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Keller-Segel system (E. F. Keller & L. A. Segel 1970)

u=V-(D,Vu—uVg(v)) in Qx(0,T),
kv = D,Av + kiv — kyu in Qx(0,7),

Ou ov (KS)
5—0, 5—0 on 002 x(0,T),
U|t:o = Uo, V|t:0 =W on Q

» Q: bounded domain in R? (d = 2,3)
» Mathematical model for aggregation phenomenon of slime molds
resulting from their chemotactic features
» u density of the cellular slime molds;
» v concentration of the chemical substance secreted by molds;
» D,, D, diffusion coefficients, k relaxation time (> 0) and kiv — kou
ratio of generation/extinction.
» g(v) sensitive function (g : R — R smooth and non-deceasing),
» Conservation laws: positivity and total mass;  ||u(t)||;x = ||uo|| -
» The solution may blow up. (It depends on ||upl|,: and d.)



Degenerate Keller-Segel system

up =V - (VFf(u) — uVg(v)) in Qx(0,7),

kv = D,Av + kiv — kyu in Qx(0,7),

0 0 B ov (DKS)
Ef(u) - ugg(v) =0, i 0 on 0Qx(0,T),

Ule=0 = o, Vl]e=0 = vo on

» f:R — R, non-decreasing, continuous, f(0) =0,

> See Sugiyama (2005, 2006, 2007) and Sugiyama & Kunii (2006) for
the definition of weak solutions and the wellposedness.
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§1. Remark on the positivity conservation for
convection-diffusion equations



Convection-diffusion equation in S*

Model problem: u(x,t), b(x,t) > 0: 1-periodic functions in x

Ur = U — (b(x, t)u)x (x€e[0,1),0<t<T)

Positivity u(x,0) > 0,Z0 = u(x,t) >0 (t>0)

Finite difference method:
> x; =ih (h=1/N)Ot, =7+ 7+ -+ 7, Grid points;
> b = b(x;i, ts);

> u = u(x, t,): finite difference approximation.

forward Euler = central difference + central difference

n n—1 n—1 _ n—1 n—1 n—1 n—1 _ pn—1 n—1
ul —u!™r U =20 4 gy 3 bl ul T — b ul ]

Th h h? 2h



Numerical example

b(x,t) = 4(1+ cos2mx)(1+ t)?0 h=2"3017, = 0.4 - h*




Numerical example

b(x,t) = 4(1+ cos2mx)(1+ t)?0 h=2"3017, = 0.4 - h*
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Numerical example

b(x,t) = 4(1+ cos2mx)(1+ t)?0 h=2"3017, = 0.4 - h*

437<t,< 4.4



Numerical example

b(x,t) = 4(1+ cos2mx)(1+ t)’0 h=2"°017 = 0.4 - h*
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4.37 < t, < 4.4 (another view-point)



Consideration

Finite difference scheme (\, = 7,/h*) &

= (1= 20)uf 4+ (A + 2100 ) w4 (A — 25 bT) wl

Non-negativity (*) o' >0 (Vi) = u>0 (Vi)

A sufficient condition:
> () ZOD () ZOD () 20:> (*)

1
> h< —— 251 = (*). ([3 —1@’:11<be>

Issue before computation, we have to choose h satisfying:

h< — =
- 287’ pr 0<n:naé(rﬂ



Upwind finite difference scheme

forward Euler = central difference O upwind difference

ur — u? T T u;:11 pr—tyr=t — pr=lynl
T h? h
iS4
uf = (1=2X = 267 1) ™ (e TEBT) T Al
2
A sufficient conditiond 7, < m = (%).

» In each time step, we re-choose 7, to satisfy the above condition.

» Extension to d > 2 and arbitrary Q
» FEM; Tabata (1977), Heinrich et al. (1977) — flow problems.
> In general, the upwind FEM destroys the conservation of mass.

» Conservative numerical schemes;

» FEM; Baba-Tabata upwinding (1981),
» Finite volume method (FVM), ... < main topic of this talk!



§2. FVM for convection-diffusion equations



Convection-diffusion problem (model problem)

Find a function u = u(x, t) of (x,t) € Q x [0, T] satisfying

@:0 on 0Qx(0,T), ult=o=up on £,

{ uy—V-(Vu—bu)=0 in Qx(0,T),
ov

» Q C R?: polygonal domain, T: positive constant
»b:Qx(0,T)—> R, b-v=0o0n03dQ (given flow)
> up: Q — R (initial value)

Conservation properties:

» Total mass: / u(x, t) dx :/ up(x) dx;
Q

Q

» Positivity: up >0, ug Z0 = u(x,t) >0 (t > 0).



Admissible mesh: definition [Eymard et al. 2000]

9 = {Di}ien: admissible mesh <
(A1) D;: (open) convex polygonal domain; Q = U{D; | i € A}
(A2) D; N D; = entire common side o;; / vertex / empty set (i # j)

(A3) H{P,-},.GK such that P; € D; and that the line segment connecting P;
with P; is orthogonal to the line including oy, if D; and D; share a
common side ojj.

(A4) Isidecof Di: 0 COQ = P €.

> h = hg = max{diam (D;) | i € A}

» D;: control volume

» A C N: index set of control volumes



Circumcentric and barycentric domains




Admissible mesh: examples (acute triangulations)

acute triangulation admissible mesh

Lemma: The circumcentric dual mesh of an acute triangulation is an
admissible mesh.

Remark: The barycentric dual mesh does not imply an admissible mesh
in general.

Remark: acute = nonobtuse



Admissible mesh: examples (acute triangulations)
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acute triangulation admissible mesh

Lemma: The circumcentric dual mesh of an acute triangulation is an
admissible mesh.

Remark: The barycentric dual mesh does not imply an admissible mesh
in general.

Remark: acute = nonobtuse



Admissible mesh: examples (Voronoi diagram)

Voronoi diagram Voronoi diagram



Admissible mesh: examples (Voronoi diagram)

Lemma: A Voronoi diagram implies an admissible mesh if the number of
points {P;} which are located on 9 is large enough.



Definitions

» Piecewise constant functions:

Vi, = span {ahi}ie/\ = {Vh € LOO(Q) | Vh|D, = Const. (I € /\)}

mi

> Y= transmissibility
i

» mj = length of o

> dj = |Pi — P

» m; = area of D;

Remark: FVM is based on the identity:

/D,”‘ dx+/D(—Au) dx+/Div.(bu) G=0 (ich).



Approximation of the diffusion part

/(—Au) dx = - Vu-v; dS
D; aD;
= —Z/ Vu-vj dS
JEN; Vi
oy [ )
. o djj
JEN; u
= = vi(u(P) — u(Py)).
JEN;

mjj = length of o , dj =|Pi — P}

>’Y’J:

» Ai ={j € A| P; and P; share the entire common side o}
(As = {2,4,7})



Approximation of the convection part

V-(bu) dx = Z/ (b-v)

bi JEN;

X

Z/[l—ru )+ rgu(Py)] (b-v;) dS

JEN;

= >l = rp)u(P)) + ryu(P)] By.

JEN;

> 0 < rj < 1: the weighting parameter;

rj = {%(Sign Bij +1) (Baba-Tabata upwinding)




Finite volume scheme (implicit scheme)

Find {u)}7_o C V} satisfying

U—U Z’yu _’

JEN;

+ZB (1—rj) u+ruu,]:0

JEN;

/

(ieh 1<n<),

wW=u; (i €N),

\ Ui
> u' =up(P;), t.=nAt, At=T/n

> 0= (1/m) [ wl) dxor un; = w(R)
» Mass conservation: Z u'm; = Z uo,im;.

ien ien

> Positivity: upp > 0, At < ————min dist (o, P;) = uj >0

- 2||b||oo 7



§3. FVM for a degenerate Keller-Segel system



FVM for (DKS) with k = 0; explicit scheme

Find {uf}n>0 and {v} }n>0 C V, satisfying

/ n+1

U
. = ilf (uf) = f(uf)]
n+1 j€/\,
+> [ =r)f + rfuf] v [g(v)) = g(v)] =0,
JEN;
—D, > vy =) + kavimi = koul'mi, (i € A),
JEN;
L u? =uy; (F€eN),

» The weighting parameter is defined by

, {1 if g(v7) < g(v)),
0 if g(v/) > g(v}').

» The uniqueness existence of a solution (ujf, v/7) is trivial, since this is
an explicit scheme.



Conservation properties
» Mass conservation: Z u'm; = Z Up,im;.

ien ien
» Positivity conservation: Let € € (0,1] and 7 > 0. If

min { _Ehh }
T, =min< T, ,
n+1 An + ,Un

then we have u/™ > 0 and ||u/*!||s = ||uf]|r = -+ = ||uon]|2-
Here,
(52"
Kp = min Z —) m,
ien = Yij
f(z) - f .
An =  sup M, M! = minuj, M, = max u}]

M| <zw<M, Z—W

po = max {0, g(vf) —g(v/)} -

» It is applicable to the fast diffusion case f(u) = uu|™™!, 0 < m < 1.



Convergence; the case f(u) = D,u (linear diffusion)

» F. Filbet (2006) [k = 0, fully implicit scheme]
» general admissible mesh
> |luollpr €1 = ul = win L2(0, T L2(Q)), ...
» fixed point theorem and several a priori estimates

» S (2007), (2010) [k > 0, semi-implicit, explicit schemes]
» admissible meshes are associated with acute triangulations of FEM
» with some suitable p > d,

sup (IIU(tn) — uhllee + llv(tn) — 0:Z'Ilvvm») < C(h+7)

0<ta<T

for arbitrary ||uo||p1-
» discrete version of analytical semigroup theory in LP.
» rational approximation of analytical semigroup.
» finite volume element method in 3D.



Convergence; the case g(v) =0

> S (201X) [semidiscrete (in time) scheme for u; = Af(u)]
> Ah : Vh — Vh

(Anvn)(P) = =D 7ilf(5) = F()] (v € Vi, vi = v(P2)).

JEN;
» Ap: L' contraction and order-preserving properties
llve — wal ]2 < ll[ve — wa + AAnva — Mpwa]+ |2 (A > 0)

= —Ap is m-dissipative in V},
= By Crandall & Liggett, 3lup(t): sol. of dun(t)/dt + Anun(t) =0
> L stability: ||Uh(t)||Loo < C”UOhHLOO.

» if f is strictly increasing and admissible meshes are obtained from
acute triangulations of FEM, we have the L' (strong) convergence

lim sup [|un(t) — u(t)|| = 0.
h—0 0<t<

> We follow the method of Mizutani, S & Suzuki (2005)



54. Display of numerical results



Numerical examples

f(u) =u™, g(v) = kov/

up =V - (Vu™ — kouVv') in Qx(0,T),
O=Av+v—u in Qx(0,T),

o ., | ov
" —kouav—o, 61/_0 on 02 x(0,T),

Ule—o = Up on Q,



Numerical example (A): Q = (0, 1)?

m_| |[uolle:
d0209-1 [ 1.0 | 20.0
d0209-2 | 1.2 | 20.0
d0209-3 || 1.4 | 20.0

vV v.vyYy

Q = (0,1)? square

f(u) =u™, g(v) = kov
kl = k2 - 10, ko - 50
lluonl|pr = 20 > 47 > 2

If m =1, the boundary/corner

blow up may occur.

Uoh

| left figure | right figure |
L up | up/lluplle |




Numerical example (B): Q = B(0, 1)

m_| ||uollw
d0221-1 [ 1.0 | 20.0
d0221-2 [[ 1.2 [ 20.0
d0221-3 || 1.4 | 20.0

» Q = B(0,1) disk
> f(u) =u™, g(v) = kov
> ki = ky =1.0, kp = 2.0

» The smooth boundary is . ———
exactly discretized. | Up | up/llupll= |

| left figure | right figure |




Numerical example (C): Q = B(0,1)

m / ||U0||L1
d0225-6 || 1.0 | 1.0 | 80.0
d0225-8 || 1.0 | 2.0 80.0
d0301-6 || 1.2 | 1.0 | 80.0
d0301-8 || 1.2 | 2.0 80.0

» Q = B(0,1) disk
> f(u) =u™, g(v) = kov'
> ki =ky =1.0, kp =1.0

» The smooth boundary is | left figure | right figure |
exactly discretized. | ul | TIPARE |




Thank you for your attention!
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