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1-1. Problem

Perturbed Navier-Stokes equations

0w —Av+ (us-V)v+ (v-V)us+ (v-V)o+Vr =0 in H,
V-v=0 in H,
v=20 on 0H,
v(0, z) = vy.

(PNS)

v

@ v=(vq1,...,0,): velocity fieldd 7: pressure , [unknown]
@ u, ; solution to the stationary Navier-Stokes equations,
o H={x=(a,2,) € R" |z, > 0}.
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1-2. Known Results (Stationary solutions)

— Aug + (us - V)us + Vg = f in €,

For whole space case and exterior domain cases (n > 3)

When f = V - F' has the suitable decay rate for |z| > 1 and is sufficiently
small, there exists a stationary solution satisfying

lus(x)] < CF/]a:]”_Q, |Vus| < CF/]a:]”_l for x| > 1.
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1-2. Known Results (Stationary solutions)

— Aug + (us - V)us + Vg = f in €,

For whole space case and exterior domain cases (n > 3)

When f = V - F' has the suitable decay rate for |z| > 1 and is sufficiently
small, there exists a stationary solution satisfying

lus(x)] < CF/|:U]”_2, |Vus| < CF/|1:]”_1 for x| > 1.

For half-space case (n > 3)

When f = V - F has the suitable decay rate for || > 1 and is sufficiently
small, there exists a stationary solution satisfying

lus(z)| < Cp/|z|* 1, |Vus| < Cp/|z|” for x| > 1.
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1-2. Known ResultsO Stability Property)

For exterior domain cases (n > 3)

The stationary solution u, is stable when vy and the following quantity is
sufficiently small:

e Kozono-Ogawa(94) |ws||n + || Vtus||ny2,
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For n = 3, the stationary solution has the decay estimates:
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For n = 3, the stationary solution has the decay estimates:
|us(2)| < C/|z], [Vu,| < C/lz* for [x] > 1.

Therefore we see

us & L3(Q) = L™(), Vu, ¢ L3*(Q) = L"?(Q)
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The stationary solution u, is stable when vy and the following quantity is
sufficiently small:

@ Kozono-Ogawa(94) |ws||n + || Vtus||ny2,
@ Borchers-Miyakawa(95) Il |us | o
@ Kozono-Yamazaki(98) [tsllnoo — us € LM®(Q).

For n = 3, the stationary solution has the decay estimates:
|us(2)| < C/|z], [Vu,| < C/lz* for [x] > 1.

Therefore we see

us & L3(Q) = L™(), Vu, ¢ L3*(Q) = L"?(Q)
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1-2. Known ResultsO Stability Property)

For exterior domain cases (n > 3)

The stationary solution u, is stable when vy and the following quantity is
sufficiently small:

e Kozono-Ogawa(94) |ws||n + || Vtus||ny2,
e Borchers-Miyakawa(95) Il |ws | o
@ Kozono-Yamazaki(98) llus|ln.co us € L™>(Q).

Goal of my talk

o In this talk, we assume that (1 + z,,)us € L>=(H).

@ When ||(1 + 2,)us|oo is small enough for n > 2, the stationary solution
U is stable.

v
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2-1. Main result

Main result[] Stability theorem for the stationary solution[]

Let n > 2 and vy € J"(H). Then there exist positive constant ;. and
0 such that if u; and vq satisfy

1A+ 2n)tslloo < 1, lvolln <9,

(PNS) admits a global strong solution v. Moreover the following
asymptotic behaviors hold:

v(d)||, = ot~ /22 n<p< oo,
p
Vo )|, = o(t~1+"/?P) n<p< oo.

as t — oo. )
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2-1. Remark on main result

Main result[J Stability theorem for the stationary solution[]

Let n > 2 and vy € J"(H). Then there exist positive constant y and § such

that if us; and vy satisfy

||(]. T xn)usHoo S K, ||U0||n < 5’

(PNS) admits a global strong solution v.

@ Since the stationary solution u, has decay properties:
Jus(2)] < C/la[*, [Vus| < C/la]™  for [z > 1,

This solution satisfies this assumption.
@ This case is the result corresponding to Borhcers-Miyakawa(95).
@ For n = 2, the existence of stationary solutions satisfying this
assumption is unknown.
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3-1. Known results (Stokes operator)

Helmholtz decomposition

IP(H) = JP(H) & GP(H), 1<p< oo,

where

JP(H)=T{uw e CPH), V-u=01"",
G*(H) = {Vr € LP(H) | r € IP. (H))}.

loc

Analytic semigroup
P: LP(H)— JP(H) :a continuous projection
The Stokes operator A = —PA is defined with dense domain
D(A) ={u e J/(H) NW?*?(H) | ulpn = 0}.

The Stokes operator —A generates a bounded analytic semigroup {e=*1};5¢
in JP(H)
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3-1. Known results (Stokes operator)

Some estimates for Stokes op.

Let 1 < p < 0.
(i) The following estimate holds.

IV2ull, < Cl|Aull,, u € D(A).
(ii) D(AY?) = JP(H) N W,*(H) and we have in particular
IVull, < CIAY2ul,, u€ D(AY?)

(iii) fu e D(A*), 0 <a<landif0<1/¢=1/p—2a/n <1,
then v € LY and we have the estimate

[ully < CllA%ully, u € D(A%)
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3-2. Outline of the proof of Main theorem

0w — Av+ (us - V)v+ (v-V)us+ (v- V) + Vo =0 in H,

Let 1 < p < cold
Let P be a Helmholtz projection from LP(H) — JP(H)O

o Av=—PAv0 v e D(A) := W2P N WP N JP(H),
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3-2. Outline of the proof of Main theorem

0w — Av+ (us - V)u+ (v-Vus+ (v- Vv + Vr =0 in H,

Let 1 < p < ool
Let P be a Helmholtz projection from LP(H) — JP(H)O
o Av=—PAv0 v e D(A) :=W»NW,Pn Jr(H),
@ Bv = P[(u,- V)v+ (v-V)u,]O v € D(B) := Wy n JP(H),

Takayuki Kubo (University of Tsukuba) Criterion for stability property in H Mathematical Fluid Dynamics 10 / 22



3-2. Outline of the proof of Main theorem

0w — Av+ (us - V)v+ (v-V)us+ (v- V) + Vo =0 in H,

Let 1 < p < cold

Let P be a Helmholtz projection from LP(H) — JP(H)O
e Av=—PAv0 v € D(A) :=W?*NW,* N Jr(H),
@ Bv = P[(u,- V)v+ (v-V)u,]O v € D(B) := Wy n JP(H),
o L=A+B0O D(L)=D(A).

Takayuki Kubo (University of Tsukuba) Criterion for stability property in H Mathematical Fluid Dynamics 10 / 22



3-2. Outline of the proof of Main theorem

0w — Av+ (us - V)v+ (v-V)us+ (v- V) + Vo =0 in H,

Let 1 < p < cold

Let P be a Helmholtz projection from LP(H) — JP(H)O
e Av=—PAv0 v € D(A) :=W?*NW,* N Jr(H),
@ Bv = P[(u,- V)v+ (v-V)u,]O v € D(B) := Wy n JP(H),
o L=A+B0O D(L)=D(A).

Applying Helmholtz projection P, we see
Ow+ Lv+ Plv-V)v=0

By Duhamel’s principle, we can rewrite into the integral form:

v(t) = e oy — / e~ EILP[(v - V)u](s)ds.

0

Takayuki Kubo (University of Tsukuba) Criterion for stability property in H Mathematical Fluid Dynamics 10 / 22



3-2. Outline of proof of Main Theorem

v(t) = e Loy — /0 e E=ILP[(v - V)v](s)ds.

By the contraction mapping principle and Key estimate (1), we can prove
Main Theorem.

Key estimate(1) : L? — L9 estimate of the semigroup e~ £

Let » > 2 and the stationary solution u, satisfy Assumptiond Then the
following estimates hold: for f € JP(H)

_nel_1
lle th||q<Cp,q P q)Hpr 1<p<qg<oo, p# oo,
IVe™flly < Cpq 7257072 £, 1<p<q<oo.
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3-2. Outline of proof of Main Theorem

v(t) = ety — /0 e~ I P[(v - V)] (s)ds.

If we set

/ 9L P(( - ) (3)ds,

= e vy — H(v,v)(t),

then the integral equation is written in the form

To find the solution to the integral equation, we have to show that ¢
is a contraction mapping of Z. with suitable choice of ¢ and J.
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3-2. Outline of proof of Main Theorem

We set

L. = {v € BO([0,00); J"(H)) [ [[[v]lle < e,
Jim ([0() = volnos + [lpue + [loor/2e + [Velnrjoe + [Volpw,)

with p a fixed number in (n,00), € is a small positive number determined
later, and where

[V]p.ee = sup s'[fu(-, 5)|| 20,
0<s<t

ollle = [wO)]nos + [Wlpue)e + Woonsze + [VOlnasze + [Vlpww) e
plp) =1/2—=n/2p,  p'(p)=1—n/2p.
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3-2. Outline of proof of Main Theorem
We set
I. = {v € BC([0,00); J*(H)) | [||v]lle <,
tlirfo ([U() = Volno¢ + [Wlpunt + [Voo2e + [VUln2e + [Vv]p,u’(p),t)
= 0}

with p a fixed number in (n,00), € is a small positive number determined
later, and where

[V]p.ee = sup s'[fu(-, 5)|| 20,
0<s<t

ollle = [wO)]nos + [Wlpue)e + Woonsze + [VOlnasze + [Vlpww) e
plp) =1/2—=n/2p,  p'(p)=1—n/2p.

To show that ® is a contraction mapping of Z. with suitable choice of £ and
&, we check these conditions. J
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3-2. Outline of proof of Main Theorem

LP — L9 estimates:

IV e flly < Cpg t 267075 £, k=0,1.

we can prove some estimates for the nonlinear term H(u,v): for example,

[H (w,0)]r iyt < Clt)p ey t[VUln/2.5 n<r<oo.

nonlinear term:

H(u,v) = /0 e~ EILP((u - V)v)(s)ds,
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3-2. Outline of proof of Main Theorem
LP — L7 estimates:

IVEe™  flly < Cpg t

we can prove some estimates for the nonlinear term H(u,v): for example,

Sn(l_1y k
D3| fl,,  k=0,1

[H (w,0)]r iyt < Clt)p ey t[VUln/2.5 n<r<oo.

nonlinear term:

H(u,v) = /0 e~ EILP((u - V)v)(s)ds,

By standard argument (Kato's method), we can prove ® is a contraction

mapping of Z..
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3-3. Outline of the proof of key estimate (1)
Therefore we need to show that

e the operator —L generates a bounded analytic semigroup {e~*},
@ the semigroup e ‘% has the LP — L9 estimates:

n

||V]C _th“q < Cpq t 3 ;_E _5Hf”p’ k=0,1.
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3-3. Outline of the proof of key estimate (1)

Therefore we need to show that

e the operator —L generates a bounded analytic semigroup {e~*},
@ the semigroup e ‘% has the LP — L9 estimates:

IV e fly < Cpg t 26072 £, k=0,1.

Key estimate (2) : resolvent estimate

Let 1 < p < ool There exists a positive number p such that if
|(1 + z,)usl|oo < w0 the following resolvent estimate holds:

<
Al
where A € 3. = {A € C\{0} | |arg\| <7 — ¢} (¢ € (0,7/2)).

A+ L) Ml zewy <
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3-3. Outline of proof of key estimate (1)

_ C
A+ L) | zw) < o

By using the resolvent estimate and the representation formula of
semigroup:

1
et = _— / M+ L) fdA,
T

- 2mi

we can obtain

le™fllp < Cy I1£1l,

for 1 < p < .
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3-3. Outline of proof of key estimate (1)

C
EE

IV + L) lem <

By using the resolvent estimate and the representation formula of
semigroup:

6—th_ L/et/\(A_i_L)—lfd)\’
r

2T
we can obtain
le™ Fllp < Cp £l IVe ™ £l < Cp 72N £l

for 1 < p < oo. By these estimates and Sobolev's embedding
theorem, we can prove LP — L9 estimates.
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3-4. Proof of Key estimate (2)

Key estimate (2) : resolvent estimate

19

10+ enualle <3 = O+ L) em < 37

We shall prove key estimate (2) by following the method due to
Kozono-Yamazaki(98). We notice

A+L=X\+A+B
= A+ A1+ A+ A)PBA+ AT (A + AV

Therefore we see
A+ D)7 = A+ AT [T+ A+ AT2BO+ AT ()7
In order to use the standard argument of Neumann series, we need
1A+ A) 2B+ A) 2 gmy < 1/2.
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We see
(A +A)TZBA+ A) 72, 9)
= ((us - V)N + ATV 4 (N4 A)7V2f Vg, (X + A7 20)
= _<()\ 4 A)—I/Qf7 Uy - V(X—l— A*)—1/2¢>
= (u, (A + A)T2F- V)X + A7) 29
for ¢ € Cg5,(H), f € JP(H). Therefore we obtain

(A +A)T2B(A+ A)"2f,0)|

A+ A) T2+ 20|V X+ A) 726

1
1+z,

A+ AT 2FLIVO+ AT 2],y

<l

1+,

(4 20)us]l oo A+ A)T2FLIV A+ AT 2],

= 2||(1 n)Us||oco
11+ 2l
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Hardy type inequality

=

|| < IVl for g € Wy (H).

P

We use Hardy's inequality and Assumption: ||(1 + x,,)us|ee < pt.

2”(1 +$n)u8“L°° <)‘+A)_1/2f

N *\—1/2
. IV,

<2V + A) V2| [V + A7) 20,
< 2uC| AV (A + ATV f| o || AV2(N + ATV E L
< 20uC | 1l 20| 8l| .-

By duality argument, we obtain
I+ A) 2B+ A) 2 f |l o < 20u]| fl| -
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Therefore choosing p sufficiently small, we have

—_

[+ A) 2B+ A) oy < 5.

It follows from the standard theory of Neumann series that

A+ L) 20w
= A+ A+ B) Yz

=|(A+A) 721+ (A + A)TEBA+ AT (A + A) WHE )

k=0

<O+ A) 22 ) (Z IO+ A)T2B(A+ A)1/2||’Z<Jp)>

< CAT!
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Conclusion

Main result[] Stability theorem for the stationary solution[]

Let n > 2 and vy € J"(H). Then there exist positive constant ;. and
0 such that if us and v satisfy

1L+ zn)uslloo < 5, lvolln <6,

(PNS) admits a global strong solution v.

@ Main results is proved by LP — L9 estimates of certain semigroup.

@ [P — L9 estimates are obtained by resolvent estimate.

@ Resolvent estimate is shown by using Hardy type inequality and
duality argument.
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Appendix: Proof of Hardy type inequality
Hardy type inequality

< C|Vyll, for g € Wy (H).

p

g
1+,

By g € W, P(H), we see

2

) Hg(az',xn> — g(a',0)
» - 1+=z,

p

<

1 [
- / 8yng(x', yn>dyn
0

Tn

p
< Cp”axng(xlaLz)H;D

< Cp”Vng'
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