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Instability of an anti-parallel vortex pair
Leweke & Williamson: J. Fluid Mech. 360 (1998) 85
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plane perpendicular ta the vortex axes shortly after the end ol py g 4 Visualization of vortex pair evolution under the combined action of long-wavelength
{Crow) and short-wavelength instabilities. Re = 2750, The pair is moving lowards the observer. (a)
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Close-up views
of the short-wave
Instability

Leweke & Willlamson: J.
Fluid Mech. 360 (1998) 85

Cooperative elliptic instability of a vortex pair 95

(b)

Figure 5. Simultaneous close-up views of the short-wavelength vortex pair perturbation in fig-
ure 4(c) from two perpendicular directions. Re = 2750, t* = 6.8. (a) Front view (pair moving
towards observer), (k) side view (pair moving down). The phase relation between the two vortices
is clearly visible.



Weakly nonlinear stability of an elliptically
strained vortex tube: Eulerian treatment

Sipp: Phys. Fuids 12 (2000) 1715
Waleffe: PhD Thesis (1989)

Lamb-Oseen vortex in a straining field

ug(7)=[0.r{}(r).0]. (2)
w7 8 =frsin28.12df/ dr cos 26.0], (3)
u,(7) represents the velocity field associated with the
axisymmetrical vortex, {1(r) designating the angular ro-
tation. For a Lamb—Oseen vortex

1—exp(—r)
(Nr)= F:t }

(4)



Eulerian treatment sipp: Phys. Fluids 12 (2000) 1715
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Sready 2D srrained vortex

A combination of two helical waves
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Unsteady 3D permarhation

Amplitude equations
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Eulerian treatment sipp: phys. Fluids 12 (2000) 1715

Subspace

B=A

dr
in which

D=Dyr—Dwr. Equ=|4,|?

DD=DI~{F|"-[{:||E-

daAd —
— =+jd+id(D|4|*—D,).

Hamiltonian normal form
Knobloch, Mahalov & Marsden
Physica D 73 (1994) 49

Energy of excited wave
at O(a?) |4]*+C'=E,.

EEEN — Do =0

Mie & Y. F. (2010)
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FIG. 6. Trajectones in the phase space projected on a plane C"=cte m the cases Dy=0.1, 0.75, 1,2, 10. The cwcle in each fizure represents the instial
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Elliptically strained vortex

U = eUy(r,0) + V = Vo(r) + eVa(r,0) +
d = By(h) + ”fbl(r 9)

O(<”) Rankine vortex

] r (r<1)
. | 1r >, W ,f

O(e') Pure shear

Uy =—rsin20, Vi=—rcos20 (r<R(6,2)).

The boundary shape: R(0,=) ~ 1 + 4= cos 26

Question: “Influence of pure shear upon Kelvin waves ?"
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Example of a Kelvin wave m

i(koz+mb—wqot)

U X €

~




Dispersion relation of Kelvin waves

2m(nm ko)
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Equations for disturbance of |O(¢)

wpeF==wls g = {ug, v1, wi, T, 61
—iwpug + 6— — 2 + ﬂ = Wiy + (r% +u ) sin 20 + % c0s 26
wpuy a0 1 Ay W10 A 0 | =11 =t ag o

%Jru_:Jr_%“k“w = —ikiwo (r<1).

o1 | 1801 | 1 8¢y

a2 7 or 72 a2 kg b1 = 2k1kodo (r>1).

Disturbance field for the m, m + 2 waves
Pose to O(&")

_ o, () im0, (2) i(m+2)6 __
Uo =g € T g € ‘parametric resonance
Then at O(e!) Me—%’ (= cos 26, sin 20)
= |y = ugl)ﬁimﬂ + u'{lg)ﬁi{-m—I—Q}E 1 u{ ) l{m 2)6 + HE }Ei i(m-+4)0
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Growth rate of
helical waves
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Closed form representation of spectra  -1.0

-2.0
For stationary mode (., = 0) 3.0 ' ' ' '
the growth rate is 0 2 4 6 8 10
Ko
2 2
3 kOKO 3k‘oK0 2 kOKO 8]€0K0 2
= {2 kg + 1 6 2k5 + 3
O 1max 2{ ( K1 ) =+ K1 + o+ K1 + K1 + o+
where Kp .= Ko(ko), Kq:= Kl(kO)
K T imax Ak
0 0.5 " Instability occurs at
2.504982369 0.5707533917 2.145502816 : : -
4.349076726 0.5694562098 3.518286549 everylnte_rsectlon points
6.174012330 0.5681222780 4.883945142 of dispersion curves of
7.993536550 0.5671646287 6.247280752

+ 17
9.810807288 0.5664714116 7.609553122 (m, m+2) waves !



Krein’'s theory of Hamiltonian spectra

Spectra of a finte-dimensional Hamilton system

z(t) o e
Imo Ime
Imeo ’
I g T
O oo O 0 Of Reo| O] Reo
—{ a
impossible |Krein collision
Imo = wy | [mo Reo
m = —1 | |
T - - qul I3
< - ko = OF—= < 10
m =1 cos26
sin 20

Hamiltonian Hopf bifurcation



Wave energy: Difficulty in Eulerian treatment

base flow disturbance
u=U+u; u=oaug + %oﬂf&oz
Excess energy: %/quV _ %/UQdV
1

— a0 H + 504252}[;
OH = /U-&de, 52H :/ (’&,31 —I—U’&,()Q) dV

« OH # const. §*H + const.

* Complicated calculation would be required for U2




Steady Euler flows

G.K. Vallis, G.F. Carnevale and W. . Young Kinematically accessible variation
(= preservation of circulation)

1
@ w = Eeijkwk(a:‘, t)dx; A d.:Cj

r—Tr = w=0uw,

1

/ Eeijkwk(w,t)d:ci A dZIZj
1

Isovortical sheets z
(W'r = wr + &«U’r)

Theorem (Kelvin, Arnold '65) A steady Euler flow is a
coditional extremum of energy H on an isovortical sheet
(= w.r.t. kKinematically accessible variations).



Geometric formulation:

G = SDiff(D) : volume preserving diffeomorphism of G
G : Lie algebral of G, G* : dual space of G.

Lie-Poisson bracket | r f,) .= <l(5(f117 55Fz] 7U>; ve Gl Fy: G R
v (%

Hamiltonian functional H : ¥ — R

OF
Hamiltonian equation 5 = {F,H} for F:G" - R

OF v\ _ [|oF 6H _ g (OHN OF
s ot/ \|dv v |’/ T \*\ %0 ) 50"

— b, e e
ot - Sv (%I >
(u,ad(&)*v) := (ad(&)u, v) - Euler-Poincaré eq

Adjoint representation  ad(§)u = [§,u] := (u- V) — (£ - V)u for §,u € G(D)




Fuler flows

. B 0
v~v+df € G(D), u—u-a—wEQ(D)

<u,v>:/Dv(u)dV:/vaujdV

Adjoint representation Lie derivative

ad(§u=[{u] == (u-V)§— (- V)u=V x (§ xu)=—-L for {ueG(D)
(u,ad(§)*v) == (ad(§)u,v)
ad*(&lv = & <§; - ngzﬁ) dz’ + %dxi
= [—& x (V xv) + Vf], dz’

Euler Poincaré equation



Velocity field in Lagrangian displacement

Pe,t S SDIH(D)

ve(t) = Ad*((perowr) ) v(0)
= Ad* (‘Pet ) v(t)

Isovortical sheet

Ee(t) € G s.t. et = expe(t)

0

ue(to) = (‘Pe,t 0 (pt O (Pt_ol 0 sogto) = u + Z

=5 ad(€)" (S — ad(v)¢)

+1)'

2 0
f=ctrt et up =21~ ad(wé;
2
uezu—l-eul—l-%ug—{---- up = E_ad(u)§2+ad(£1) (gl_ad(u)fl

ot




Equation of Lagrangian displacement

00
— 1
ve(t) = Ad* (g ) v(t) = 3 — [-ad"(&)]" v
n=0""
€2
've='v—|—€vl—|—§'v2—|—---
vy = —ad*(&1)v, vy =P[&; X w],

vp = —ad*(&)v + ad*(€1)ad*(é1)v |v2 =P [§ X (V X (§; x w)) + €5 X w]

0H

Postulate ue(t) = —| (1)
5’0 €
02H D&
U1 =55 E+(u'v)§1—(§1'v)uz’”1
2 3
up = (;U[;I’UQ + ivg(vl,vl) 88—5752 + (u-V)o — (§2-V)u+ (u1 - V)& — (&1 - V)ug = vo




Wave energy

2
H(UE)zH(’U)+6H1—|—%H2_|_...

v1 = —ad™(&1)v,
vp = —ad™({2)v + ad*(§1)ad™(&1)v

Hy = <(?j:’01> = <(ZIZ:' —ad*(§1)v) = — <ad(§1)(?jav>

* oH _ v\ : :
= <§1,ad (qu) v> = — <£ ’8t> = 0 if v is steady.

2= (2 )+ (Pl ) =~ (0 25 - (. 22)
For steady flow
2 = (00 = (e () o) = (20 (v

— /w-(%xﬁl)dv




Energy of Kelvin waves

Lagrangian dispalcement &, =Re [Coé(r;wo,m,ko)ei(m”ko_“’ot)] ;

A Wop —m m
&) = T e == D) — o~ )
o —
2(m) . Wo —m m
59 — \/4 WO — 2 {—?(wo —m— Q)Jm(nmr) - 277me+1(77mr)}7
égm = —iko\/4 — (wo — M)2 T (M), where 1, 1= ko/4/(wo —m)2 — 1.
The wave energy per unit length in z is Fo = wopo;
—_— 1 ~
o = 27|Col? “’0 e / €]2dr
8D
= 7|Co|? 8—%(w0,m Jk);

D(wo,m, k) := (wo — m) I (Mm) [(wo — m)NmJm—1(Nm) — m(wo —m + 2)J (1m)]

po = Eo/wo : wave action, D =0: dispersion relation




Energy signature of helical waves (m=+1)

# Blue: positive wave-energy
# Red: negative wave-energy
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Drift current

For n € G,

2
€
J€:<77av>+€<77:’01>+5<77,’02>—|—---

Jy = (n,01) = (n, —ad*(&1)v) = (€1, a#(n)v)
Jo = (n,v2) = (€2, a/d*«m + (€1, ad* (n)v1)

If the basic flow has a symmetry ad*(n)v =0
J1 =0, Jo = (&1,ad™(n)vy1)

= (&1,ad"(n)v1) = (ad(n)&1, —ad™(§1)v) = (—Ln&1,&1 X w)
— /w-(&’l x Lp€1) dV

Hamiltonian Noether’s theorem
Suppose that dn € G st.{<nmv>H}=0
then < n,v >= const.




Drift current in a cylindrical vortex

A :/w-(£1 x Ly€1) dV

0€1

n =rey 20 w (61 X 86)

N — e€; JQZ—/W'(glxagl)dv
0z

Substitute the Kelvin wave &, = Re [Coéei(m”’foz—wot)}

i —
Ja: = [T304 = ko|CBIL, [w- (€ x €) dA = houg

ko=0=Jy, =0 genuinly 3D effect !

Hy = wopo, J2o = mpg, Jo. = kopo) pPSeudomomentum




Axial flow-flux of a helical wave (m=1)

The moximum. qrowth jafe € oruy
The instebiley “band widd. € 4k,

y
Wms

ak
{):LD3I|}
W“"’U
oon«%ﬁ‘}

0.00407 }
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o

( Oymox = 0:570 {o.m (0568 (0.5

2 n=1l .- -
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For the principal mode (=stationary)
ko = ICD 1) =0
« 2.505

« 4.349



Confined geometry: a cylinder with elliptic cross-section
Experimental Study of the Multipolar Vortex Instabilty

Eloy, Le Gal & Le Dizes: (a)
Phys. Rev. Lett. 85 (2000) 3400

Instabilty of flows with elliptic ”
streamlines

(c)

id)

FIG. 1. Expernmental setup: (I) plastic elastic cylinder filled
with water; (II) rollers.

FIG. 4 Four successive images of the flow for n = 2, Re =
5000, H/R = 796, and (a) {}t = 294 solid body rotation;
(b) 0t = 715, appearance of mode (—1,1,1); (c) )t = 943,
vortex breakup; (d) {1+ = 1113, relaminanzation.



Weakly nonlinear amplitude equations

ugy = |A_ () u_(r)e Yekoz + Ay (t)u_|_(7‘)eigeik0z + C.C.

dAL | _
— - =& cadz + 0?4 (0] AL + |45 [%)
_3Gk+1
“Teakk+1)y T V3ko,
— ng 4 1 2 2 4 2 I ; 5 5 -
— 3G+ 1) [Jo(??)2 ./O rdo(nr)<Ji(nr)<dr — (11kg + 13k§ 4+ 5)Jo(n) ] R 10 ko ”0
—k§ 64k2 1
c= 12(2k§0+ D) [JO(??[)JQ /O rJo(nr)2Jy (nr)2dr + (20k§ + 97kG + 14k3 — 27)J0(n)2] ,

wavenumber | Ko |1.579 |3.286 |5.061 |6.856 |8.659 |10.47
a(>0) | 0.5312 | 0.5542 | 0.5589 | 0.5605 | 0.5613 | 0.5617
coefficients b(>0) | 0.3976 | 8.286 | 40.45 |118.4 |266.1 |509.5
c(<0) |-5.222 |-53.39 |-212.8 |-562.1 |-1185 |-2170




Restricted dynamics A=A, =7A"

— aa . b+c —>
— _=1[A+ b+cAA]
et a- ( )IA] —kg log kg/V/3m
ko 1.579 3.286 5.061 6.856 8.659 10.47 Equ|||br|um Amphtude
a (>0) [ 0.5312 | 0.5542 | 0.5589 | 0.5601 | 0.5613 | 0.5617 |A| — \/a/|b—|—c|
b+c(<0) |-4.824 |-45.10 |-172.3 |-443.7 |-919.3 |-1661 1/2
N §( V37 )
| 4 \ k3 log kg
Z
= .
Re(A) & .

“‘I\‘l\\‘ -
e

20

Time T




Summary

Linear stability of an elliptic vortex, a straight vortex tube subject to a
pure shear, to three-dimensional disturbances is calculated.

This is a parametric resonance instability between two Kelvin waves
caused by a perturbation breaking S*-symmetry of the circular core.

1. Lagrangian approach: Energy of the Kelvin waves is calculated by
restricting disturbances to kinematically accessible field
linear perturbation is sufficient to calculate energy, quadratic in amplitude!

——> Modification of mean field at 2nd order: o5,

2. Axial current: For the Rankine vortex, 2nd-order drift current 5
Includes not only azimuthal but also axial component 7w5..

X § X k
energy & wave action _0> pseudomomentum

3. Weakly nonlinear amplitude equation: Hamiltonian normal form
Its coefficients are all determined explicitly.

4. Short-wave asymptotics: The equlibrium amplitude is obtained.

:> Secondary instability (three-wave resonance)
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