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1-1. Motivation

.- Several numerical simulations of turbulent flows have led to
the general conclusion that vortex tubes play important roles in
local structures of such flows.

cf. Townsend (1951), Robinson{Baan (1984),
Kida-Ohkitani (1992), M&att-Kida-Ohkitani (1994), - -

The Burgers vortex
- Explicit stationary solution to 3D Navier-Stokes equations
- Simple model of vortex tubes



1-2. Flows with a background straining flow

V = (V1, V2, V3)": velocity field, P: pressure field
(NS) vV -AV+(V,V)V+VP =0 t>0, xeR3
V-V=0 t>0, xeR3
To model "vortex tubes” we assume thatakes the form
(_% 0 O
V =Mx+U, M =10 -20].
L 0 0 1

U = (U1, Uy, Us): unknown perturbation velocity

cf. Local in time solvabillity for general matrices M
Sawada (2004), Hieber-Sawada (2005)



1-3. Equations for vorticity fields: Q =V xV

HQ-AQ+(V.V)Q-(QV)V =0 t>0 xeRS3
V-Q=0 t>0, xeRS5

FromV = Mx+ U, we have

V) 0 -LOA+ (U, V)Q-(Q,V)U =0 t>0, xeR53
V.-Q=0 t>0, xeR®

LQ = AQ — (MX, V)Q + MQ

( ARQp + % - VhQh — %Qh + (9)2(3Qh — X3(9X3Qh\

 AnQsz+ - ViQg + Q3 + 05, Q3 — X305,Q3



1-4. Biot-Savart law

SinceQQ = VxV =Vx(Mx+U)=VxU, we formally recovetJ
from Q via the Biot-Savart lawt) = (—A)™'V x Q

(i) 3D Biot-Savart law

(X —y) X Q(y)
X -y

U(X) = Kgp *xQ (X) = _ijlé?» dy.

A7

(i) 2D Biot-Savart law
If Q(X) = (0,0, Q3(X,))" thenU(X) = (Un(X),0)" and

1 . 1
Un(%n) = Koo * Q5 (%) = -~ . (|)>(<: —)3//:)|2 Q3(Yh)dyh,

where X = (=X, X1) .



1-5. Burgers vortex

(0Q - LQ + (U,V)Q - (Q,V)U =0,
(V) 9 U :KgD*Q,
V-Q =0.

\

We consider the vector fiel defined by

1 2/4

GO = (0.0, ). g0x) = 5™

Proposition 1 For eacha € R, oG Is a stationary sol. tqV).

Rem. (i) This exact solution was found by Burgers (1948).

(i) The parametew is calledthe circulation numbewhich represents
the intensity of the Burgers vortex.



2.1 Stability of the Burgers vortex

Main goal: Show the asymptotic stability of the Burgers vortex
aG for all circulation numbers

Lemma 1 Assume tha® = (Qn, Q3)7 € (L (R; LY(R?))" satis-
flesV-Q = 0in the sense of distributions. Then there exisssich

that |, Q3(x. xs)dx, =« for a.e. % € R. Moreover, the value
J2 Q3(Xn. X, t)d %, is conserved undev).



Reminding this lemma, we study the equation doe Q2 — oG
with the condition_, w3(Xn, Xs, 0)dx, = O:

(O — (L — aAN)w + B(w, w) =0, t>0, XeR3
(V') < V-w =0, t>0 xeR3
\ Wli=0 = wo, X € Rg.

LOQ = AQ — (Mx, V)Q + MQ,
Aw = (U%, V)w — (w, V)U® + (Ksp * w, V)G — (G, V)Ksp * w,
U® = Kgp * G,

B(w, w) = (Kap * w, V)w — (w, V)Ksp * w.



2.2 Functional settings
- functional setting that allows for perturbations in the class to
which the Burgers vortex belongs:

The Burgers vortex is essentiallytao-dimensionaflow. We
thus assume that the perturbations are:

() localizedin the horizontaldirection,

(i) boundedn theverticaldirection.



(1) 2D space:
'
( L+ 5" 0<m< o,

pm(r) = 5
" e/4 m = oo.

\

L2(m) = (f € L2RD)| f £ (30) Pom(1 X020 % < o}

R2
Ls(m) = {f e L(m)| | f(x,)dx, = 0}, for m> 1.
R2
(i) 3D space:
X(m) = BC(R; L*(m)), Iflbmy = SUPI (- Xl 2
X3€

Xo(m) = BC(R; L5(m)).

X(m) = (X(M))2 x Xo(m), m> 1



2.3 Known results for stability of Burgers vortices {aG},er

(i) Two dimensional stabilityw(x) = (0, 0, w3(Xy)) '

It Is already known that the Burgers vortex is globally stable in
LY(R?) for all a.

Giga-Kambe (1988); lwoallL1r2), lal << 1.
Carpio (1994), Giga-Giga (1999); |o| < 1.
Gallay-Wayne (2005); Ya € R.

(i) Three dimensional stabilityw = (w1, w2, w3) "
Schmid-Rossi (2004): linear stability by numerical calculations.

Gallay-Wayne (2006)t:_>|ion”w(t)||x(m) =0 If |o+]|lwollxm < 1.



2-5. Main result: Stability for all circulation numbers

Theorem 1 Let m> 2 anda € R. Then there exist& = 6(a, m) > 0
such that for anyvg € X(m) with V - wo = 0 and |lwollxm) < 9, EQ.
(V') has a unique time global solutian satisfying

_1
lo®)llzem < CEHllwollxem, ~ t> 0.

The numbeb satisfieslim 6(a, m) = 0.

|a|—> 00

Rem. (i) This result gives a time global solution to (NS) of the form
V(t) = MX + aK3p * G+ K3p * (,()(t)

(i) We have auniformdecay rate in time for perturbations. The key
point is to show thak — A has auniform spectral gagdor a € R.



3-1. Analysis of the linearized problem

Lw = Aw — (MX, V)w + Mw,

Aw = (U®, Vo — (v, V)U® + (K3p * w, V)G — (G, V)K3p * w.

Lemma 2 Let m> 2anda € R. Then for anywg € X(m) with
V - wg = 0, we have

(L—aA)

_t
1€ wollzm) < C€2||wollxem), t>0.

Here C depends only anand m.



3-2. Basic strategy in the study of{-—4)

Step 1 Show the exponential time decay &f e(-~*" for
K> 1.

Key: Use the relations

[L, 8)(3] — L(?)(3 — ax3|_ — _(9)(3, (1)
[A, 0x,] = 0. (2)

(1) The property (1) comes from the teraxsoy, in L.

(i) The property (2) follows from the fact that the Burgers vortex is a
2D vorticity field.

al;(get(L—aA) kigh(L-an) gk

X3?

o

K A(L—a
I aXBet( A)

IN

wollxm < Co€ |65 wollse(m.



Step 2 Get the estimate af(--* py theinterpolation

Key: Roughly speaking, we establish the estimai@bf*™)w,
in terms ofwy anddy, - wyq, such as

~ _1
L= pollm < Clar, Me 2| wollxm)

t
+Clam) [ &0 Naghmds
0

1€

_ _ 1-1 _ 1
105,63 Mol < ClIEX ™ Nawolly & 105X Mawoll .



Remark. (i) Step 1 is easy to establish, although it is crucial
INn our proof.

(i) The proof of Step 2 iIs more complicated and technical.
The key idea is to introduce the decomposition

L-—aA=Lyp,+ (9)2(3 — X30x, — aH.

(1) Lop,, IS @ purely (but vectorialD operator.

(I) H Is regarded as @maindein the sense that we have the
estimates such as

”Hw”X(m) < C”a)“ (m)||ax3w”X(m)’ Y € (O, 1)



3-4. Decomposition oL — aA

SetLh:Ah+%-Vh+1.

2

9

Lopanwn) [ Lhwh = 3wn — (U2, Vi)wh + a(wh, VR)UP
I—2D,aw —

Lopesws) | Lhws— a(UZ, Vi)ws — a(Kap * ws, Vi)g

Hw = (K3p * w, V)G — (Kzp * w3, V)G - (G, V)Kzp * w.

= L-—aA =Ly, + 05 — X0y — aH.

Remark. If w(X) = w(Xy) thenHw = 0.



The important step Is to study the eigenvalue probleingf,.

LZD,a,hwh ] ( Lhwh — %(J)h — CL’(UG, Vh)wh + a/(a)h, Vh)UrC]; )

I—2D,aw — [

Lopesws) | Lhws— a(UP, Vi)ws — a(Kop * w3, Vi)g

Lemma 3 Let m> 2. LetA, and A3 be the eigenvalues obt., h
and Lop .3 in (L%(m))? and L5(m), respectively.
ThenRe (1p) < —3 andRe (l3) < 2.

Remark. The estimate of the eigenvalues foi, , 3 IS obtained by
Gallay-Wayne (2005).



3-5. Eigenvalues ofzp.qn in (L3(e0))? = (L2(;25))2

3
Lhon — 5Wh (U, Vi)wn + a(wn, V)UP = dwn,  wh € (L))~

= Red < —%’

Key propertieS'

(i) Ln = An+ 2 - Vi + Lis self-adjointin L%(c0), and
(~ L ) 20, ¢ € L¥(c0) N D(Ln),
(Lo, ) =S|Il @ € Lg(e0) N D(Ln).

(i) Skew-symmetrof (U, Vy)- :
Re((Uy, Vh)a, ¢) = 0.

Rem. The property (i) follows from the fact thaﬂﬁ(xh) L (Xg, %) .



3
Lhwn——=wh—a(U2, Vi)wn+a(wn, VUP = dwn,  wp € (L%(00)).

‘ (3)

By taking the inner product withy, in (3) we have

Rel ||wh|[?

3
= Re((Lh - §|)wh, wh) — aR&(UP, Vi)wh, wp) + aR&(wn, VR)Uy, wp)

3
< 5 lwhll® + aRe&((wh, Vh)Ur(];a Wh)
3

= —llwn |2+2cyRef2 Xn - wn X - on T(Xl?) ——
R

dXq
g(Xn)

wheref(r) = 24(1 - e 3)/r.

27rdr



The functionx;, - wp satisfies

AXn - wh = (Ln = 2D)Xn - wh — a(UZ, V)Xn - wh — 2Vh - wh,
thus we have
Rel 1% - whll® < =2l1%n - whl> = 2REVh - wh, Xn - Wh).
The functionVy, - wp, satisfies
AVh - wh = (Ln = DV - wh — a(Ug, Vi) Vi - wh,

which leads to
3
Rel ||Vy - whll® < 51V whll°.



4. Summary

(1) The axisymmetric Burgers vortex is locally stable with respect
to 3D perturbations foall circulation numbers.

(i) The rate of convergence is estimatediformly in the circula-
tion numbers.

(i) Key idea is to use:
- Stabilizing d@fectof —xsdy, (for x5 derivatives)

- Decompositiorof the linearized operator into thrizontal part
and thevertical part.

- Special cancelatiorsymmetry) in thehorizontal part of the lin-
earized operator in a weightéd space.



We denote bys{T) the essential spectral bound of a bounded lin-
ear operator .

Proposition 2 Let me (1, ) anda € R. Then in(L?(m))? we have
for each t> 0,

res\{etl—ZD,a/,h) — resiet(-gh_gl)) — e_(%+1)t.

By Proposition 2 it stfices to study the behavior of discrete eigen-
values ofL,p , n. SO we consider the eigenvalue problemlif((n))?:

3
(LZD,a,hCUh =)Lhwh— Ea)h — CL’(UE, Vh)wh + a(wh, Vh)UE = Awph. (4)

Proposition 3 Let me [0, ) anda € R. If wy € (L2(mM))? satisfies
(3) withRe A > -2 — 1, thenwp € (L#(c0))?.



R.(t): semigroup olop, + 95, — X0,

Ixge-yq)2

RS \/271(11— = [ & T @y oy

Sincel — aA = Lop, + d% — X3dx — aH, the solutionw(t) =
gll=aA) ), satisfies

t
w(t) = Ry(t)wo — a‘fo R, (t — 9 Hw(s)ds

We need:
(i) Estimate ofR,(t) (obtained from the estimate etz<)
(i) Estimate ofH (obtained from the Biot-Savart law)



3-4. Proof of Step 2: |I. Estimate ofR,(t)
R, (t): semigroup of Lap o + 95, — Xadx, in - X(m) = (X(mM))? x Xo(m)

Lope = (Lo Lobes)’
R n(t): semigroup of Lop o n+05,— X0y, in (X(mM))? = (BC(R; L%(m)))*
R, 3(t): semigroup of Lyp 3+ 05, — X30x, In Xo(m) = BC(R; L§(m))

Proposition 4 Letm> 2anda € R. Then we have

Oy,Re(t) = €7R, (1) (5)
3

IR fllixmy? < Cac€ &N fillxmyz~ fn € (X(M)?,  (6)

IR..3(t) fallx(m) < Coc€ Ml fallxmy, 3 € Xo(m). (7)



3-4. Proof of Step 2: Ill. Estimate of H
Hf = (K3D * f, V)G — (KZD * f3, V)G — (G, V)K3D % f

Then Hf = (Hnf, Hsf)", where

[ Hn f ] [ —00x,(Kap * f)n

Hsf (Ksp * f,V)g — (Kop * f3, V)9 — 90y, (Ksp * )3

Proposition 5 Let m> 1. Then we have

ast — H(9X3, (8)
IHR fllxanyz < Clldx, Fllsm, 9)
IH3F{Ix(m) < C(l10x, Fllszmy + 1l fhllixmy)2)- (10)

If fisa 2D vorticity field, thenf(x) = (0,0, f3(x;))" andHf = 0.



3-4. Proof of Step 2: V. Estimates oR,(t).
R, (t): semigroup of Lop, + 9% — Xadx,

(Ren() f)(X) = \/27r(11— - fR & 2w (@0en( (-, y4)) ()l
R0 = \/27r(11— = | & @ty

It IS not difficult to see

IRen(E) T)lloxmyz < sUPIE™2="(fu(-, Ya))llLzmyz
y3€R

IR 3(t) fa)llxemy < suplle™222(f3(-, y3))llLz(m)-

y3eR



Our goal Is to show

_(3_¢
€22 ardpll 2z < Ce€ @V idnllLz(my2, on € (LA(mMYFL)
_miniml_
le2e2ghal| oy < Ce& ™M Mol o0y, B3 € LA(MI12)

Rem. (12) is obtained by Gallay-Wayne (2005).



