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The Helmholtz projection

I Let 1 < q < ∞, Ω ⊂ Rn be a domain.
I Helmholtz decomposition exists iff

Lq(Ω)n = Lq
σ(Ω) ⊕ Gq(Ω),

where

Gq(Ω) := {g ∈ Lq(Ω)n : ∃h ∈ Ŵ 1,q(Ω) such that g = ∇h},

Lq
σ(Ω) := {ϕ ∈ C∞c (Ω)n : div ϕ = 0}

Lq (Ω)n
.

In this case, there exists the Helmholtz projection

Pq : Lq(Ω)n → Lq
σ(Ω).
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Existence of the Helmholtz projection

I Let 1 < q < ∞. Then the Helmholtz projection exists on Lq(Ω)n, where
I Ω = Rn,
I Ω = Rn

+,
I Ω bounded with smooth boundary,
I Ω exterior domain with smooth boundary,
I Ω layer,
I ...

I The Helmholtz projection exists Lq(Ω)n ∩ L2(Ω)n, 2 < q < ∞, or
Lq(Ω)n + L2(Ω)n, 1 < q < 2, Ω general unbounded domain (uniform C 1).

Contributors: Farwig, Fujiwara, Kozono, Miyakawa, Morimoto, Simader,
Sohr, Thäter, von Wahl, Weyl, . . .
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Existence of the Helmholtz projection II

The Helmholtz projection exists on Lq(Ω)n, where
I Ω ⊂ Rn, bounded Lipschitz domain and q ∈ ( 3

2 − ε, 3 + ε), Fabes, Mendez
and Mitrea.

I Ω ⊂ R2 ’unbounded wedge’ (smooth and non smooth), q depends on
angle, Bogovskii.

Remark
The results above are sharp.
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The weak Neumann problem

Consider {
∆v = ∇ · g in Ω,

n · ∇v = n · g on ∂Ω.
(WNPq)

Proposition
(WNPq) is uniquely solvable⇔ Pq exists.

Here: (WNPq) is uniquely solvable :⇔ ∀g ∈ Lq(Ω)n ∃1v ∈ Ŵ 1,q(Ω) s.t.∫
Ω
∇v∇ϕ =

∫
Ω

g∇ϕ, ϕ ∈ Ŵ 1,q′ (Ω),

satisfying ‖v‖Ŵ 1,q (Ω) ≤ C‖g‖Lq (Ω)n .
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The Stokes operator

Let 1 < q < ∞ and Ω ⊂ Rn be a domain such that the Helmholtz projection
exists. Set

D(Aq) =W 2,q(Ω) ∩W 1,q
0 (Ω) ∩ Lq

σ(Ω)

and define the Stokes operator

Aq :
{

D(Aq) → Lq
σ(Ω),

u 7→ Pq∆u.
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Maximal Regularity

Let I := [0,T ]. We say that Aq has maximal Lp-regularity in Lq
σ(Ω) if for

f ∈ Lp(I ; Lq
σ(Ω))

there exists a unique

u ∈W 1,p(I ; Lq
σ(Ω)) ∩ Lp(I ; D(Aq))

satisfying

u′(t) − Aqu(t) = f (t), t ∈ I ,
u(0) = 0.
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Known results on the Stokes operator

I Let 1 < p, q < ∞. Then Aq has maximal Lp-regularity in Lq
σ(Ω), where

I Ω = Rn,
I Ω = Rn

+,
I Ω bounded with smooth boundary,
I Ω exterior domain with smooth boundary,
I Ω layer,
I ...

I Aq has maximal Lp-regularity on Lq
σ(Ω) ∩ L2

σ(Ω), 2 < q < ∞, or
Lqσ(Ω) + L2

σ(Ω), 1 < q < 2, general unbounded domain (uniform C 2).

Contributors: Amann, Borchers, Desch, Farwig, Fujita, Fujiwara, Galdi, Giga,
Grubb, Hieber, Hishida, Kato, Masuda, Miyakawa, Morimoto, Prüss, Shibata,
Shimizu, Simader, Sohr, Solonnikov, Ukai, Varnhorn, Wiegner ...
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Main results

Theorem
Assume that
I Ω ⊂ Rn has uniform C 3-boundary,
I (WNPq) is uniquely solvable for some q ∈ (1,∞).

Then the Stokes operator Aq has maximal Lp-regularity in Lq
σ(Ω) for p ∈ (1,∞).

Remark
In this case, Aq generates an analytic semigroup on Lq

σ(Ω).
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The Navier-Stokes equations

Proposition
Assume that
I Ω ⊂ Rn has uniform C 3-boundary,
I (WNPq) is uniquely solvable for some q ∈ (1,∞).

Then,

‖etAqPqf ‖Lr (Ω) ≤ Ct−
n
2 ( 1

s −
1
r )‖f ‖Ls

σ(Ω),
1
q
−

2
n
≤

1
r
≤

1
q
≤

1
s
≤

1
q
+

2
n
, 0 < t < T ,

‖∇etAqPqf ‖Lr (Ω) ≤ Ct−
n
2 ( 1

s −
1
r )− 1

2 ‖f ‖Ls
σ(Ω),

1
q
−

1
n
≤

1
r
≤

1
q
≤

1
s
≤

1
q
+

1
n
, 0 < t < T ,

‖etAqPqdiv f ‖Lr (Ω) ≤ Ct−
n
2 ( 1

s −
1
r )− 1

2 ‖f ‖Ls
σ(Ω),

1
q
−

1
n
≤

1
r
≤

1
q
≤

1
s
≤

1
q
+

1
n
, 0 < t < T .
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The Navier-Stokes equations

Consider
u(t) − Aqu(t) + Pq(u(t) · ∇)u(t) = 0 t ∈ (0,T ),

u(0) = u0.
(1)

Theorem
Assume that
I Ω ⊂ Rn has uniform C 3-boundary,
I (WNPq) is uniquely solvable for some q > n,
I u0 ∈ Lq

σ(Ω).
Then ∃T0 > 0 and a unique mild solution u of (1), i.e. u ∈ C ([0,T ); Lq

σ(Ω)) and

u(t) = etAqu0 −

∫ t

0
e(t−s)AqPqdiv (u(s) ⊗ u(s))ds, 0 ≤ t < T .
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Idea of Proof

Set

ũ :=
N∑
j=1

ϕjuj , π̃ =

N∑
j=1

ϕjπj ,

where ϕj are cut-off functions and (uj , πj ) is the push-forward of the solution
(ûj , π̂j ) to

λûj −∆ûj + ∇π̂j = f̂j in Rn
+,

div ûj = 0 in Rn
+,

û = 0 on ∂Rn
+,

with a suitable right hand side f̂j .

Problem:

∇ · ũ =
∑

j

(∇ϕj )uj , 0 in Ω.
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Correction term: Bogovskiı̌ operator

For g ∈ Lp(Ω0) with
∫
Ω

g = 0 let v := BΩ0g denote the solution of

(DIV)
{
∇ · v = g in Ω0,

v = 0 on ∂Ω0.

Then,

I Regularity X
I

∇ · (g − BΩ0 ∇ · g ) = 0, in Ω0,

BΩ0 g = 0, on ∂Ω0.

Problem: Desired estimates for v known for bounded Lipschitz domains only.
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Correction term: Weak Neumann Problem

For g ∈ Lp(Ω) let v ∈ Ŵ 1,p(Ω) denote the weak solution of∆v = ∇ · g , in Ω,

n · ∇v = g · n, on ∂Ω.

Then,
I Regularity X
I

∇ · (g − ∇v ) = ∇ · g −∆v = 0.

Problem:

g − ∇v = 0 on ∂Ω?
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For g ∈ Lp(Ω) let v ∈ Ŵ 1,p(Ω) denote the weak solution of∆v = ∇ · g , in Ω,

n · ∇v = g · n, on ∂Ω.

Then,
I Regularity X
I

∇ · (g − ∇v ) = ∇ · g −∆v = 0.

Problem:

g − ∇v = 0 on ∂Ω?

March 2010 | TU Darmstadt | Matthias Geissert | 18



Correction term: Weak Neumann Problem
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Estimates in Rn
+: The case (f , 0)

For f̂ ∈ Lq
σ(Rn

+) let û = Û1
λ f̂ and π̂ = Π̂1

λ f̂ denote the solution of

λû −∆û + ∇π̂ = f̂ in Rn
+,

div û = 0 in Rn
+,

û = 0 on ∂Rn
+.

Lemma
Let q ∈ (1,∞), α ∈ (0, 1

2p′ ) and Xn > 0.

RLq
σ(Rn

+)→W k,q (Rn
+){λ

1−k/2Û1
λ ; λ ∈ 1 + Σθ} ≤ C , k = 0, 1, 2,

RLq
σ(Rn

+)→Lq (Rn
+){∇Π̂

1
λ ; λ ∈ 1 + Σθ} ≤ C ,

RLq
σ(Rn

+)→Lq (Rn−1×(0,Xn)){λ
αΠ̂1

λ ; λ ∈ 1 + Σθ} ≤ C .
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Estimates in Rn
+: The case (0, a)

For â ∈W 2−2/q,q(Rn−1), a · ν = 0 let (û,π̂) denote the solution of

λû −∆û + ∇π̂ = 0 in Rn
+,

div û = 0 in Rn
+,

û = â on ∂Rn
+.

Note that

‖u‖Lq (Rn
+) ≤ C |λ|−

1
2q ‖a‖Lq (Rn−1).
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Estimates in Rn
+: The case (0, a)

Representation for the solution (û, π̂)

We have û = Û2
λ (a, a), π̂ = Π̂2

λ(a, a), where

Π̂2
λ :

 X̂a,b → Ŵ 1,q(Rn
+)

(a, b) 7→ −(
√
λ −∆′ +

√
−∆′)e−

√
−∆′xn ∇

′·p(a,b)
√
−∆′

,

Û2
λ :


X̂a,b → W 2,q(Rn

+) ∩ Lq
σ(Rn

+)

(a, b) 7→

(
(λ −∆D )−1(−∇′Π̂2

λ(a, b))
(λ −∆N )−1(−∂nΠ

2
λ(a, b))

)
+ e−

√
λ−∆′xn

 p(a, b)
∇′·p(a,b)
√
λ−∆′


Here,

X̂a,b := {a ∈W 1−1/q,q(∂Rn
+)n : a · ν = 0} × {b ∈W 2−1/q,q(∂Rn

+) : b · ν = 0},

p(a, b) :=
(

λ

λ −∆′
a −

∆′

λ −∆′
b

)
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Estimates in Rn
+: The case (0, a)

Lemma
For α ∈ (0, 1

2q′ ) and Xn > 0 there exists C > 0 such that

RX̂a,b→Lq (Rn−1×(0,Xn))

{
λαΠ̂2

λK̃
−1
λ : λ ∈ 1 + Σθ}

}
≤ C ,

RX̂a,b→Lq (Rn
+)

{
∇Π̂2

λK̃
−1
λ : λ ∈ 1 + Σθ}

}
≤ C ,

RX̂a,b→W k,q (Rn
+)

{
λ

2−k
2 Û2

λ K̃
−1
λ : λ ∈ 1 + Σθ}

}
≤ C , k = 0, 1, 2.

Here,

K̃λ :=
(
λ1− 1

3q 0
0 1

)
,
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Estimates in Rn
+: The case (f , a)

For Xn > 0 we set

X̂ := Lq
σ(Rn

+) × X̂a,b,

Π̂λ :=

X̂ → Lq(Rn−1 × (0,Xn)) ∩ Ŵ 1,q(Rn
+)

(f , a, b) 7→ Π̂1
λ(f ) + Π2

λ(a, b)

Ûλ :=

X̂ →W 2,q(Rn
+) ∩ Lp

σ(Rn
+)

(f , a, b) 7→ Û1
λ (f ) + Û2

λ (a, b)
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Estimates in Rn
+: The case (f , a)

Lemma
For Xn > 0 and α ∈ (0, 1

2p′ ) there exists C > 0 such that

RX̂→Lp (Rn−1×(0,Xn))

{
λαΠ̂λK

−1
λ : λ ∈ 1 + Σθ}

}
≤ C ,

RX̂→Lp (Rn
+)

{
∇Π̂λK

−1
λ : λ ∈ 1 + Σθ}

}
≤ C ,

RX̂→W k,p (Rn
+)

{
λ

k−2
2 ÛλK

−1
λ : λ ∈ 1 + Σθ}

}
≤ C , k = 0, 1, 2.

Here:

Kλ :=


1 0 0
0 λ1− 1

3q 0
0 0 1

 .
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Pull-back of f

For

f ∈ Lq
σ(Ω)

we define

fj := ψj f − BΩj

(
(∇ψj )f

)
f̂j := S1

j f = Gσ,j fj

Then,

‖Sj f ‖Lq (Rn
+)n ≤ C‖f ‖Lq (Ωj )n .
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Pull-back of (a, b)

For

(a, b) ∈ Xa,b :={a ∈W 1−1/q,q(∂Ω)n : a · ν = 0}×

× {b ∈W 2−1/q,q(∂Ω)n : b · ν = 0},

we define

aj := Ψja, âj := Gj ,σΨja

bj := Ψjb, b̂j := Gj ,σΨjb.

S2
j (a, b) := (̂aj , b̂j ).
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Ansatz

Uλ(f , a, b) :=
∑
j∈N

ϕjG
−1
j ,σÛλSj (f , a, b) − ∇N

∑
j∈N

ϕjG
−1
j ,σÛλSj (f , a, b)

 ,

where N is the solution operator of the weak Neumann problem and
Sj (f , a, b) := (S1

j f ,S2
j (a, b)).
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Error terms

Setting u := Uλ(f , a, a), we calculate

λu − PΩ∆u = f + T 1
λ (f , a, a) in Ω

∇ · u = 0 in Ω

u = a + T 2
λ (f , a, a) in ∂Ω

where

(T 1
λ (f , a, b),T 2

λ (f , a, b),T 3
λ (f , a, b)) = Tλ(f , a, b)

:= T1,λ(f , a, b) + · · · + T6,λ(f , a, b).
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Error terms in Ω

T1,λ(f , a, b) := (PΩ

∞∑
j=1

ϕj [∇,G−1
j ]Π̂λSj (f , a, b), 0, 0)

T2,λ(f , a, b) := (PΩ

∞∑
j=1

(∇ϕj )G−1
j Π̂λSj (f , a, b), 0, 0)

T3,λ(f , a, b) := −(PΩ

∞∑
j=1

(∆ϕj )G−1
j ,σÛλSj (f , a, b),

T4,λ(f , a, b) := −(2PΩ

∞∑
j=1

(∇ϕj )∇G−1
j ,σÛλSj (f , a, b), 0, 0)

T5,λ(f , a, b) := −(PΩ

∞∑
j=1

ϕj [∆,G−1
j ,σ]ÛλSj (f , a, b), 0, 0),
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Error terms on ∂Ω

T6,λ(f , a, b) := −
(
0,∇N

∑
j∈N

ϕjG
−1
j ,σÛλSj (f , a, b)

 |∂Ω,

∇N

∑
j∈N

ϕjG
−1
j ,σÛλSj (f , a, b)

 |∂Ω)
.
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A formal solution formula

I Formally:

R(λ)f := Uλ(1 + Tλ)−1(f , 0, 0) = Uλ

∑
n∈N0

T n
λ (f , 0, 0).

I Write:

R(λ)f = Uλ

∑
n∈N0

T n
λ (f , 0, 0) = UλK

−1
λ

∑
n∈N0

(KλTλK
−1
λ )nKλ(f , 0, 0)

= UλK
−1
λ

∑
n∈N0

(KλTλK
−1
λ )n(f , 0, 0).

I Show: ∃λ0 ∈ R s.t.

RLp
σ(Ω){KλTλK

−1
λ : λ ∈ λ0 + Σθ} < 1,

RLp
σ(Ω){λUλK

−1
λ : λ ∈ λ0 + Σθ} ≤ C .

March 2010 | TU Darmstadt | Matthias Geissert | 31



A formal solution formula

I Formally:

R(λ)f := Uλ(1 + Tλ)−1(f , 0, 0) = Uλ

∑
n∈N0

T n
λ (f , 0, 0).

I Write:

R(λ)f = Uλ

∑
n∈N0

T n
λ (f , 0, 0) = UλK

−1
λ

∑
n∈N0

(KλTλK
−1
λ )nKλ(f , 0, 0)

= UλK
−1
λ

∑
n∈N0

(KλTλK
−1
λ )n(f , 0, 0).

I Show: ∃λ0 ∈ R s.t.

RLp
σ(Ω){KλTλK

−1
λ : λ ∈ λ0 + Σθ} < 1,

RLp
σ(Ω){λUλK

−1
λ : λ ∈ λ0 + Σθ} ≤ C .

March 2010 | TU Darmstadt | Matthias Geissert | 31



A formal solution formula

I Formally:

R(λ)f := Uλ(1 + Tλ)−1(f , 0, 0) = Uλ

∑
n∈N0

T n
λ (f , 0, 0).

I Write:

R(λ)f = Uλ

∑
n∈N0

T n
λ (f , 0, 0) = UλK

−1
λ

∑
n∈N0

(KλTλK
−1
λ )nKλ(f , 0, 0)

= UλK
−1
λ

∑
n∈N0

(KλTλK
−1
λ )n(f , 0, 0).

I Show: ∃λ0 ∈ R s.t.

RLp
σ(Ω){KλTλK

−1
λ : λ ∈ λ0 + Σθ} < 1,

RLp
σ(Ω){λUλK

−1
λ : λ ∈ λ0 + Σθ} ≤ C .
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Estimates for T6,λ

I Recall:

T 2
6,λ = ∇N

∑
j∈N

ϕjG
−1
j ,σÛλSj (f , a, b)

 |∂Ω

I Since (ϕj )j∈N is a uniformly locally finite cover, we obtain

RLq (Ω)→W 1−1/q,q (Ω){λ
1− 1

3q T 2
6,λ : λ ∈ λ0 + Σθ}

≤ CRLq (Ω)→Lq (Ω){λ
1− 1

3q T 2
6,λ : λ ∈ λ0 + Σθ}

≤ CRLq (Rn
+)→Lq (Rn

+){λ
1− 1

3q Ûλ : λ ∈ λ0 + Σθ}

≤ Cλ
− 1

3q

0 RLq (Rn
+)→Lq (Rn

+){λÛλ : λ ∈ λ0 + Σθ}

≤ Cλ
− 1

3q

0 .
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