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1. Introduction

®p—= p(xat)r U = (Ul(xat)a' o ,’Un($,t)), t > 0, z € R" (’I’L > 2)
{ Otp + div (pv) = 0,
p(Bw + v - V) — pAv — (u 4 p")Vdive 4+ Vp(p) = pf.

o p=p(p) = Kp®*: pressure (K >0, a> 1. const’s)
o 1, u': const’s, u > 0,%u+u' >0
o Qf — {.CC — (CIZ’,SIS‘n);CIZ, — (xla' ©e 73377,—1) € Rn_l? 0< Tn < g}

{zn = £}

{zn = 0}




e Couette flow

o =0, U1|:cn=€ =V, U2|ﬂcn=€ — = Un|:cn=E = 0, v|$n=0 =0
V.
, {zn = (£}

Ln _
-
| ~

{zn = 0}

ps = px > 0 const.,

v
Vg = (Yxn,o,--- ,O).



e Poiseuille type flow

e f=(gsina,---,—gcosa), g >0, a: const’s; v|, —g,=0
lgD gravity
Ln
L,

Ps — Ps(xn), Vs — (’Ug-(xn),o, R

e Stability of stationary flow (ps, vs).
e Large time behavior of the perturbation :

(@), w(t)) = (p(t) — ps,v(t) — vs).
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Incompressible case

e Reynolds number Re

Re<dReyg = |v(t)—wvs|;2< Ce %0t |yg — Vs| 2.

e Romanov ('73): Stablity of the plane Couette flow

VRe, 30 > 0 s.t.lvg — vs| 1 << 1 = |v(t) —vs| g1 < Ce .

e Heck—Kim—Kozono ('09): Stablity of the plane Couette flow
in L™ (periodic)



e Abe—Shibata ('03): stability of general parallel flow vg in L™

Re < 3JdRej, |vg—vs|pn << 1= |v(t) —vs|pn < Ce 01t

e Perturbation method for the analytic semigroup generated by
the linearized operator at the motionless state ps = p«, vs = 0.

Linearized Problem at (p«,vs):

( pxOw — pAw + VP 4+ (vs - Vw + w - Vug) = F,
¢ divw =0,

wlgo =0
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2. Results.

e Non-dimensionalization

o (2= {.CC‘ — (CIZ/,.CC‘n);ZIZ/ — (xla"' 73377,—1) € Rn_la 0 <an< 1}

{zn =1}

{zn = 0}




e Couette flow: ps =1, vs = (xn,0,---,0)

e Poiseuille type flow:

_ (a—1)glcosa
W = a—1
apy K

ps = (L 4+ w(l —zp))aT =1+ 0(w), (jw| < 1)

vg = (%xn(l —xpn) + O(w),0,--- ,O)



o u(t) = (p(t), w(t)) = (v2(p(t) — ps),v(t) —vs): perturbation

(2.1) Bip + vs - Vo + v2div (psw) = FP,
Bw — L Aw — Zdivw 4+ V (I%gb)
(2.2) ps Ps TP
—72’//0 dAvs + vs - Vw + w - Vs = G,
(2.3) wlz, =01 =0, (& w)|lt=0 = (¢0,wo),

e Y @G : nonlinearities,

— p"(/%*) >0, (V2= p*gﬁii”a if Poiseuille).

1 1
e Re = —: Reynolds number, Ma = —: Mach number
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Theorem 1. Let (ps,vs): Couette flow. Let m be an integer
satisfying m > [n/2] + 2. Then 3 vg > 0, g > 0 such that if

72

v+ v

v > 1o, 278

then the followings hold:

uo = (bo,wp) € H™ N LL: small 4+ compatibility condition,
= 3! global sol. u(t) = (¢(t),w(t)) of (1.1)—(1.3):

n—1 /£
05u()| 2 = O™ % ~2)  (t — o)
for £ =0,1 and
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u(t) — Gy * (bo)u®| 1 = O™ F “2L(E))  (t — o)
Here

Gy * (¢o) = ]:—1[e—(iﬁo€1+f<>1€%+ﬁ2|€”|2)t ($0)],

~ 1 _

Go) = [ Bo(€an)den, € =(61,€"), € = (2, En 1)
where k; > 0 (j = 0,1,2): constants; u(9) = w0 (z,); L(t) = 1
when n > 3 and L(t) = log(1 +t) when n = 2.

A similar result holds for Poiseuille type flow ifn > 3 and |w| < 1
with L(t) given by L(t) = 1 when n > 4 and L(t) = log(1 +t)
when n =3
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3. Proof

Theorem 1 is proved by

(a) A variant of Matsumura—Nishida's Energy Method

(b) Decay Estimates for Linearized Problem

e Poiseuille flow: w =0; ps =1, fug — %xn(l — )
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e 3-1 Decay Estimates for Linearized Problem

e S(Hug = (&(t), w(t)): sol. of
( Oy + 106 + y2divw = 0,

orw — vVAw — vVdivw + Vo

—7%@‘31 + 010z, w + Oz, viwme; = 0,

\ w|ZEn:O,1 — Ov (¢,W)|t:0 — (¢O,WO).
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Theorem 2. n > 2.

(i) ug = (¢g,wp) € H! x L?, 8 wq € L?

= |S(t)ugl;2 < |uol;2 (¢ € [0,1]),

1
[S(Wuolgr < Ct2(|uol g1y 2 + [0pwol2) (8 € (0,1]).
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i
5 =

2
(i) If v > vo, —— > 18,

= S(t)ug = SO (H)ug + S (H)ug,

(i-1) SO (t)ug ~ FL[e~(imolitrli+rald®)t (314,(0),

($0) = J§ (&, xn) dxn, €& = (£1,€"), &'= (&,

u® = (O, wOley), $©@ =1, w1 = Lan(1 -

(ii-2) 1S (t)ug| 1 < Ce %ug| 1

) 7671—1)1

Tn)
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e Spectrum of the Linearized Operator

e Fourier transform in 2/ = (x1,--- ,2,-1) € R*7 1 9, — ¢

o+ Lga = 0,

—~ —~

Ult=0 uo

e dr > 0 s.t.
o | <r = o(—Lg) C{ M)} U{ReX < —Ag},

Ao(&) ~ —ikpé1 — k163 — Kol€")?,
gl — (6176”)7 "= (52 T 7£n—1)°

o [¢'| >r = o(—Lg) C{ReX < —Aq}.
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o(~L¢,) (n=2)

&1 = 0:

o(—Lg) C {0} U{Re\ < —7g}:

O : simple eigenvalue

/ Mg : eigenprojection

L\\\\\‘\&\\\\
!
o

CLou® =0, 4(® = () )1 ... o).

p(0) =1, (01 = 2723771(1 zn) = O <i2>
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o(—Lg,) for |&1] << 1:

/

~
S

0

Ao(€1) ~ —ikpéy — K13

Mo(é1) = Mo + O(J€1])
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3-2. Global Existence

(975’U,+L’U,:F, u:T(qb,UJ),

e L=A+ B+ C,

0 0
A — , B s
( 0 —vAI, —vVdiv ) (

0 0
C = .
—55e1 (&cnvfsl)el X en

Y

¢ (C’U,,’U,) — _,y%(qba'wl) + ((8$nvg-)wn7w1)

"stlaw‘l

\Y%

~v2div

I
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o 4(0) = u(o)(ajn) *= 0 : Lu(0) = Eou(o) = 0.

0 0 ~20,
0O 0 O
8z, 0 0O
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o Lu(® = Lgu(® =0

w0 = 4O (z,)) = (6D (x,), wO)(z,)), w® = w0)l(zg,)eq

5O =1 WO <L>
b 72
e FPp: Projection

Pou(¢,2n) = ((£)) ul® (zn) for u= (¢,w),
where fl — (517 T 7£n—1)1

Trely\ N n_ )1 (1<)
(8() = x0(¢) | &(€,wn) dan, xo<s>—{ 0 (1> )

o P =1—-Fp
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Decomposition

u = Pou + Piu = oul0) + u1q,

g — O-(xla t)7 o= <XO$(§/7 " t)>

uy; = (¢1,w1)
(w1l < |0zwil2, |@1]2 < C|0z¢1]2
PoLo = LoPy = O

Lu=Luy + M(cul®), M=L-1L,
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oru + Luq —I—M(au(o)) =F, M=L-1Lg

{ 0p(oul®) + PoM(oul® + uq) = PyF,

dui + Lug + M(oul9) — PoM(oul® 4+ uy) = P F
<

Oro + <M(au(o) + u1)> = (F),
Auq + Luq + M(oul®) — <./\/l(au(o) + u1)> w0 =P F
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00 + (0302, (060 + 61)) +92(V'- (0w (® +w1)) = (F),
A1 + Lug + M(oul®) — <./\/l(0u(o) + u1)> u0) = P F

where ou(0) = (40 w(0)) 41 = (¢1,w1),

(M(0u® 4 1)) = (v205, (06O + ¢1)) + 72 (V" (cw(® +w1)),
(F) =— (V' (¢w)) = = (V' (00O + 61) (cw(® + wy)),
V' =T(8y, -+ ,0z,_4,0)
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Proposition.

n>3, s>[n/2]+1
= Fu(t) = o(®)ul® + (¢1(¢), w1(t)) : global sol.
0O + 1O s+ [ (00 e+ 1000151 + O o) d
< Cluolgps,

provided that

luolgs < 1, v >y,
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Take L2 inner product:

Oro + <./\/l(au(o) -+ u1)> = (F),
Orug + Luy + M(ou(0) — <M(au(o) + u1)> w0 = p F

o |(Cuj,uy)|=|—- 7%(<151,’w%) + ((Ozpo)w}, wi)

< 2102¢1[2|0zw1 2 + [Ozw1 5

v >1y>0 =

2 2, [ 2 1 =iy 12
o®B + [ur (B + [ vIVer B+ Fldivw3dr

~ 1 ¢
S |O-(O)|% + |U1(0)|g + C <V _ZV + 2) / <|8w’0-|% + |8€L'¢1|%) dr
Y Y 0
~+h.o.t.
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e Matsumura-Nishida's Energy Method for uy = (¢1,w1)

Oru1 + Luq + M(au(o)) — <M(au(o) + u1)> u(0) = P F

—

t 1
o)1 + [ur(£)] 2, + /O

_|0:6115 + v|0pw1 |3 dT
14 14 H

v+ v 1 t
S|a<o>|%[1+|u1<o>|§[1+c< s +?> [ oo ar

~+h.o.t.
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e Estimate for [}|0,0|3dr

8 + v1dz, ¢ + v2divw = —div (¢w)
¢ = o0 + ¢1, w=cw® + wq, J& - dan,
810 + (03021 (060 + 1)) +77 (V' (ow(® + w))) = (F)

Fourier transform in z’:

N

015 + (v30(?) i&16 + 2 (i’ - @) = ()
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o w' —vAwW —oVidivw + V' = h/

¢ =00 + ¢y, $(0) = const. = 1, w' = ow(®le] + w)

—
—I/Aw/1 = —V/e + h’l
—
(€17 = 92wy = — i€'a + L)
—

@) =~ (€17 - 07,) 71 - 14 5 (€17 - 02,) (]
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85 + (v3¢\?) €16 ++7 (ig' - @h) = ()

- L. _ 1 1
Wy = ——ig'5 (|¢'7 - o5,) 7 1+ —(1¢')7 - 05, )T A
=

2
015 + (v30(?) igre + 2 ((I€'P - 2,) - 1)1¢'P°s = (H)

2
S lo P+ (€2 = 82) 71 1) 1€Plel? = R [(17) 7]

(1€'17 -8z )7 1217

(g =05yt 1) = £2(0,1)
> o(r) >0 (& <r)

Ldiop 4 e Pl < (H)5| (¢|<r)
2dt v — — 20



