ty, Ky = K(0y).
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Linearization at Equilibria

In the bulk R”
potu — pAu+ V1 = fy,
divu = fd,
P00 — dAO = Ty, Ky = K(0y).
On the interface R
_l[U(anU/ + vUn)]] =8 — 2|]:,U'8nun]] + [[W]] —oA'h= 8n;
[ul — [p'Live = 85, [0] =0,
—Lj — [d0n6] = g9, (£+/02)0 — [20™  1Onunl + [p 7] = g,
Oth — Run+j/p = gn, Ce = £(0,).
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Linear Problems

Linearization at Equilibria

In the bulk R"
potu — pAu+ V1 = fy,

divu = fy,
P00 — dAO = Ty, Ky = K(0y).
On the interface R
~[uOnt’ +Vun)] = gr, = 2[p0nun] + [r] — o A'h = g,
[v] - [p ' Livs = gp. ] =0,
—0uj — [d0,0] = go,  (£:/0:)0 — 29" pdpun] + [0~ '] = g,
Oth—Run+j/p = g, O = £(0.).

Supplemented by initial conditions

u(0) =ug, 6(0)=6 inR",  h(0)=hy onRR.
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L,-Maximal Regularity

pOru — uAu+ V7 = f,
divu = fd
PryxO0 — dAO = fy, ks = K(0)
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L,-Maximal Regularity

pOru — uAu+ V7 = f,
divu = fd
PryxO0 — dAO = fy, ks = K(0)

J=(0,T). Let
fu € Lp(J; Lp(R™))", =:TFq,
fa € Ho(J; A7H(R™) N Lp(J; HA(R™)  =: T,
fo € Lp(J; Lpy(R")) =: I3,
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L,-Maximal Regularity

pOru — uAu+ V7 = f,
divu = fd
PryxO0 — dAO = fy, ks = K(0)

J=(0,T). Let
fu € Lp(J; Lp(R™))", =:TFq,
fa € Ho(J; A7H(R™) N Lp(J; HA(R™)  =: T,
fo € Lp(J; Lpy(R")) =: I3,
then

u € HY(J; Lpo(R™)" N Lp(J; HA(R™)"  =: Eq,
m € Lo(J; Hy(RM)) = Ey,
0 € Hy(J; Lo(R™) N Lp(J; HA(R™)) = Es.
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The class of boundary data

—[1(0nt + Vun)l = &r, = 2[u0nun] + [7] — o Ah = gn,
[l - lp~'Livc =g, [01=0,
—L.j — [dO.0] = g0 (£./0.)0 — [2p" pdpun] + [p~ 7] = &

a1.‘h_,Rzun‘i‘i:gh
p
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The class of boundary data

(100t + Vup)l = &r, = 2[uOpun] + [7] — cA'h = gn,
[v] - Dp Vv =g D=0,
—f*_j - ﬂdane]] = 8o (g*/e*)e - [[QP_IILanUn]] + ﬂ:p_lﬂ']] = &)

6th_Run+i:gh
p

By trace theory the resulting data spaces are
11 1-1
g€ Wy PULET) IO, PRI =,
1

1_ 1—1
8n 8 €Wy (LR N LW, *(R™1)) =: Fg = FF5.
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The class of boundary data

—[(Ont +Vun)] = gr, —2[uOpun] + [7] — oA h = gy,
[ul - 'Lve =8 T[] =0,
—lj — ﬂda,,@]] = 8o (E*/Q*)e - [[QP_Iﬂanun]] + ﬂp_lﬂ—]] = &)

ath_,R/Un‘i‘i:gh
p

By trace theory the resulting data spaces are

1_ 1 _1
g €W, P (LRI N LS W, (R =T,

1

1_ 1—1
8n 8 €Wy (LR N LW, *(R™1)) =: Fg = FF5.

We also know

[7] € W, ™% (J; Ly(R™™1)) N Ly(J; W, (R"1)) = E,
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[p] # 0O case

IIU]] - IIpillle* = 8p> IIH]] =0,
—.j — [d0.0] = go, (£:/0+)0 — ﬂzpilﬂanun]] + [I/Oil’fr]] =&

1

%7&7 n— 1*% n—
g W, *(JiL(R 1)) NLp(Si W, *(R 1)) = Fs.
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[p] # 0O case

IIU]] - IIpillle* = 8p> IIH]] =0,
—.j — [d0.0] = go, (£:/0+)0 — ﬂzpilﬂanun]] + [I/Oil’]r]] =&

%72%7 n— 1*% n—
g Wy (J; Lp(R 1)) NLy(S; W, (R 1)) = [Fs.

The regularity class of j is equal to the class [u], which implies

. 1-5 n— 2=5 e
J 8 €W,y Z(J; Ly(R™)) N Lp(S; W, 7(R™Y)) =: E5 = IFy.
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[p] # 0O case

IIU]] - IIpillle* = &p> IIH]] =0,
0 [d0u0] = g0, (£/0.)0 — [2p~ pdunl + [p~ 7] =
1_ 1 _1
g€ WS P (S LR N L(J: Wy (R™)) = Fe.
The regularity class of j is equal to the class [u], which implies
. 1-5 n— 2=5 e
J 8 €W,y Z(J; Ly(R™)) N Lp(S; W, 7(R™Y)) =: E5 = IFy.
We express O;h — Ru, + j/p = gn symbolically: S(t,0)h = g,
_1
gh € W (J L,(R™1)) N Lp(J; W ”(R"‘l)) =:TFy,
G+ 1) = s(A, &) = QA+ 1€7]),
_ 1 21
he Wa 2 (J; Lo(R™Y) 0 HA S Wi # (R71)) A Lo(J; W

»(R"1)) =: Fs.

[p] # O case is dominated by velocity.
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[p] = 0 case

[u] =0, —2[udyus] + ] — cA'h = gy,
—(.j — [dO.0] = go, (€+/0.)0 — p~ [200pun] + p~ ' [7] = g;-
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[p] = 0 case

[u] =0, —2[udyus] + ] — cA'h = gy,
—0.j — [d0n60] = go,  (£./6.)0 — p~ [260nun] + p~ ' [7] = g;.
The regularity class of j is equal to the class [0,6], which implies

1

. %72,3 n— 17% n—
JEW, (LR N L, (S W, P(R™T)) =: Es.
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[p] = 0 case

[u] =0, —2[udyus] + ] — cA'h = gy,
—0.j — [d0n60] = go,  (£./6.)0 — p~ [260nun] + p~ ' [7] = g;.
The regularity class of j is equal to the class [0,6], which implies

1

: %72,3 n— 17% n—
JEW, (LR N L, (S W, P(R™T)) =: Es.

We express 0:h — Ru, + j/p = gn symbolically: S(t,0)h = g,

1

gh € Wi * (Ui L(R") N Ly(J; Wy #(R7)) =: F,
GUA + ARER + 1E7) = s(A€) = G + NHER + I¢P),
he Wi (J; Ly(R™Y) N Wy (U HRR™)) 0 Ly(J; Wi * (R™1)) =+ K,
g €Wy * (Ui L(R" )N Ly(J: Wy *(R")) = F.

[r] = O case is dominated by temperature.
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Compatibility Conditions (C)

div ug = fd(O),
— [(Bnuo” + V'uo)] = g-(0) if p> 3,
[fo] =0 if p>3/2.
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Compatibility Conditions (C)

div ug = fd(O),
— [(Bnuo” + V'uo)] = g-(0) if p> 3,
[fo] =0 if p>3/2.

Additionally for [[p] # 0 case

HP*UO]] = P*gp(o) if p> 3/2,
— o™ T ([wo - vi] — £5(0) - v) — [dOnble] = go(0) if p >3,
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Compatibility Conditions (C)

div ug = fd(O),
— [(Bnuo” + V'uo)] = g-(0) if p> 3,
[fo] =0 if p>3/2.

Additionally for [[p] # 0 case
[P«uo] = P.gp(0) if p>3/2,
— L0 ([wo - vl — £5(0) - 1) — [dOnblo] = £0(0) if p >3,

for [p] = 0 case

[uo] = &5(0) if p>3/2,
(£+/0.)00 + (0/p)A"ho = g;(0) — g1(0)/p if p>3/2,
Run(0) + 1/(€.p)([dDn00] + £6(0)) + gn(0) € W28/ if p> 3.
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The class of initial data
By trace theory, the spaces of initial data are
(u,0) € H3(J; Lp(R™)™ N Ly(J; HA(R))™,

(uo. 6o) € (Lp(R"), WA(RM))I*L = W2=2/p (i)t — Ty,
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The class of initial data

By trace theory, the spaces of initial data are

(u,0) € H3(J; Lp(R™)™ N Ly(J; HA(R))™,
(UOaQO) € (LP(R"), W,f(R"))fﬂ/pyp = W§72/p(Rn)n+l =: F1o.
] # O case
_ n- >3 (R -3 -
he Wy *(J LR™)NHY (LW, P(R™)NL,(J W, *(R"™1)),

1
3-5

2-3 — n— — n—
hoe (Wp P(R™1), W, "(R™))1o1yp,p = Wy 2P(R™) = Fuu.
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The class of initial data

By trace theory, the spaces of initial data are

(u,0) € H3(J; Lp(R™)™ N Ly(J; HA(R))™,

(to,00) € (Lp(R"), WF(R")T1],, , = Wi 2/P(RT)™ =: Ty

] # O case

_ n- >3 (R -3 (-
he Wy *(JiLp(R™ 1)) N Hy (4 W, PR N Lp(Js W, *(R™)),
-

2-3 — n— — n—
hoe (Wp P(R™1), W, "(R™))1o1yp,p = Wy 2P(R™) = Fuu.

[o] = 0 case

L

%7213 n— 17# n— 47% n—
he W (s L(R1) N Wa (U HAR™)) 1 Ly(J: Wy~ (R7)),

21 4L
ho € (W, " (R"™), W p(Rn_l))l—l/pm = W;_3/p(Rn_l) =: F11.
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Linear Problems

L,-Maximal Regularity Theorem

E(J) = xj=1,.. sE;(J), F(J) = xj=1

-----

Theorem (Lp,-Maximal Regularity)

Let 1 < p < o0, p#3/2,3. In the case [p] = 0, we assume

L. = £(0,) # 0. The linearized problem admits a unique solution
(u,m, [7],0, h) € E(J) if and only if the data

(fu, fa, fo, 8p: &r+ &n, 80, &j» &hs Uo, Bo, ho) belongs to the regularity class
F(J) and satisfies the compatibility conditions (C).

Senjo Shimizu (Shizuoka) Navier-Stokes equations with phase transition Waseda Conference 14 / 24



Nonlinear Problems

Nonlinear Problems

Main Theorem ([p] # O case)
Let p > n+2 and

(uo, B0, ho) € WZ2/P(Q0)" x WZ™2/P(Qq) x W3—2/P(R")
be given. Assume that the compatibility conditions

div Up = 0 in Qo
ﬂﬂPFoE(UO)VO]] =0, |[Pr0u0]] =0 on [y
[60] =0, [ddusb0] + €(60)lp~ 1 *[uo - 1] =0 on To

are satisfied. Then for each time T > 0 there exists > 0 such that for
||u0||W,,272/P(QO) + ||60 - Q*HWPZ*WP(QO) + ||hOHW372/p(]R"71) <,

there exists a unique solution (u,, 0, h) € E(J,Q(t)) for t € J.
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Main Results

Main Theorem ([p] = 0 case)
Let p > n+2 and

(uo, 00, ho) € W272/P(Qo)" x W272/P(Qp) x Wa—3/P(R"1)
be given. Assume that £(6,) # 0 and the compatibility conditions

div up = 0 in Q()
IIH“’DFOE(UO)VO]] = 07 IIUO]] =0 on ro
[6] =0, [¥(00)] + (o/p)Hr, =0, [ddy,f0] € WZ%P on Ty

are satisfied. Then for each time T > 0 there exists > 0 such that for

”uOHW’f*Z/P(QO) + HGO - Q*HW’f*Z/P(QO) + ||h0HW:73/P(Rn—1) <,

there exists a unique solution (u,, 6, h) € E(J,Q(t)) for t € J.
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Outline of a Proof ([p] # 0 case)

Step 1 (1) is transformed to a problem on a fixed domain R” by means of
transformation

v(t,x) = u(t,x’, h(t,x") + xn)
I(t,x) = 0(t, x', h(t,x") + x,) — 0.
q(t,x) = w(t,x", h(t,x") + x,) — s
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Outline of a Proof ([p] # 0 case)

Step 1 (1) is transformed to a problem on a fixed domain R” by means of

transformation
v(t,x) = u(t,x’, h(t,x") + xn)
I(t,x) = 0(t, x', h(t,x") + x,) — 0.
q(t,x) = w(t,x", h(t,x") + x,) — s
(1) is deformed into

pOrv — ulAv +Vaq = f,(v, q, h) in

divv = fy(v, h) in

M- 'Vn —glhi)  on
—[1(0nv' + V'va)l = &-(v, gl h.j) on
—2[p0nva] + [g] — o A"h = ga(v, h) on
v(0) = v in
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Nonlinear Problems

PR 0 — dAY = fy(v, 9, h) in

[¥1=0 on

—Lyj — [dO,9] = gi(V, h,j) on

9(0) = Yo in

(£4/0.)0 — [20 pdnval + [0~ al = go(v, [al, ¥, h,j) on
Oth— Rvn, +j/p = gn(v, h,j) on

h(0) = ho on

where vo(x) = up(x’, ho(x") + x5), Po(x) = Oo (X', ho(x") + x,) —

R, t>0
R™ L t>0
R t>0
R",
R™ 1 t>0

R™ t>0

R"L, (2)

0.
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Nonlinear Problems

PR 0 — dAY = fy(v, 9, h) in

[¥1=0 on

—Lyj — [d0x0] = g(9, h, ) on

9(0) = Yo in

(£4/0.)0 — [20 pdnval + [0~ al = go(v, [al, ¥, h,j) on
Oth — Rvn +j/p = gn(v, h,j) on

h(0) = ho on

where vo(x) = up(x’, ho(x") + x5), Yo(x) = Oo(x’, ho(x") + x,) —

R, t>0
R™ L t>0
R t>0
R",
R™ 1 t>0

R™ t>0

R"L, (2)

0.

Since [q] and j can be expressed by v, the right members are given by functions

of v, ¥ and h.

Senjo Shimizu (Shizuoka) Navier-Stokes equations with phase transition Waseda Conference 18 / 24



Step 2 Reduction to time trace 0.

We construct z* = (v*, g%, [¢*], ¥*, h*,j*) € E(J) such that

Vi(0) = vo, 07(0) =1, h*(0) = ho.
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Nonlinear Problems

Step 2 Reduction to time trace 0.

We construct z* = (v*, g%, [¢*], ¥*, h*,j*) € E(J) such that

Vi(0) = vo, 07(0) =1, h*(0) = ho.

Set
fi = e fy(vo, ho) € Fo(J), g5 = e gp(vo, ho) € Fa(J),
g = e g (v, ho) €Fs(J), g = e gn(vo, ho) € Fo(J),
g = e gy(Vo, ho) € F7(J), g = "2 f4(vo, Vo, ho) € Fg(J).
g = " gn(vo, ho) € Fo(J).
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Nonlinear Problems

Step 2 Reduction to time trace 0.

We construct z* = (v*, g%, [¢*], ¥*, h*,j*) € E(J) such that
v¥(0) = vp, 9%(0) =99, h"(0)= ho.

Set

fi = e®fy(vo, ho) € F2(J), g5 = e gp(vo. ho) € Fa(J),

g = e g (vo, ho) € Fs(J), g = e gn(vo, ho) € Fo(J),
g = e gy(Vo, ho) € F7(J), g = ™™ fy(vo, Vo, ho) € Fg(J).
g = e gn(vo, ho) € Fo(J).

By L, maximal regularity theorem, there exist a unique solution

Lz* = (07 fjvovg;7g:7g:7ggagj*ag;7 u07907 hO)
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Step 3 We set

X = {(v,9,h) [ve W2"2/P(R")", [P.v] =0,
¥ e W2 PR ) [ =0, he W32/P(R1)},
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Step 3 We set
X = {(v,9,h) [ve W2"2/P(R")", [P.v] =0,
9 e W2 2/p( ) |[19]] =0, he W;—Q/P(Rn—l)}’

PM = {(v,9,h) € X [divv = fy(v,h), [v] — [p ' Li(v)ve = go(v, h)
— [0 + V'va)] = g- (v, h),
= 2[u0nva] + [q(V)] — o A'h = gy(v. h)
— L — [dO,9] = go (¥, h),
(0./0.)9 = [2p7 pdavial + [0~ q(vV)] = gi(v, 0, h)},

Senjo Shimizu (Shizuoka) Navier-Stokes equations with phase transition Waseda Conference 20 / 24



Step 3 We set
X = {(v,9,h) [ve W2"2/P(R")", [P.v] =0,
9 e W2 2/p( ) |[19]] =0, he W;—Q/P(Rn—l)}’

PM = {(v,9,h) € X [divv = fy(v,h), [v] — [p ' Li(v)ve = go(v, h)
— [0 + V'va)] = g- (v, h),
= 2[u0nva] + [q(V)] — o A'h = gy(v. h)
— L — [dO,9] = go (¥, h),
(£:/0.)9 = 20 pdaval + [~ q(v)] = gi(v, 0, h)},

X0 ={(v,9,h) € X |divv=0, [v] — [ 'Li(v)v. =0
— L@V’ + V)] = 0, —2[daval + [a(V)] - oAh = 0
—4j = [d3,9] = 0, (€./6.)0 — [2p™ 1Dava] + [~ q(v)] = 0}.
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Nonlinear Problems

For given (vo, Y0, ho) € PM, it is possible to parametrize over
(v0,190, ho) € X0, namely there exists ¢ € C3 such that

(vo, Y0, ho) = ¢(¥o, Vo, ho).
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Nonlinear Problems

For given (vo, Y0, ho) € PM, it is possible to parametrize over
(v0,190, ho) € X0, namely there exists ¢ € C3 such that

(vo, %0, ho) = ¢(¥0, Vo, o).
As in the argument in Step 2, for given (v, Yo, ho) € PM, we construct

zf = Z*(V0,190, ho) S E(J)
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Nonlinear Problems

For given (vo, Y0, ho) € PM, it is possible to parametrize over
(v0,190, ho) € X0, namely there exists ¢ € C3 such that

(vo, Y0, ho) = é(¥o, Vo, ho).-
As in the argument in Step 2, for given (v, Yo, ho) € PM, we construct
z* = z*(w, Yo, ho) € E(J).
For the simplicity we set
w = (vo, %0, ho), W = (¥, Jo, ho)

Then z* = z*(¢(W)).
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Step 4 (2) is equivalent to

L(z + z°(¢(W)) = N(z + 27(¢(W)), z € oE(J).
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Step 4 (2) is equivalent to
L(z + z°(¢(W)) = N(z + 27(¢(W)), z € oE(J).

If we set
G(z,w) := Lz + Lz"(p(W)) — N(z + 2" (o(W)),
then it holds that G(z, W) = 0. Since

oE(J) x X° — oF(J),
G(OO):O D,G(0,0) = L,

L, maximal regularity shows L is an isomorphism from (E(J) to oF(J).
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Step 4 (2) is equivalent to
L(z + z°(¢(W)) = N(z + 27(¢(W)), z € oE(J).

If we set
G(z,w) := Lz + Lz*(¢(W)) — N(z + 2" (¢(W)),

)
then it holds that G(z, W) = 0. Since

L, maximal regularity shows L is an isomorphism from (E(J) to oF(J).
By implicit function theorem,

0) € oE(J),
is C3,

Therefore F(W) + z*(¢(W)) is the solution.
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p # q case

Theorem (p # q, [p] # 0 case) (S)
Let 1 < p,q < oo. If the data satisfy the following regularity conditions:
fu € Lp(J, Lq(R"))",  fy € Lp(J, Lg(R")),
fg € Wh(J, WL (R) N Ly(J, WE(R™)),
1 i
(gr:&n) € Hp (4, Lg(R™)" N Lp(d, Wg (R™)",
1 .
g € Hp (4, Lg(R™) N Lp(J, Wg(R™)),
880, 8h € Wy(J, Lg(RM) N Lp(J, WE(R™)),  gh € Lp(J, W (R™)),
uo € (Lo(R™), WZ(RM)I_y, , = BiGTYP(R™)", 0o € BIG/PI(R™),
ho € (W7 YI(R1), W2 YIRY), = BIHYPYI(RTT)

and compatibility conditions (C)
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p # q case

then the linearized problem admits a unique solution
u € Wy(J, Lg(R™)" N Lp(d, WF(R)",
m € Lp(J, W (R™)),
1 )
[x] € Hi (4, Lg(R™) N Lp(J, Wg(R™),
6 € Wy(J, Lg(R") N Lp(J, WF(R™),
he WiJ, Wa VIR N Ly(J, W~ VIR 1)),

We use operator-valued Foulier multiplier theorem as the same method in
Shibata-S ('08 J. reine angew. Math.).
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