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Motivation

Surface Active Agent (Surfactant)

a substance which lowers the surface tension of the medium in which it is
dissolved, and/or the interfacial tension with other phases, and, accordingly, is
positively adsorbed at the liquid/vapour and/or at other interfaces

Air

]
@

Water
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Motivation

Example for an isothermal two-phase flow without phase change

bubbly flow through a column

.clean system*
(experiments by Takagi, Tokyo University)

liguid  gas
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Motivation

Example for an isothermal two-phase flow without phase change

bubbly flow through a column

2ppm Triton-X100

Rl es (experiments by Takagi, Tokyo University)
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The Model

Modeling-Assumptions

We will use a sharp interface model for isothermal two-phase flows with surface
tension and without phase-transition based on continuum mechanics, i. e.

» both fluids are contained in a domain Q C R” and separated by an evolving
interface I'(t) C €2, where the evolution of this interface is part of the problem,

» the interface I'(t) moves with a velocity ur and separates {2 into the two parts
QL (1), where 0QNT(t) = @, 0, (t) = 0Q U T (t) and 0Q_(t) = T'(f),

» the connected component Q,(t) and the interface I'(t) carry a surfactant,
which is not soluble in the fluid occupying Q_(f).

The derivation of the model for the surfactant-evolution will employ
» continuum mechanical balance equations for the surfactant-mass,
» transport-theorems and divergence-theorems and
» constitutive equations.
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The Model

The Two-Phase Navier-Stokes Equations with Surface-Tension

Assuming constant densities p1+ > 0 and constant viscosities . > 0, the flow is
determined by the two-phase Navier-Stokes equations with surface-tension:

evolutions of mass and momentum
pDfu—nAu+Vp=pf, V-u=0 ingr(Qs)

[ulr =0, —[n(Vu+Vu") —plrnr = Vr - (o(cr)Pr) ongr(T)

Ulgg =0 ond x 09, u(0) = ug in Q4(0)
evolution of the interface

(ur|nr)=(ulnr) ongr(l),  T(0)=To

> [¢] denotes the jump of a quantity ¢ across (1), i.e.
[1r(t, x) ((t, x + hnr(x) — B(t, x — hnry(x))) -

» Pr the projection onto 7T, hence Vr - (o(cr)Pr) = o(cr)krnr + o’ (cr)Vrcr.

= lim
h—0+
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The Model

The Two-Phase Navier-Stokes Equations with Surface-Tension

» Contributers:

Denisova, Denisova—Solonnikov, Tanaka, Shibata—Shimizu, PriiB—Simonett,
K.—PriB-Wilke, ...

» Recent Work employing L,-maximal regularity:
Shibata, Shimizu: Resolvent Estimates and Maximal Regularity of the
Interface Problem for the Stokes System in a Bounded Domain (2009),
K., PraB, Wilke: Qualitative Behaviour of Solutions for the Two-Phase
Navier-Stokes Equations with Surface Tension (preprint).
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The Model

Balance Equation for the Surfactant-Mass in the Bulk-Phase

For a material volume V(t) C €,(f) conservation of surfactant-mass with
volume-specific density ¢ implies

d
— cdx = —/ Jmo/ - Nav() do.
dt Jv av()

» J denotes the molecular surfactant-flux in the bulk-phase.
» No artificial sources and sinks are present.
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Balance Equation for the Surfactant-Mass in the Bulk-Phase
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For a material volume V(t) C €,(f) conservation of surfactant-mass with
volume-specific density ¢ implies

d
— cdx = —/ Jmo/ - Nav() do.
dt Jv av()

» J denotes the molecular surfactant-flux in the bulk-phase.
» No artificial sources and sinks are present.

The usual divergence-theorem and Reynolds’ transport-theorem therefore imply

/ D}’C+Cdivudx=g/ CdX=—/ div J™ dx.
V(t) dt V(t) V()
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The Model

Balance Equation for the Surfactant-Mass in the Bulk-Phase

DARMSTADT

For a material volume V(t) C €,(f) conservation of surfactant-mass with
volume-specific density ¢ implies

d
— cdx = —/ Jmo/ - Nav() do.
dt Jv av()

» J denotes the molecular surfactant-flux in the bulk-phase.
» No artificial sources and sinks are present.

The usual divergence-theorem and Reynolds’ transport-theorem therefore imply
d
/ Dfc + cdivudx = —/ cdx = _/ div J™ dx.
V(t) dt V(t) V()

Hence, localization leads to

Dlc+ cdivu +divJd™ =0 ingr(Q,).
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The Model

Balance Equation for the Surfactant-Mass in the Bulk-Phase

We assume the constitutive equation
J™ = —dve,
i. e. the flux is modeled by Fick’s law with a constant diffusion coefficient d > 0.

Hence, we derived the

Surfactant-Balance in the Bulk-Phase

D{c—dAc=0 in gr(<,)
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Balance Equation for the Surfactant-Mass on the Interface

DARMSTADT

For a material volume V(t) C Q with X(t) = I'(t) N V(t) conservation of
surfactant-mass with surface-specific density cr implies

d
— crdo=— / JF"OI - Nox (1) ds + / P do.
dt Jxq (1) (1)

> J}”"’ denotes the interfacial molecular surfactant-flux, tangential to I'(¢).
» P denotes the interfacial density of sources and sinks due to sorption.
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Balance Equation for the Surfactant-Mass on the Interface
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For a material volume V(t) C Q with X(t) = I'(t) N V(t) conservation of
surfactant-mass with surface-specific density cr implies

d
— crdo=— / JF"OI - Nox (1) ds + / P do.
dt Jxq (1) (1)

> J{""’ denotes the interfacial molecular surfactant-flux, tangential to I'(¢).
» P denotes the interfacial density of sources and sinks due to sorption.

The surface-divergence-theorem and the surface-transport-theorem imply

d
/ D{cr + cr divrudo = —/ crdo = —/ divr J{""’do+/ 5" do.
(1) dt Js (1) (1)
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For a material volume V(t) C Q with X(t) = I'(t) N V(t) conservation of
surfactant-mass with surface-specific density cr implies

d
— crdo=— / JF"OI - Nox (1) ds + / P do.
dt Jxq (1) (1)

> J}”"’ denotes the interfacial molecular surfactant-flux, tangential to I'(¢).
» P denotes the interfacial density of sources and sinks due to sorption.

The surface-divergence-theorem and the surface-transport-theorem imply
. d .
/ DVcr + cr divrudo = —/ crdo = —/ divr J{""’do+/ " do.
(1) dt Js (1) (1)

Hence, localization leads to

Dcr + cr divru +div J™ = £ on gr(I).
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Balance Equation for the Surfactant-Mass on the Interface
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We assume the constitutive equations

Jr' = —drVrer, P =r(c

r Cr)

i. e. the flux is modeled is by Fick’s law with a constant interfacial diffusion
coefficient dr > 0 and the sorption-rate depends on c|- and cr.

Hence, we derived the

Surfactant-Balance on the Interface

D{cr + crdivru — drArcr = r(c|, cr) on gr(l)
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Balance Equation for the Surfactant-Mass in the Coupling-Region
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For a material volume V(t) C Q with X(t) = ['(t) N V(t) conservation of

surfactant-mass with volume-specific density ¢ and surface-specific density cr
implies

d
— {/ cdx+/ cr do} = 7/ J™ . ngyy do 7/ JI - nos(y ds
dt [Jv (1) av() a%(1)

The two-phase-divergence-theorem, the surface-divergence-theorem, Reynolds’
transport-theorem and the surface-transport-theorem imply

d d
/ D;’c+cdivudx+/ D;’cr+crdivrudo=—/ cdx + — crdo
Vit) (1) dt Jy dt Jsq

= - / divJ™ dx — / divr J™ do — / L™y - nr do.
V() (1) (1)
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Balance Equation for the Surfactant-Mass in the Coupling-Region
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For a material volume V(t) C Q with X(t) = ['(t) N V(t) conservation of

surfactant-mass with volume-specific density ¢ and surface-specific density cr
implies

d
— {/ cdx+/ cr do} = 7/ J™ . ngyy do 7/ JI - nos(y ds
dt [Jv (1) av() a%(1)

The two-phase-divergence-theorem, the surface-divergence-theorem, Reynolds’
transport-theorem and the surface-transport-theorem imply after subtraction of the
bulk- and interface-balances and localization

™1 - nr + £ =0 on gr(F).
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The Model

Balance Equation for the Surfactant-Mass in the Coupling-Region

For the surfactant-mass this implies
r(clp, or) = —[J™ 1y - nr = dVe|p - nr ongr(T)
and hence, we derived the

Surfactant-Balance on the Interface

D{cr + crdivru — drArcr = dVel - nr on gr(l')
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For the surfactant-mass this implies
r(clp, or) = —[J™ 1y - nr = dVe|p - nr ongr(T)
and hence, we derived the

Surfactant-Balance on the Interface

D{cr + crdivru — drArcr = dVel - nr on gr(l')

Assuming that sorption is faster than diffusion we have the

Surfactant-Distribution at the Interface

cr =(clr) ongr(l)

with the adsorption isotherm ~, e. g. the Langmuir adsorption isotherm.
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The Two-Phase Navier-Stokes Equations with Soluble Surfactant
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evolutions of mass and momentum
pDfu—nAu+Vp=pf, V-u=0 ingr(Qs)

[ulr =0, —[n(Vu+Vu")—plrnr = V- (o(cr)Pr) ongr(l)
Ulgg =0 ondJ x 09, u(0) = ug in Q4(0)
evolution of the interface
(ur|nr)=(ulnr) ongr(l), M0) =Ty
evolution of the surfactant
Dic—dAc=0 ingr(€,)
y(clp) = cr, D{cr + crdivru — drArcr = dVe| - nr ongr(lN)

Velgq oo =0 ond x 09, c(0) =¢cg in£2,(0)
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Local Well-Posedness

Theorem

Let p > n+2 and let Q C R” be a bounded domain with boundary of class C®. Let
p+, N+, d, dr > 0 and let o, v € C*~(R,, R,) with ' > 0. Suppose

w € W PQ\ o), Toe W2, cye Wo?P(.,(0), R,)
are subject to the following regularity and compatibility conditions
[uolr, =0, tolpg =0, Golr, € Wi 2/P(Fo),  Veo|yg - Noa =0,
divug=0 inQ\ o,
—Pro[n(Vup + Vug)]]ronro =o' (v(col|r))Viry(clr) onTo

and f € Ly(R, x Q).

Then there exists t, = fh(Up, [0, Co), such that the problem admits a unique strong
solution (u, p, I, ¢, cr) with ¢, ¢cr > 0 on (0, t).

Tokyo, March 2010 | TU Darmstadt | M. Kéhne | 15 (23)




Local Well-Posedness
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The proof employs

» the transformation to a fixed domain via the direct-mapping technique
using a Hanzawa-transformation,

» the establishment of L,-maximal regularity of a suitable linearization and
» a fixed-point-argument.

For a (bent) half-space result cf.

Bothe, Prii3, Simonett: Well-Posedness of a Two-Phase Flow with Soluble
Surfactant, Prog. in Nonlinear Differential Equ. and Their Applications (64), 37—61
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The Transformed System

evolutions of mass and momentum
p(Dh+u-GMu—nLlu+Gp=pf, D'wu=0 INnJxQ\X
[uls =0, —[n(G"u+G"u") — plsnr(h) = DE(o(cs)Pr(h) ond x ¥
Ulgg =0 ond x0Q, ul0)=uy INnQ\X

evolution of the interface
(ns|nr(h))oth=(u|nr(h)) ond x X, h(0)=hy onX

evolution of the surfactant

(Dh+u-GMe—dLhe=0 inJdxQ,
Ylg)=cs,  (Or+u-GMes + esDhu— drLics = dGcly - nr(h) onJd x T

Velgg - naa =0 ondJ x 09, c(0)=cy inQ,
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The Linearized System
Linearization w. r.t. a Reference Solution z* = (u*, p*, h*, ¢*, ¢5)

evolutions of mass and momentum
pou — nAu+Vp = F(u, p, h) + pf, divu=G(u, h) indxQ\X

—Ps[n(Vu+Vu')lgns — o’(cg)Vsos = H-(u, h, c5; ¢§),
(—[n(Vu+Vullsns |ns) +[ply — o(cg)Ash = H,(u, h, c5; ¢§),

[ulsy =0 ondJdx X, Ulsge =0 ond x0Q, u@) =up INnQ\X
evolution of the interface
Oth—(u|ns)+(u"|Vsh)=H,(u, h; u*) ond x X, hO)=hy onXx
evolution of the surfactant
oic —dAc=M(u, h,c) indxQ,

Y(c*ls)ely — ez = Nu(e, ex; ¢¥), Oiex — drdscs = No(u, h, ¢, c5) ond x &

Velgq -naa =0 ond x 09, c(0)=¢cy inQ,
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The Principal Linear Part
Linearization w. r.t. a Reference Solution z* = (u*, p*, h*, ¢*, ¢5)

evolutions of mass and momentum
pou —nAu+Vp=f, dvu=g indxQ\X

—Pr[n(Vu+ Vulzns — o’(c5)Vscs = h,
(~In(Vu+Vulgns | ns) +[ply — o(cg)Azh = h,

[uly =0 ondJx X, Ulsgq =0 ond x0Q, u@) =ty InQ\X
evolution of the interface
Oth—(ulns)+(u"|Vsh)=h, ondxX, h(0)=hy onX
evolution of the surfactant
oic—dAc=m ind xS,

Y(c*|g)ely —cc =n,,  Oicx —drAscg=n. ondx X

Velgg - naa =0 ond x 09, c(0)=¢y inQ,
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The Principal Linear Part
Lp-maximal Regularity

We denote the solution spaces by
1 n o )
u € Eya) = { v e Hy([0, a], Lp(Q2, R™) N Ly([0, &, H3(Q\ X, R")), }
[[VIIZ = 0: V|SQ = O
L HI(Q\ =
p € Eyla) = { q € Lp((0, &, Hp(Q2\ %)), }

Ials € Wp/*7"/?%((0, a, L(X)) N Ly([0, al, W, /P())

h € Ena) = W2 (0, al, L(E)) N H(O, al, W /7))
N Ly([0, a], WS~ "/P())

_ [ e€ H(0, al, Lp(2.)) N Lp([0, al, H3(S2.)), }
¢ & Edfa = { ely € EX(a), Ve|ygnaa =0
cs € Ex(a) = Hy([0, a], Lp(X)) N Ly([0, al, H5(%))

and set E(a) = E,(a) x Ey(a) x En(a) x Eq(a) x EX(a).
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The Principal Linear Part
Lp-maximal Regularity

We denote the data spaces by

f € Fla) = Ly0, axQ R

g € Fga = H0O, al, A,"(Q\ )N L0, a], Hy(Q\ %))

h. € Fi@ = WY2?(0, al, Ly(T, TE)) N Ly(0, al, Wa~"/P(Z, TX))
h, € Fua) = WYF(0, al, LX) N Ly(0. a], W~ P(x)

h, € Fl@ = Wi "?(0, al, Ly(Z, R") N Ly([0, al, W2~ "/P(L, R")
m € Fp@ = Ly0, a xQ,)

n, € Fr@ = Ly0, ax¥)

n, € Fy@ = H0, al Lp(X))NLy(O, al, H3(X))

and set F(a) = Fy(a) x Fy(a) x F(a) x F%(a) x F)(a) x Fn(a) x F}(a) x F(a).
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The Principal Linear Part
Lp-maximal Regularity

Letp > n+2, a> 0. Let Q C R” be a bounded domain with boundary of class C®
and let X C € be a compact real-analytic hypersurface. Let p+, 7+, d, or > 0 and
o, v € C3~ (R, R) with g, 7/ > 0. Let z* € E(a). Then the linear problem

L(z; z*) = (f, g, h:, hy, hy, m, n;, n,), (u(0), h(0), c(0)) = (ug, ho, Co)

admits a unique solution z € E(a), if and only if the data is subject to the following
regularity and compatibility conditions:

(f, g, h-, hy, hy, m, n-, n,) € F(a),

w € Wo2PQ\ I, R, hye W PP(E), e W 2P(Q,),
[uols =0, olog =0, Goly € Wy ?P(%), Vaolyg - noa =0,
divug = g(0) inQ\ X,

—Ps[n(Vuo + Vi)l ns — o’ (c(0) Vy(coly) = h-(0) on X.

Moreover, the solution map is continuous between the corresponding spaces.
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Thank You for Your Attention!
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