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Boussinesq Equations

The Boussinesq Equations in R¢

Heat convection in a viscous incompressible fluid under the influence of
gravity is described through the Boussinesq Equations:

uy—Au+ (u-V)u+Vp =gb in

Oy —AO+(u-V)0 =0 in
divu =0 in
u(0) =u in
0(0) = 00 in
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Boussinesq Equations

The Boussinesq Equations in R¢

Heat convection in a viscous incompressible fluid under the influence of
gravity is described through the Boussinesq Equations:

ur—Au+(u-Vu+Vp =g in [0,T)xRY,
0, — A0+ (u-V)) =0 in [0,T) xR
divu =0 in [0,T) xR,

u(0) =u in RY,

6(0) =6y in RC.

In our case we assume the gravity g belongs to Lgo_l(Rd)d, i.e.

gz, = esssup(1 + [x])9 g (x)| < oo.
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Boussinesq Equations
Theorem 1: (Existence and Uniqueness of mild solutions)
Let (uo, 0o) € LS°(RY)? x L°(RY) such that
divug = 0,6 € (0,d],0 € (0,d + 1] and g € LS (RY)<.
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Boussinesq Equations

Theorem 1: (Existence and Uniqueness of mild solutions)
Let (uo, 0o) € LS°(RY)? x L°(RY) such that

divug = 0,6 € (0,d],0 € (0,d + 1] and g € LS (RY)<.

Then there exist T > 0 and a unique mild solution

(u,6) € C((0, T); LF(RY)) x C((0, T): L (RY)).
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Boussinesq Equations

Theorem 1: (Existence and Uniqueness of mild solutions)
Let (uo, 0o) € LS°(RY)? x L°(RY) such that

divug = 0,6 € (0,d],0 € (0,d + 1] and g € LS (RY)<.

Then there exist T > 0 and a unique mild solution

(u,0) € C((0, T); LF(RY)) x C((0, T); L (R)).
In particular, we can choose T such that

C
[uollze + 16ollse + (18 ]leee , < \/7(1 ey
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Boussinesq Equations

Theorem 1: (Existence and Uniqueness of mild solutions)
Let (uo, 0o) € LS°(RY)? x L°(RY) such that

divug = 0,6 € (0,d],0 € (0,d + 1] and g € LS (RY)<.

Then there exist T > 0 and a unique mild solution

(u,0) € C((0, T); LF(RY)) x C((0, T); L (R)).
In particular, we can choose T such that

C
[uollze + 16ollse + (18 ]leee , < \/7(1 ey

A mild solution solves the integral equations:

t t
u(t) = ePuy — / e(=9)AP(y - Vu)ds + / e(t=5)AP(gh)(s)ds
0

0
t
0(t) = ety — / e(t=9)A (4. V6)(s)ds.
0
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Spatial Asymptotic
Spatial Asymptotic

Theorem 2: (Spatial Asymptotic Behaviour)
For § > %,a > 3 and an initial data (uo, o) € L°(R9)9 x L3°(RY) with

divug = 0, let (u, 0) be the solution of the preceding theorem. The
following profile holds for |x| >> /t:
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Spatial Asymptotic
Spatial Asymptotic

Theorem 2: (Spatial Asymptotic Behaviour)
For § > %,a > 3 and an initial data (uo, o) € L°(R9)9 x L3°(RY) with

divug = 0, let (u, 0) be the solution of the preceding theorem. The
following profile holds for |x| >> /t:

u(x, t) = e up(x)

d
Oh k XpX t
+V Yd,1 Z <d|);d - ‘X’hd_;’lj2> A /Rd(uhuk)(yas)dyds

h,k=1

dxp,X;
+7d22< ’3+J2 ’X|d) // (gnt)(y, s)dyds + O(|x|~ d2)

G(Xa t) tA@o

mz‘ O [ (w00 + 02,
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Spatial Asymptotic

Sketch of Proof

For illustration we look at the term

t
/ e(=9)AP(y - Vu)ds
0
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Spatial Asymptotic

Sketch of Proof

For illustration we look at the term

t
/ e(=9)AP(y - Vu)ds

0
> We rewrite e2Pdiv as the kernel of a convolution operator:

o} hk(x) Xj Xp X Cd1yy X
vd,l(W -2 ,d+4)+\xr V()
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Spatial Asymptotic

Sketch of Proof

For illustration we look at the term

t
/ e(=9)AP(y - Vu)ds
0

> We rewrite e2Pdiv as the kernel of a convolution operator:

o} hk(x) Xj Xp X Cd1yy X
vd,l(W - (d+ 2y ,d+4)+\xr V()

» Seperation of Variables: Define v}, such that

() x, ) = ) [ (), 0l + v, )
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Spatial Asymptotic

Sketch of Proof

For illustration we look at the term

t
/ e(=9)AP(y - Vu)ds

0
> We rewrite e2Pdiv as the kernel of a convolution operator:

o} hk(x) Xj Xp X Cd1yy X
vd,l(W - (d+ 2y ,d+4)+\xr V()

» Seperation of Variables: Define v}, such that

() x, ) = ) [ (), 0l + v, )

> We estimate the remainder terms.
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Concentration and Diffusion Effects

Concentration and Diffusion Effects
Theorem 3: Let d =2,3, g € L] with g(%) = g(x).0 < t1 < ... <ty
be a finite sequence and € > 0.
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Concentration and Diffusion Effects

Concentration and Diffusion Effects

Theorem 3: Let d =2,3, g € L] with g(%) = g(x).0 < t1 < ... <ty
be a finite sequence and € > 0.

Then there exists an initial data (ug,6p) € Sy(R?)? x S(RY) and for each
i=1,.., N there are t;', t*, ', tF € (t; — &, t; + €) such that the
corresponding unique solution (u, ) of the Boussinesq Equations satisfies,
forall i =1,...,N and all |x| large enough, the pointwise estimates
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Concentration and Diffusion Effects

Theorem 3: Let d =2,3, g € L] with g(%) = g(x).0 < t1 < ... <ty
be a finite sequence and € > 0.

Then there exists an initial data (ug,6p) € Sy(R?)? x S(RY) and for each
i=1,.., N there are t;', t*, ', tF € (t; — &, t; + €) such that the
corresponding unique solution (u, ) of the Boussinesq Equations satisfies,
forall i =1,...,N and all |x| large enough, the pointwise estimates

|u(x, £) < Clx| =972,
100x, F)| < Clx|~72,

and with w = % there holds for almost all |x| large enough

Ix|

|U(X7 tf‘)| > Cw’er?

10(x, )] > cw]x|7d71.
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Concentration and Diffusion Effects

Concentration and Diffusion Effects

Theorem 3: Let d =2,3, g € L] with g(%) = g(x).0 < t1 < ... <ty
be a finite sequence and € > 0.

Then there exists an initial data (ug,6p) € Sy(R?)? x S(RY) and for each
i=1,.., N there are t;', t*, ', tF € (t; — &, t; + €) such that the
corresponding unique solution (u, ) of the Boussinesq Equations satisfies,
forall i =1,...,N and all |x| large enough, the pointwise estimates

|u(x, £) < Clx| =972,
100x, F)| < Clx|~72,

and with w = % there holds for almost all |x| large enough

[x]
|U(X7 tf‘)| > Cw’er?
0(x, %) > colx| 7971

Notation: For x = (xi, ..., xq) € R we set % := (x2, ..., xq, x1).
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Concentration and Diffusion Effects

Step |

Using Theorem 2 we have

) XpX t
u(x, t) Vd,1 Z <d&l’(d - ‘X’hdf2> -/0 /Rd(uhUk)(y,s)dyds

h,k=1
d
+ Z il 0)(y, s)dyds + Oc(|x|~9~2),

t
0 _—7d3z|x|d+2 / /R (). 5)dyds + Ol 42),

provided the initial data up and g are Schwartz functions.
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Concentration and Diffusion Effects

Step |

Using Theorem 2 we have

) XpX t
u(x, t) Vd,1 Z <d&l’(d - ‘X’hdf2> -/0 /Rd(uhUk)(y,s)dyds

h,k=1
dxpx;
+7d22< ’3;2 Md) // (gh0)(y, s)dyds + O(|x|~472),
t
0 _—7d3z|x|d+2 [ [t s)dbes + 0u42),

provided the initial data up and g are Schwartz functions.
At the moment t or t7, respectively, we would like to have for all h, k:

/Oi /Rd(uhUk)()/,s)dyds = /Oti* /Rd(ghe)(y,s)dyds -0,

i
/ /d(u;ﬁ)(y, s)dyds = 0.
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Concentration and Diffusion Effects

Step |l

If we assume a symmetry property of the gravity g(X) = g(x) and the
initial data

(u07 00)()?) = (’]07 90)(X)7
this propagates during the evolution:

(u,0)(%,t) = (0,0)(x, t).
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Concentration and Diffusion Effects

Step |l

If we assume a symmetry property of the gravity g(X) = g(x) and the
initial data

(w0, 00) (%) = (@0, 00)(x),
this propagates during the evolution:

(u,0)(%,t) = (0,0)(x, t).

Furthermore, we would have in the case d = 3:

/U1U2:/U2U3=/U3U1, /g10:/g29:/g30,
and/ulﬁz/uﬂ:/u;ﬂ.
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Concentration and Diffusion Effects

Step |l

If we assume a symmetry property of the gravity g(X) = g(x) and the

initial data

(uo, 60) (%) = ({0, 6o)(x),
this propagates during the evolution:

(v, 0)(%, t) = (@, 0)(x, t).

Furthermore, we would have in the case d = 3:

/U1U2 Z/Uzus Z/U3U1, /g10:/g29:/g30,

and/ulﬁz/uﬂ:/u;ﬂ.

Thus all these terms vanish in t’ or E?‘, respectively, if and only if

/ti*/ (unu2)(y, s)dyds = /Oti* Ad(glﬁ)(y,S)dyds: 0,

resp. f d/ (110)(y, s)dyds = 0.
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Concentration and Diffusion Effects

Step Il
We represent the solution as a limit of an iteration as follows:
Tl(uO,eo) = etAU(), 7_1(UO,9()) = etAeo,
k—1
Ti(uo, Oo) := ZB(TI(UmHO); Ti—1(u0,00)) + C(Ti(uos 0o)),
=1
Ti(uo, Oo) = ZD(TI(U(%QO)? Ti—i(uo,60)), k=>2.
=1

Under smallness assumption on the initial data the series

o0

¢(uo, bo) : Z Ti(uo,60) and  ¢(uo,f0) := > Ti(uo,00)
k=1

are absolutely convergent and (¢, ¥)(uo, 6p) is a solution of the equations

u=e"uy+ B(u,u) +C(H), 6=e"by+D(u,b).
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Concentration and Diffusion Effects

Step IV

With this representation of the solution and 1 > 0 sufficiently small our
considered terms with respect to the initial data (nug, 7?6p) behave like:

t t
/ / () (y, s)dyds = 72 / / B uo1(y)e* o 2(y) dyds
0 Rd 0 Rd

t
+2773/ /]Rd C(u0700)(}/7 s)dyds,
0

/t/ (g10)(y, s)dyds ~ n? /t/ g1(y)e200(y)dyds,

/ (10)(y, s)dyd ~ n? // Bug1(y)e®0o(y)dyds.
Rd Rd
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Concentration and Diffusion Effects

Step V

What still left is to construct such an initial data (ug, ) as provided above
with the following properties:

> up € SR with divug=0 and 6 € S(RY),
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Concentration and Diffusion Effects

Step V

What still left is to construct such an initial data (ug, ) as provided above
with the following properties:

> up € SR with divug=0 and 6 € S(RY),
> (uo, 00)(%) = (o, o) (x),
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Concentration and Diffusion Effects

Step V

What still left is to construct such an initial data (ug, ) as provided above
with the following properties:

> up € SR with divug=0 and 6 € S(RY),

> (uo, 00)(X) = (iin, B0)(x),

t
/ /d e Pug1(y)e’Pupa(y)dyds =0 forall t >0,
R

// gy SAQO (y)dyds and // u01 00( )dyds
Rd Rd

changes sign inside (t; — e, t; + €).
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Thanks

Thank you for your attention!
Arigatoo gozaimasu.
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Appendix

Appendix

In Theorem 3 the gravity g belongs to L} The *-Notation means a quite

g(x) .
I+[x[2"

Either for all ¢ there is ¢ € R with |¢| = ¢ such that

Greven(€) = g7(€) — 8" (=€) +&8"(§) —g"(-) # 0,
or for all ¢ there is ¢ € R? with |¢| = ¢ such that

Gnodd (€) = g7 (€) + &°(=€) + &7 (§) + g7 (—E) #0,

with g*() 1= F1(£5%)(¢).
This strange property is used in Step V to construct the certain initial data.

weak symmetry property of the Fourier transform of
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