Matthias Geissert TECHNISCHE

UNIVERSITAT
TU Darmstadt DARMSTADT

Weak Neumann implies Stokes
(in collaboration with H. Heck, M. Hieber, O. Sawada and Y. Shibata)

International Workshop on Mathematical Fluid Dynamics
Tokyo
March 2010

March 2010 | TU Darmstadt | Matthias Geissert | 1



Outline

TECHNISCHE
UNIVERSITAT
DARMSTADT

Introduction
The Helmholtz decomposition
The Stokes operator

Main results

Proof of Main Results
Localization
Estimates in R
A solution formula

March 2010 | TU Darmstadt | Matthias Geissert | 2



'
Outline

TECHNISCHE
UNIVERSITAT
DARMSTADT

Introduction

March 2010 | TU Darmstadt | Matthias Geissert | 3



The Helmholtz projection
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» Let 1 < g < o0, Q2 cR"”be adomain.
» Helmholtz decomposition exists iff

LIQ)" = LI(Q) & Gg(SD),
where

G4(Q) := {g € LY(Q)" : In € W"9(Q) such that g = V),
LI(Q)"

LI := {p € C2(V)" : div ¢ = 0}
In this case, there exists the Helmholtz projection

Py : L9(Q)" = LL(Q).
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» Let 1 < g < 0. Then the Helmholtz projection exists on L9(Q2)", where
» Q=R",
» Q=R",
» Q bounded with smooth boundary,
» Q exterior domain with smooth boundary,
» Q layer,

» The Helmholtz projection exists L9(Q)" N [*(Q)", 2 < q < oo, Of
L9(Q)" + L2()", 1 < g < 2, Q general unbounded domain (uniform C').

Contributors: Farwig, Fujiwara, Kozono, Miyakawa, Morimoto, Simader,
Sohr, Théter, von Wahl, Weyl, ...
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Existence of the Helmholtz projection Il
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The Helmholtz projection exists on L9(Q2)", where

» Q c R”, bounded Lipschitz domain and g € (% —¢&,3 + &), Fabes, Mendez
and Mitrea.

» Q c R? 'unbounded wedge’ (smooth and non smooth), g depends on
angle, Bogovskii.

Remark
The results above are sharp.
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Consider

{ Av =V-g inQ, (WNP,)

n-Vv. =n-g ondf.
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The weak Neumann problem
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Consider

(WNP,)

Av =V-g inQ,
n-Vv. =n-g ondf.

Proposition
(WNPy) is uniquely solvable & P, exists.

Here: (WNP,) is uniquely solvable :& Vg € L9(Q)" J'v € WL9(Q) s.t.
f VvVp = ngso, 9 e W (Q),
Q Q

satisfying [Vl < Cllgllis@y-
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The Stokes operator
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Let 1 < g < o0 and Q2 c R” be a domain such that the Helmholtz projection
exists. Set

D(Aq) = W>9(Q) n W, 9(Q) N LURQ)
and define the Stokes operator

A - DAy — LI,
9 u — PyAu.
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Let / := [0, T]. We say that A, has maximal LP-regularity in L3.(S) if for
f e LP(I; L3(SY)
there exists a unique
ue WP LI(S) N LP(1; D(Ag)
satisfying

u'(t) — Aqu(t) f(t), tel,
ul = 0.
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Known results on the Stokes operator
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» Let 1 < p, g < . Then A, has maximal LP-regularity in LZ(£2), where
» Q=R",
- Q=RI,
» Q bounded with smooth boundary,
» Q exterior domain with smooth boundary,
- Q layer,

» A, has maximal LP-regularity on LZ(Q) N [2(Q),2 < q<oo,0r
L90(Q) + L2(Q), 1 < q < 2, general unbounded domain (uniform C?).
Contributors: Amann, Borchers, Desch, Farwig, Fujita, Fujiwara, Galdi, Giga,

Grubb, Hieber, Hishida, Kato, Masuda, Miyakawa, Morimoto, Priiss, Shibata,
Shimizu, Simader, Sohr, Solonnikov, Ukai, Varnhorn, Wiegner ...
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Main results
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Theorem
Assume that

» Q c R" has uniform C3-boundary,
» (WNPy,) is uniquely solvable for some q € (1, ).
Then the Stokes operator A, has maximal LP-regularity in L{(2) for p € (1, c0).

Remark
In this case, A, generates an analytic semigroup on L(Q).
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The Navier-Stokes equations
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Proposition
Assume that
» Q c R" has uniform C3-boundary,
» (WNP,) is uniquely solvable for some q € (1, ).

Then,

. 1 2 1 1 1 1 2

e Pyl < CE36 Dlifls@, —--<-<-<-<-+=, 0<t<T,
q n r q S q n
. 1 1 1 1 1 1 1

Ve Py fllirq < Ct 3G D 3||fllisy — ——<—<—<-<—+—, 0<t<T,
g n_ r g s g n
. 1 1 1 1 1 1 1

e Podiv fllirq < Ct3G" P72 ||flls@y — -~ <~ < —<-<—+-, 0<t<T.
g n_ r g s g n
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Consider
u(t) = Aqu(t) + Pg(u(t) - Vyu(t) =0 te (0, T),
u(0) = up. M

Theorem
Assume that

» Q c R" has uniform C3-boundary,

» (WNP,) is uniquely solvable for some q > n,

> uy € LI(Q).
Then 3T, > 0 and a unique mild solution u of (1), i.e. ue C([0, T); LL(Q)) and

t
u(t) = ey — f e9% P div (u(s) ® u(s))ds, 0<t<T.
0
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Idea of Proof
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Set
N N
b= Z(pjuj, = Z(pjﬂj,
j=1

where ¢; are cut-off functions
(ﬁj, ﬁj) to

J
nd (u;, ;) is the push-forward of the solution

Q

A A A _ 7 n
Ay — Ay +Va; = £ in R},
o .

div; =0 inRY,
=0 ondR],

with a suitable right hand side 7.
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Idea of Proof
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Set

where ¢; are cut-off functions
(ﬁj, ﬁj) to

Q

J
nd (u;, ;) is the push-forward of the solution

Al — Aty +Va; = f; inR”,
divi; =0 inRf,
=0 ondR],
with a suitable right hand side 7.
Problem:

Vb= Z(vw)uj #0in Q.
J
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Correction term: Bogovskii operator
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For g € LP(Q) with [, g = 0 let v := B, g denote the solution of

(DIV)

V-v=g inQ,
v=0 ondQ.
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Correction term: Bogovskii operator
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For g € LP(Q) with [, g = 0 let v := B, g denote the solution of

V-v=g inQ,
(DIV) { v=0 ondQ.

Then,
» Regularity v/
>
V-(g—Bg, V-g)=0, inQy,
Bgo, g =0, on 0.
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Correction term: Bogovskii operator
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For g € LP(Q) with [, g = 0 let v := B, g denote the solution of

V-v=g inQ,
(DIV) { v=0 ondQ.

Then,
» Regularity v/

>

V-(g—Bg, V-g)=0, inQy,
Bgo, g =0, on 0.

Problem: Desired estimates for v known for bounded Lipschitz domains only.
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Correction term: Weak Neumann Problem
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For g € LP(Q) let v € W'P(Q) denote the weak solution of

AV :ng |nQ,
n-Vv =g-n, o0ono.
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Correction term: Weak Neumann Problem
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For g € LP(Q) let v € W'P(Q) denote the weak solution of
AV = V . g, |n Q,
n-Vv =g-n, o0ono.

Then,
» Regularity v/

>

V-g-Vv)=V.g-Av=0.
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Correction term: Weak Neumann Problem
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For g € LP(Q) let v € W'P(Q) denote the weak solution of
AV = V . g, |n Q,
n-Vv =g-n, o0ono.

Then,
» Regularity v/

>
V-g-Vv)=V.g-Av=0.
Problem:

g-Vv=00nd?
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Estimates in R?: The case (f,0)
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For f € LIR?) let o = U!F and # = M\ denote the solution of
A —Ab+Vi=F inR",
divd=0 inR],

i1=0 ondR].
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Estimates in R?: The case (f,0)
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For f e LI(R?) let & = U!f and # = TN} ¥ denote the solution of

A —Ab+Vi=F inR",
divd=0 inR],
i1=0 ondR].

Lemma
Letqg e (1, ), a € (0, ZLP,) and X, > 0.

RLi(RDHWk,q(RZ){/llfk/ZU/% s lel+X<C, k=0,1,2,
Rpa@noroeniVI) s 1€ 1+ X} < C,

Il
RLg(Rﬂ)%Lq(R"’]X(O,Xn)){/larl/l , ﬂ (S 1 + Zg} S C
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Estimates in R?: The case (0, a)
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For 3 e W?2/¢9R" 1), a-v =0 let (&,#) denote the solution of

A - A +Va=0 inRY,
divod=0 inRY,

Note that

_ L
llullagny < ClA™ 2 |all a1y

March 2010 | TU Darmstadt | Matthias Geissert | 20



Estimates in R?: The case (0, a)
Representation for the solution (i, )
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We have i = Ug(a, a), = ﬁﬁ(a, a), where

Xa,b qu(Rﬂ)
(a, b) ~(VA= A7 + V=D V"o Tpah,

Xop — WHIRMNLIRD)
(A= Ap) (~V'T2(a, b)) )ﬁran( p(a, b) )

; ,
@b = ( (= Ay (-0aMa, b)) Via

l

2.
1

!

Here,
Xop:=f{ac WIVRIE@RY) - a-v = 0} x {be W*V49@R") : b-v = 0},

A AN
p(a, b) := (/l—A’a_ A—A’b)
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Estimates in R?: The case (0, a)
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Lemma
For a € (0, qu,) and X,, > 0 there exists C > 0 such that

a[2e-1 .
R, LoEm1x(0.X) {a MK :1el+ zg}} <C,
Rz, , romn (VIRKT 't A€ 1+ T} < C,
<C,

kT T
RS, powran {47 UiKi' s A€ 1+ %)) k=0,1,2.

Here,

~ (2" wm 0
K, = ,
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Estimates in R?: The case (f, a)
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For X, > 0 we set

= LIRY) X Xap,

=[x — LIR™! x (0, X)) N WLIRN)
YT \(Fa k) o TN + M2(a, b)

O X — W2IR") N LA(R™)

YT \(Fab) - UM + Uxa, b)
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Estimates in R?: The case (f, a)
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Lemma
For X, >0 and « € (0, 5 55) there exists C > 0 such that

ALK e 1+ 5} <

R)?-»Lp(Rn-lx(o,xn)) { <C,
VLK s ae 1+ 5 < C,
<C,

R)A(—>LP(R" {

kZA

AT UAKI:/lel+Zg}} k=0,1,2.

Rz, Wkp(RD) {

Here:

1 0 0
Ky:=lo 17% ol

0 0 1
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For
fell(
we define
fi := u;f - B, ((Vy))f)
= S/f = Goif
Then,

1S fllarnyr < ClifllLa;)-
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Pull-back of (a3, b)
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For

(a,b) € X, p :={a € WIV99Q)" : a-v = 0}x
x{be W>129Q)" . b-v =0},

we define

aj:=Vja, 3 :=Gj.V¥ja

bj:= Wb, bj:=Gj,V;b.

sz(a, b) := @,E).
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Un(f,a,b) = > 4G UiSi(F,a,b) = VN| > 4,6 L ULS(F, a, b) |,

JjeN JjeN

where N is the solution operator of the weak Neumann problem and
Si(f,a,b):= (Sj1 f 51.2(3, b)).
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Error terms
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Setting v := U,(f, a, a), we calculate

Au— PoAu = f+7“11(f, a,a) inQ
V-u=0 in Q
u=a+7Ti(f,aa IndQ

where

(T{(f,a,b),Ti(f,a,b),T;(f ab)=Tif ab)
= Tl,/l(fv a, b) + -+ T6,/l(fv a, b)
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Tia(f a,b) := (P ) ¢V, G;' TS (f, a, b),0,0)

Jj=1
Tou(f,a,b) = (Pa Y (VepG; ' TLSi(f, 2, ), 0,0)
j=1
Tsa(f, 2, b) := ~(Pa ) (8p))G; L UrS(F, a, b),
j=1

Tua(f, a,b) = —Q2Pa ) " (Vg)VG; LUS/(f, a, b),0,0)
j=1

Tsa(f a,b) = =(Po ) ¢jIA, G LIULS|(f, 3, b), 0,0),
j=1
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Toa(f,a,b) := - (0, VN

Z <PJ'QJ-_,(ITUASj(f, a, b)] o,

JjeN

VN [Z 0iG; - UrSi(f, a, b)) loc2).

JjeN
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» Formally:
RODF := Uy(1+ T (F,0,0) = Uy Y T7(F,0,0).

neNy
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A formal solution formula
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» Formally:
RAf := Uy(1 + T)7'(£,0,0) = U, Z T1(f,0,0).

neNy
» Write:
RODF = Uy 3 T0(F,0,0) = UK > (KaTaK )" Ka(f, 0, 0)

neNy neNy

= UK ) (K TaK)"(F,0,0).

neNy
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'
A formal solution formula
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» Formally:
RODF := Uy(1+ T (F,0,0) = Uy Y T7(F,0,0).

neNy
» Write:
RODF = Uy 3 T0(F,0,0) = UK > (KaTaK )" Ka(f, 0, 0)

neNy neNy
= U;K;! Z(KATAKII)"(f,O,O).
neNy
» Show: d1y € R s.t.
Rl KaTaK; e g+ T} < 1,
Rir@fAUaK;' : € 29+ X} < C.
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» Recall:

T2, =YN|> 0,6, UnSi(F, a,b) |lan
JjeN
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Estimates for T,
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» Recall:

T2, =YN|> 0,6, UnSi(F, a,b) |lan
JjeN

» Since (¢))jen is @ uniformly locally finite cover, we obtain
Riaeyowiimald 5 T2, 2 A € Ao+ Tg)
< CRua@ora@iA ™ T2 1 A€ A + Zg)
< CRus@n)sio@nid ™35 Uy 1 A€ Ao+ T}
< Ca, iRLq(RQHMRD{AUA c 1€ Ay + Ty

-L
< Ca,™.
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