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1-1. Motivation

· Several numerical simulations of turbulent flows have led to
the general conclusion that vortex tubes play important roles in
local structures of such flows.

cf. Townsend (1951), Robinson-Saffman (1984),
Kida-Ohkitani (1992), Moffatt-Kida-Ohkitani (1994),· · ·

The Burgers vortex:
· Explicit stationary solution to 3D Navier-Stokes equations
· Simple model of vortex tubes



1-2. Flows with a background straining flow

V = (V1,V2,V3)⊤: velocity field, P: pressure field

(NS)

{
∂tV − ∆V + (V,∇)V + ∇P = 0 t > 0, x ∈ R3,

∇ · V = 0 t > 0, x ∈ R3,

To model ”vortex tubes” we assume thatV takes the form

V = Mx+ U, M =

−
1
2 0 0

0 −1
2 0

0 0 1

 .
U = (U1,U2,U3): unknown perturbation velocity

cf. Local in time solvability for general matrices M
Sawada (2004), Hieber-Sawada (2005)



1-3. Equations for vorticity fields: Ω = ∇ × V{
∂tΩ − ∆Ω + (V,∇)Ω − (Ω,∇)V = 0 t > 0, x ∈ R3,

∇ ·Ω = 0 t > 0, x ∈ R3.

FromV = Mx+ U, we have

(V)

{
∂tΩ − LΩ + (U,∇)Ω − (Ω,∇)U = 0 t > 0, x ∈ R3,

∇ ·Ω = 0 t > 0, x ∈ R3.

LΩ = ∆Ω − (Mx,∇)Ω + MΩ

=

 ∆hΩh +
xh

2 · ∇hΩh − 1
2Ωh + ∂

2
x3
Ωh − x3∂x3Ωh

∆hΩ3 +
xh

2 · ∇hΩ3 + Ω3 + ∂
2
x3
Ω3 − x3∂x3Ω3

 .



1-4. Biot-Savart law

SinceΩ = ∇ × V = ∇ × (Mx + U) = ∇ × U, we formally recoverU
fromΩ via the Biot-Savart law:U = (−∆)−1∇ ×Ω

(i) 3D Biot-Savart law

U(x) = K3D ∗Ω (x) = − 1
4π

∫
R3

(x− y) ×Ω(y)
|x− y|3 dy.

(ii) 2D Biot-Savart law

If Ω(x) = (0,0,Ω3(xh))⊤ thenU(x) = (Uh(xh),0)⊤ and

Uh(xh) = K2D ∗Ω3 (xh) =
1
2π

∫
R2

(xh − yh)⊥

|xh − yh|2
Ω3(yh)dyh,

where x⊥h = (−x2, x1)⊤.



1-5. Burgers vortex

(V)


∂tΩ − LΩ + (U,∇)Ω − (Ω,∇)U = 0,

U = K3D ∗Ω,
∇ ·Ω = 0.

We consider the vector fieldG defined by

G(x) = (0, 0, g(xh))
⊤, g(xh) =

1
4π

e−|xh|2/4.

Proposition 1 For eachα ∈ R, αG is a stationary sol. to(V).

Rem. (i) This exact solution was found by Burgers (1948).

(ii) The parameterα is calledthe circulation numberwhich represents
the intensity of the Burgers vortex.



2.1 Stability of the Burgers vortex

Main goal: Show the asymptotic stability of the Burgers vortex
αG for all circulation numbers.

Lemma 1 Assume thatΩ = (Ωh,Ω3)⊤ ∈
(
L1

loc(R; L1(R2))
)3 satis-

fies∇·Ω = 0 in the sense of distributions. Then there existsα such
that

∫
R2Ω3(xh, x3)dxh = α for a.e. x3 ∈ R. Moreover, the value∫

R2Ω3(xh, x3, t)dxh is conserved under(V).



Reminding this lemma, we study the equation forω = Ω − αG
with the condition

∫
R2ω3(xh, x3, 0)dxh = 0:

(V′)


∂tω − (L − αΛ)ω + B(ω,ω) = 0, t > 0, x ∈ R3,

∇ · ω = 0, t > 0, x ∈ R3,
ω|t=0 = ω0, x ∈ R3.

LΩ = ∆Ω − (Mx,∇)Ω + MΩ,

Λω = (UG,∇)ω − (ω,∇)UG + (K3D ∗ ω,∇)G − (G,∇)K3D ∗ ω,

UG = K3D ∗G,

B(ω,ω) = (K3D ∗ ω,∇)ω − (ω,∇)K3D ∗ ω.



2.2 Functional settings

· functional setting that allows for perturbations in the class to
which the Burgers vortex belongs:

The Burgers vortex is essentially atwo-dimensionalflow. We
thus assume that the perturbations are:

(i) localizedin thehorizontaldirection,

(ii) boundedin theverticaldirection.



(i) 2D space:

ρm(r) =

 (1+
r

4m
)m, 0 ≤ m< ∞,

er/4, m= ∞.

L2(m) = { f ∈ L2(R2) |
∫
R2
| f (xh)|2ρm(|xh|2)dxh < ∞}

L2
0(m) = { f ∈ L2(m) |

∫
R2

f (xh)dxh = 0}, for m> 1.

(ii) 3D space:

X(m) = BC(R; L2(m)), ∥ f ∥X(m) = sup
x3∈R
∥ f (·, x3)∥L2(m),

X0(m) = BC(R; L2
0(m)).

X(m) = (X(m))2 × X0(m), m> 1.



2.3 Known results for stability of Burgers vortices {αG}α∈R
(i) Two dimensional stability: ω(x) = (0, 0, ω3(xh))⊤

It is already known that the Burgers vortex is globally stable in
L1(R2) for all α.

Giga-Kambe (1988); ∥ω0,3∥L1(R2), |α| ≪ 1.
Carpio (1994), Giga-Giga (1999); |α| ≪ 1.
Gallay-Wayne (2005); ∀α ∈ R.

(ii) Three dimensional stability: ω = (ω1, ω2, ω3)⊤

Schmid-Rossi (2004): linear stability by numerical calculations.

Gallay-Wayne (2006): lim
t→∞
∥ω(t)∥X(m) = 0 if |α|+ ∥ω0∥X(m) ≪ 1.



2-5. Main result: Stability for all circulation numbers

Theorem 1 Let m> 2 andα ∈ R. Then there existsδ = δ(α,m) > 0
such that for anyω0 ∈ X(m) with ∇ · ω0 = 0 and ∥ω0∥X(m) ≤ δ, Eq.
(V′) has a unique time global solutionω satisfying

∥ω(t)∥X(m) ≤ Ce−
t
2∥ω0∥X(m), t > 0.

The numberδ satisfies lim
|α|→∞

δ(α,m) = 0.

Rem. (i) This result gives a time global solution to (NS) of the form

V(t) = Mx+ αK3D ∗G + K3D ∗ ω(t).

(ii) We have auniformdecay rate in time for perturbations. The key
point is to show thatL − αΛ has auniform spectral gapfor α ∈ R.



3-1. Analysis of the linearized problem

Lω = ∆ω − (Mx,∇)ω + Mω,

Λω = (UG,∇)ω − (ω,∇)UG + (K3D ∗ ω,∇)G − (G,∇)K3D ∗ ω.

Lemma 2 Let m> 2 andα ∈ R. Then for anyω0 ∈ X(m) with
∇ · ω0 = 0, we have

∥et(L−αΛ)ω0∥X(m) ≤ Ce−
t
2∥ω0∥X(m), t > 0.

Here C depends only onα and m.



3-2. Basic strategy in the study ofet(L−αΛ)

Step 1: Show the exponential time decay of∂k
x3

et(L−αΛ) for
k≫ 1.

Key: Use the relations

[L, ∂x3] = L∂x3 − ∂x3L = −∂x3, (1)
[Λ, ∂x3] = 0. (2)

(i) The property (1) comes from the term−x3∂x3 in L.
(ii) The property (2) follows from the fact that the Burgers vortex is a

2D vorticity field.

∂k
x3

et(L−αΛ) = e−ktet(L−αΛ)∂k
x3
,

∥∂k
x3

et(L−αΛ)ω0∥X(m) ≤ Cαe
−kt+C(α)t∥∂k

x3
ω0∥X(m).



Step 2: Get the estimate ofet(L−αΛ) by theinterpolation.

Key: Roughly speaking, we establish the estimate ofet(L−αΛ)ω0
in terms ofω0 and∂x3e

t(L−αΛ)ω0, such as

∥et(L−αΛ)ω0∥X(m) ≤ C(α,m)e−
t
2∥ω0∥X(m)

+C(α,m)
∫ t

0
e−

t−s
2 ∥∂x3e

s(L−αΛ)ω0∥X(m)ds.

∥∂x3e
s(L−αΛ)ω0∥X(m) ≤ C∥es(L−αΛ)ω0∥

1−1
k

X(m)∥∂
k
x3

es(L−αΛ)ω0∥
1
k

X(m).



Remark. (i) Step 1 is easy to establish, although it is crucial
in our proof.

(ii) The proof of Step 2 is more complicated and technical.
The key idea is to introduce the decomposition

L − αΛ = L2D,α + ∂
2
x3
− x3∂x3 − αH.

(I) L2D,α is a purely (but vectorial)2D operator.

(II) H is regarded as aremainderin the sense that we have the
estimates such as

∥Hω∥X(m) ≤ C∥ω∥γX(m)∥∂x3ω∥
1−γ
X(m), γ ∈ (0,1).



3-4. Decomposition ofL − αΛ

Set Lh = ∆h +
xh

2 · ∇h + 1.

L2D,αω =

 L2D,α,hωh

L2D,α,3ω3

 =
 Lhωh − 3

2ωh − α(UG
h ,∇h)ωh + α(ωh,∇h)UG

h

Lhω3 − α(UG
h ,∇h)ω3 − α(K2D ∗ ω3,∇h)g

 ,

Hω = (K3D ∗ ω,∇)G − (K2D ∗ ω3,∇)G − (G,∇)K3D ∗ ω.

=⇒ L − αΛ = L2D,α + ∂
2
x3
− x3∂x3 − αH.

Remark. If ω(x) = ω(xh) thenHω = 0.



The important step is to study the eigenvalue problem ofL2D,α.

L2D,αω =

 L2D,α,hωh

L2D,α,3ω3

 =
 Lhωh − 3

2ωh − α(UG
h ,∇h)ωh + α(ωh,∇h)UG

h

Lhω3 − α(UG
h ,∇h)ω3 − α(K2D ∗ ω3,∇h)g

 .
Lemma 3 Let m> 2. Letλh andλ3 be the eigenvalues of L2D,α,h

and L2D,α,3 in (L2(m))2 and L2
0(m), respectively.

ThenRe (λh) ≤ −3
2 andRe (λ3) ≤ −1

2.

Remark. The estimate of the eigenvalues forL2D,α,3 is obtained by
Gallay-Wayne (2005).



3-5. Eigenvalues ofL2D,α,h in (L2(∞))2 = (L2( dxh

g(xh)
))2

Lhωh −
3
2
ωh − α(UG

h ,∇h)ωh + α(ωh,∇h)U
G
h = λωh, ωh ∈ (L2(∞))2.

⇒ Reλ ≤ −3
2

Key properties:

(i) Lh = ∆h +
xh

2 · ∇h + 1 is self-adjointin L2(∞), and

⟨−Lhϕ, ϕ⟩ ≥ 0, ϕ ∈ L2(∞) ∩ D(Lh),

⟨−Lhϕ, ϕ⟩ ≥
1
2
∥ϕ∥2L2(∞) ϕ ∈ L2

0(∞) ∩ D(Lh).

(ii) Skew-symmetryof (UG
h ,∇h)· :

Re⟨(UG
h ,∇h)ϕ, ϕ⟩ = 0.

Rem. The property (ii) follows from the fact thatUG
h (xh) ⊥ (x1, x2)⊤.



Lhωh−
3
2
ωh−α(UG

h ,∇h)ωh+α(ωh,∇h)U
G
h = λωh, ωh ∈ (L2(∞))2.

(3)

By taking the inner product withωh in (3) we have

Reλ ∥ωh∥2

= Re⟨(Lh −
3
2

I )ωh, ωh⟩ − αRe⟨(UG
h ,∇h)ωh, ωh⟩ + αRe⟨(ωh,∇h)U

G
h , ωh⟩

≤ −3
2
∥ωh∥2 + αRe⟨(ωh,∇h)U

G
h , ωh⟩

= −3
2
∥ωh∥2 + 2αRe

∫
R2

xh · ωh x⊥h · ω̄h f (|xh|2)
dxh

g(xh)
.

where f (r) = 1
2π

d
dr(1− e−

r
4)/r.



The functionxh · ωh satisfies

λxh · ωh = (Lh − 2I )xh · ωh − α(UG
h ,∇)xh · ωh − 2∇h · ωh,

thus we have

Reλ ∥xh · ωh∥2 ≤ −2∥xh · ωh∥2 − 2Re⟨∇h · ωh, xh · ωh⟩.

The function∇h · ωh satisfies

λ∇h · ωh = (Lh − I )∇h · ωh − α(UG
h ,∇h)∇h · ωh,

which leads to

Reλ ∥∇h · ωh∥2 ≤ −
3
2
∥∇h · ωh∥2.



4. Summary

(i) The axisymmetric Burgers vortex is locally stable with respect
to 3D perturbations forall circulation numbers.

(ii) The rate of convergence is estimateduniformly in the circula-
tion numbers.

(iii) Key idea is to use:

· Stabilizing effectof −x3∂x3 (for x3 derivatives)

· Decompositionof the linearized operator into thehorizontal part
and thevertical part .

· Special cancelation (symmetry) in thehorizontal part of the lin-
earized operator in a weightedL2 space.



We denote byress(T) the essential spectral bound of a bounded lin-
ear operatorT.

Proposition 2 Let m∈ (1,∞) andα ∈ R. Then in(L2(m))2 we have
for each t> 0,

ress(e
tL2D,α,h) = ress(e

t(Lh−3
2I )) = e−(m

2+1)t.

By Proposition 2 it suffices to study the behavior of discrete eigen-
values ofL2D,α,h. So we consider the eigenvalue problem in (L2(m))2:

(L2D,α,hωh =)Lhωh−
3
2
ωh−α(UG

h ,∇h)ωh+α(ωh,∇h)U
G
h = λωh. (4)

Proposition 3 Let m∈ [0,∞) andα ∈ R. If ωh ∈ (L2(m))2 satisfies
(3) with Reλ > −m

2 − 1, thenωh ∈ (L2(∞))2.



Rα(t): semigroup ofL2D,α + ∂
2
x3
− x3∂x3

(Rα(t) f )(x) =
1√

2π(1− e−2t)

∫
R

e
− |x3e−t−y3|2

2(1−e−2t) (etL2D,α( f (·, y3))(xh)dy3.

SinceL − αΛ = L2D,α + ∂
2
x3
− x3∂x3 − αH, the solutionω(t) =

et(L−αΛ)ω0 satisfies

ω(t) = Rα(t)ω0 − α
∫ t

0
Rα(t − s)Hω(s)ds.

We need:

(i) Estimate ofRα(t) (obtained from the estimate ofetL2D,α)

(ii) Estimate ofH (obtained from the Biot-Savart law)



3-4. Proof of Step 2: II. Estimate ofRα(t)
Rα(t): semigroup of L2D,α + ∂

2
x3
− x3∂x3 in X(m) = (X(m))2× X0(m)

L2D,α = (L2D,α,h, L2D,α,3)⊤

Rα,h(t): semigroup of L2D,α,h+∂
2
x3
−x3∂x3 in (X(m))2 = (BC(R; L2(m)))2

Rα,3(t): semigroup of L2D,α,3 + ∂
2
x3
− x3∂x3 in X0(m) = BC(R; L2

0(m))

Proposition 4 Let m> 2 andα ∈ R. Then we have

∂x3Rα(t) = e−tRα(t)∂x3, (5)

∥Rα,h(t) fh∥(X(m))2 ≤ Cα,ϵe
−(3

2−ϵ)t∥ fh∥(X(m))2, fh ∈ (X(m))2, (6)

∥Rα,3(t) f3∥X(m) ≤ Cα,ϵe
−1

2t∥ f3∥X(m), f3 ∈ X0(m). (7)



3-4. Proof of Step 2: III. Estimate of H

H f = (K3D ∗ f ,∇)G − (K2D ∗ f3,∇)G − (G,∇)K3D ∗ f .

Then H f = (Hh f , H3 f )⊤, where

 Hh f

H3 f

 =
 −g∂x3(K3D ∗ f )h

(K3D ∗ f ,∇)g− (K2D ∗ f3,∇)g− g∂x3(K3D ∗ f )3

 ,
Proposition 5 Let m> 1. Then we have

∂x3H = H∂x3, (8)
∥Hh f ∥(X(m))2 ≤ C∥∂x3 f ∥X(m), (9)
∥H3 f ∥X(m) ≤ C(∥∂x3 f ∥X(m) + ∥ fh∥(X(m))2). (10)

If f is a 2D vorticity field, thenf (x) = (0, 0, f3(xh))⊤ andH f = 0.



3-4. Proof of Step 2: V. Estimates ofRα(t).
Rα(t): semigroup of L2D,α + ∂

2
x3
− x3∂x3

(Rα,h(t) fh)(x) =
1√

2π(1− e−2t)

∫
R

e
− |x3e−t−y3|2

2(1−e−2t) (etL2D,α,h( fh(·, y3))(xh)dy3,

(Rα,3(t) f3)(x) =
1√

2π(1− e−2t)

∫
R

e
− |x3e−t−y3|2

2(1−e−2t) (etL2D,α,3( f3(·, y3))(xh)dy3.

It is not difficult to see

∥Rα,h(t) fh)∥(X(m))2 ≤ sup
y3∈R
∥etL2D,α,h( fh(·, y3))∥(L2(m))2,

∥Rα,3(t) f3)∥X(m) ≤ sup
y3∈R
∥etL2D,α,3( f3(·, y3))∥L2(m).



Our goal is to show

∥etL2D,α,hϕh∥(L2(m))2 ≤ Cϵe
−(3

2−ϵ)t∥ϕh∥(L2(m))2, ϕh ∈ (L2(m))2,(11)

∥etL2D,α,3ϕ3∥L2(m) ≤ Cϵe
−min{12,

m−1
2 −ϵ}t∥ϕ3∥L2(m), ϕ3 ∈ L2

0(m).(12)

Rem. (12) is obtained by Gallay-Wayne (2005).


