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§1. Introduction Consider the Euler or NS eq. in Rn, n≥2:

(Pµ)



Ut − µ∆U + (U,∇)U + ∇P = F in Rn×(0,T ),

∇ · U = 0 in Rn×(0,T ),

U |t=0 = U0 in Rn.

U = U(µ) = (U1(x, t), . . . , Un(x, t)) velocity (unknown),

P = P (x, t) pressure (unknown),

U0 = (U1
0(x), . . . , Un

0(x)) initial velocity (given),

F = (F1(x, t), . . . , Fn(x, t)) external force (given).

µ ≥ 0 constant ; ∇ · U0 = 0, ∇ · F = 0: compatibility cond.
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[Ebin-Marsden, Kato] U0∈Hs
σ(Rn), n ≥ 2, s > n/2 + 1

⇒ local existence of a unique strong solution U to (P0);

U ∈C([0,T ];Hs
σ)∩C1(0,T ;Hs−1), P =

∑
RjRkUjUk.

[Beirão da Veiga-Valli] U0∈C∞(Rn) ⇒ U ∈C∞(Rn×[0,T ]).

Aim 1: existence& propagation of regularity in bounded case.

[Pak-Park] U0∈B1
∞,1 ⇒ ∃1 strong solution. B1

∞,1⊂W1,∞.

commutator type estimate, trajectory flow [Chemin, Vishik]
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[Beale-Kato-Majda] lim inft→T∗ ‖U(t)‖Hs = ∞

⇐⇒
∫ T∗

0
‖rotU(t)‖L∞ dt = ∞.

(If n = 2, then ‖rotU(t)‖L∞ ≤ ‖rotU0‖L∞ for t > 0).

[Swann] U(µ) → U(0) in L∞(0, T ;Hs) as µ → 0.

Aim 2: apply these techniques to our situation.

Note: trajectory flow argument is not applicable for NS.
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Initial Data U0(x) := u0(x) + f(x) ⇒ U0∈Cα(Rn), α > 2

where u0∈Hs
σ(Rn), s > n/2 + 1;

f ∈W
∞,∞
σ (Rn) s.t. ‖∇kf‖∞ ≤ ∃C, ∀k ∈ {0, . . . , [s] + 1}.

External Force Let F̃ := F̃µ := F + µ∆f − (f,∇)f −∇P̄ ,

F̃ ∈L1(0,T ;Hs
σ) with some scalar function P̄ = P̄µ.

Note: (U, P ) = (f, P̄ ) is a stationary solution ⇒ F̃ = 0.

Moreover, n = 2 (or n = 3, axi-symmetry, no swirl) and

F = 0 ⇒ f = C. [Koch-Nadirashvili-Seregin-Šverák]
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§2. Main Results Substitute u := U − f , P̃ := P − P̄ . Then

(P′
µ)



ut − µ∆u + (u + f,∇)u + (u,∇)f +∇P̃ = F̃ ,

∇ · u = 0 in Rn×(0,T ),

u|t=0 = u0 in Rn.

µ ≥ 0, u0∈Hs
σ, s > n/2 + 1, f ∈ W

∞,∞
σ , F̃ ∈L1(0,T ;Hs

σ).

¶ ³
Thm.1 ∃T0 > 0 and ∃1(u, P̃ ) solution to (P′

µ) in the class

u∈C([0,T0];Hs
σ)∩C1(0,T0;Hs−1) with u(0) = u0 and

∂`P̃ =
∑ n

j,k=1

{
∂`RjRkujuk + 2R`Rju

k
(
∂kf j

)}
.

µ ´
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¶ ³
Lemma [Kato-Ponce] If n∈N, s > 0, 1 < p < ∞, then ∃C:

‖Λs(gh)‖p ≤ C
(
‖g‖q‖Λsh‖q̃ + ‖Λsg‖r‖h‖r̃

)
,

‖Λs(gh) − gΛsh‖p ≤ C
(
‖∇g‖q‖Λs−1h‖q̃ + ‖Λsg‖r‖h‖r̃

)
,

where Λ := (−∆)
1
2, 1/p = 1/q + 1/q̃ = 1/r + 1/r̃.

µ ´

Proof Let µ = 0. For simplicity F̃ = 0. Successive Approx.

∂tum+(um−1+f,∇)um+(um,∇)f+∇P̃m=0 in Rn×(0,T )

for m≥2 with ∇· um=0 and um|t=0=u0, u1(x, t):=u0(x).
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(?) ∂tum+(um−1+f,∇)um+(um,∇)f+∇P̃m=0.

Multiplying (?) by um, integrating over Rn, we get

1

2

d

dt
‖um‖22 = −〈(um,∇)f, um〉 ≤ C‖∇f‖∞‖um‖22.

Applying Λs := (−∆)
s
2 into (?), testing Λsum, we have

1

2

d

dt
‖Λsum‖22 = −〈Λs(um−1,∇)um,Λsum〉=: I1

−〈Λs(f,∇)um,Λsum〉 − 〈Λs(um,∇)f,Λsum〉 .

I1= 〈Λs{(um−1,∇)um}−(um−1,∇)Λsum,Λsum〉

≤ C
(
‖∇um−1‖∞‖Λsum‖2 + ‖Λsum−1‖2‖∇um‖∞

)
‖Λsum‖2

≤ C‖um−1‖Hs‖um‖2Hs ≤ C‖um‖2Hs. ¤
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§3. Remarks or Corollaries.

(1) propagation of regularity: u0∈C∞ ⇒ u∈C∞(Rn×[0,T ]).

(2) blow-up criteria: let n = 3, then

lim inf
t→T∗

‖u(t)‖Hs = ∞⇐⇒
∫ T∗

0
‖rotu(t)‖Ḃ0∞,∞

dt = ∞, if µ = 0.

⇐⇒
∫ T∗

0

‖rotu(t)‖2/(2−α)
Ḃ−α
∞,∞

1 + log
(
e + ‖rotu(t)‖2/(2−α)

Ḃ−α
∞,∞

)dt = ∞
∀α∈(0,1),
if µ > 0.

(3) vanishing viscosity: if F̃µ→ F̃0 in L1(0,T ;Hs) as µ→0,

then u(µ)→u(0) in L∞(0,T ;Hs) as µ→0.(
⇐ e.g. ∆f ∈Hs, P̄ =

∑
j,k RjRkf jfk and F ∈L1(0,T ;Hs

σ)
)
.
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dt = ∞, if µ = 0.

⇐⇒
∫ T∗

0

‖rotu(t)‖2/(2−α)
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dt = ∞, if µ = 0.

⇐⇒
∫ T∗

0

‖rotu(t)‖2/(2−α)
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