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Introduction

L
Q C R3: b'dd smooth domain, 9Q = J I}, where

j=0
(i) T;: C°-surface,
(i) [N =0,i#],
(i) Ty,...,T lie inside of [y and outside of one another.
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We consider the initial boundary value problem to the Navier-Stokes
equations;
Ou—Au+u-Vu+Vp=~Ff, Qx(0,T)
divu=0, Qx(0,T)

N-
(N-S) uon =0, 92 x(0,T),
(u(0) = up, Q).
where L ) 3 :
u=u(x,t) = (v (x, t),u*(x, t), u*(x, 1)), velocity } unknown
p = px, t), pressure

external force : f = f(x,t) boundary value : 3 = [(x,t).
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compatibility condition

divu=0, Qx(0,T)
U|aQ = ﬁ, 0 x (0, T)

L
(GF.C) Z/ 8(t)-vdS =0, fort>0.
j=0 T

L
0:/divudx:/ u-vdS = /ﬁ'udS.
Q o0 j; r
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The reproductive property

Definition (reproductive property)

we call that (N-S) has a reproductive property at T > 0, if there
exist an initial value uy and a weak solution u of (N-S) such that

(%) u(T)=uy inl?

e If u is periodic with period T, then u satisfy the condition ().
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Solenoidal extension

By the trace theorem and the Bogovskii theorem, for
B e CY[0, T); HY2(0Q)) we have the solenoidal extension
b e CY([0, T); HY(Q)) of 33, i.e.,

divb(t) =0, b(t)lsa = [(t) fort > 0.
u—b=w
oow—Aw—+b-Vw+w-Vb+w-Vw+Vp=F,

(N-5) divw =0,
W|9Q =0.

where F =f —0;b+ Ab— b-Vb.
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The convection term b-Vw + w - Vb

we have to handle the linear convection term to obtain a priori
estimate:

W) + / IVw(r)| dr

t
< C/O (1112 + 119ebll5 + VI3 + [16]12) d7 + Cllall3

@ the restricted flux condition
(R.F.C.) /ﬁ-dezo, j=0,...,L.
I

Leray ('33)
@ the symmetry of the domain
Kobayasi ('09), Morimoto ('09)
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The convection term b-Vw + w - Vb

Kozono-Yanagisawa ('09)
b e W2(Q) with divb = 0 and b|sq = 3

b= h+rot w

where h is a harmonic vector field on Q and w € W?2(Q)

Furthermore,
L

h:Z(/rﬂ-uds)gbj

j=1 J

where {gbj}jL:l are harmonic vecter fields determined by €.
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Main theorem

Theorem
Let f € L2 _([0,00); L%(2)). Suppose that 3 € C([0, 00); H/2(0Q))

loc

satisfy (G.F.C.) with a restriction

1
S =
>0 3~ 5C

L

() sup | 32 5(0)- v dS)ey
j=1 “T;

where C, = 37Y/22%/3172/3 js the best constant of Wy> < L®. For

every 0 < T < oo, there exist an initial value uy € L2(Q) and a weak

solution w of (N-S') such that

w(T)=uy inl?
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@ We do not assume that f and /3 is periodic or small.
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@ We do not assume that f and /3 is periodic or small.

e If 5(T) = 3(0) for some T > 0, Ju:a weak solution of (N-S)
and Jug such that u(T) = wo.
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@ We do not assume that f and /3 is periodic or small.

e If 5(T) = 3(0) for some T > 0, Ju:a weak solution of (N-S)
and Jug such that u(T) = wo.

@ If we have the uniqueness theorem, then we obtain time periodic
solutions form reproductive property.
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Outline of proof

Key Lemma

Suppose that 3 € CY([0, 00); HY2(0Q)) satisfy (G.F.C.) with a
restriction

() sup

<
£>0 3

1
5Cs

| i( [ 8- vsys

Then there exists 0 < gg < 1/5 and b., € C*([0, 00); W'?) with
div b, = 0 and b.,|sq = [ such that

((w - Vb, w)| < ol Vw3, forwe Wy?Z, t>0.

11/ 16
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Let w,, be approximation solution by the Galerkin method. By the
key lemma, we have the energy inequatily:

%Ilwm(t)H% +2(1 = 5¢) [ Vwin(7)I13
< ClIfl1z + 19:blI2 + I VII2 + | bllg == K(t)
Furthermore by the Poincaré inequality,
d 2 2
S IWmll2 + allwallz < K(t)

a > 0. Hence

.
lwm(T)3 < eaTHWm(O)II§+/ e *T"IK(t) dt
0
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-

[win(T)II5 < e“TI\Wm(0)|\§+/ e *T=IK(t) dt

0
Choose R > 0 so that
T
(1) / e~ (T-0K (1) dt < RA(1 — e~T)
0

So from (1),

[Wn(T)ll2 <R, if [lwm(0)]]2 < R.

On the other hand, the map w,,(0) — w,,(T) is continuous.
By the Brower fix point theorem. we have
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Outline of proof of Key lemma

Since 3 € C*([0, T); H/2(0Q)), by the trace theorem and the
Bogovskii theorem, 3b € C*([0, T); H*(Q2)) with div b = 0 and
blag = (. Then by the decomposition theorem,

b(t) = h(t) + rot w(t).

For any € > 0 we can take the cut-off function 6.(x, t) with
0.(-,t) = 1 near 0N such that

|(w - Vrot (fw), w)| <e||Vwl|3 we W&f t>0.

b. := h+rot (f.w)

So the convection term is estimated:;

[(w - Vb, w)| < Ghlls[ Vw3 + e[ Vws.
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Thank you very much.
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Theorem

Let Q be a general bounded domain in R® with smooth boundary 0.
Let f € L2 _([0,00); L3(2)) and let 3 € C*([0,00); HY/2(0R)) with
(G.F.C.). Then there exists T, > 0 such that for every 0 < T < T,,
there exist a initial velocity a and a weak solution v of (N-S') such
that v(T) = a in L2(2Q).
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