The Dirichlet Laplace operator on Sobolev
spaces of higher order

TECHNISCHE
UNIVERSITAT
DARMSTADT

Manuel Nesensohn
Fachbereich Mathematik
TU Darmstadt

16.03.2010 | FB Mathematik, TUD | Manuel Nesensohn | 1
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Recall:
» Fors>0and 1< p < ocoisthe Hy-realization of the Laplacian in the
whole-space

n
As: HSRR") C HY(R") — HYR"), u— Au=—Y du
i=1
a sectorial operator, admitting maximal regularity and a bounded
‘H>°-calculus.
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As: HSRR") C HY(R") — HYR"), u— Au=—Y du
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a sectorial operator, admitting maximal regularity and a bounded
‘H°-calculus.

» For1 < p < oo is the L,-realization of the Dirichlet-Laplacian in the half-space
Apy: HS(]RZ) N H,;!O(Rf) C L(@R)) = Ly(R)), u— Au

also a sectorial operator, admitting maximal regularity and a bounded
‘H°-calculus.
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This talk is about the H;-realization of the Dirichlet-Laplacian in the half-space

Apq: HYRY) N HLG(R]) C HYR]) — Hy(R)), u— Au.
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This talk is about the H;-realization of the Dirichlet-Laplacian in the half-space
Apq: HYRY) N HLG(R]) C HYR]) — Hy(R)), u— Au.

The main results are:

» This operator is not the generator of a Cy-semigroup, especially not a sectorial
operator.

» An optimal resolvent estimate is

A+ Do) ™ |y < CIAP=V/2P, X e T, \ {0}.

» A resolvent estimate in parameter-dependend norms.
» A positive result in spaces with additional boundary conditions.
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Theorem
1. There exists C > 0 such that for A € C, \ {0}

AN+ Ap 1)~ ey oy < ClA|P—1/2P,
2. There exits f € S(RY) and C(f), Ao > 0 such that for A > A

AN + AD,1)_1f||H;(Rg> > C(f)A(p_”/szf||Hg,(Rg>-
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Theorem
1. There exists C > 0 such that for A € C, \ {0}

A+ Do) luyeny < CIAPT/20,

2. There exits f € S(R]) and C(f), \g > 0 such that for A > Xg

IMA + A0.0) "l eny = CONP™2|[1]| gy

The resolvent problem is given by:

(A+A)u in  RJ,
(RHE)f{ u = 0 on R

1]
~-
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» An explicit solution formula of (RHE); is:

e —\/ AA | Xa— S‘ie \/ A+AL (Xa—5)

u(x’, xp) = /OOO k_(xn, 8)f(x, 8)ds, Kki(xp,S)=

2/ A+ A
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» An explicit solution formula of (RHE); is:

—\/ AA | Xa— S‘ie \/ A+AL (Xa—5)
2/ A+ 1] |

» To obtain estimates in H;, we have to calculate the derivative of the solution:

u(x’, xp) = /OOO k_(xn, 8)f(x, 8)ds, Kki(xp,S)=

Onu(X’, Xp) = K. (Xn, 0)f(X', 0) +/ K, (Xn, 8)0sf(xX’, S)ds.
0
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e —\/ AA | Xa— S‘ie \/ A+AL (Xa—5)

u(x’, xp) = /OOO k_(xn, 8)f(x, 8)ds, Kki(xp,S)= NI
0

» To obtain estimates in H;, we have to calculate the derivative of the solution:

Onu(X’, Xp) = K. (Xn, 0)f(X', 0) +/ K, (Xn, 8)0sf(xX’, S)ds.
0

» Using dual-pairing and Placherel’s theorem, we can show the exists of
f e S(R7)and C > 0 such that for A > 0

e’} 1/p C(f)
(/0 ||k+(Xn, O)Vf”fp(RNUdX") 2 WH"HH‘ R7)-
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Resolvent Estimate in Parameter-Dependent
Norms
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Letf e H;,‘(IR{Q). Define the parameter-dependent norm

|||f|||H;§(R'j) = |>\|k/2\|f\|Lp(Rﬂ) + ||f||H;;(Rg)-
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Letf e H;,‘(IR{Q). Define the parameter-dependent norm
|||f|||H;§(R'j) = |>\|k/2\|fHLp(Rﬂ) + ||f||H;;(Rg)-

Theorem

Forf € H(R]) and A € C, \ {0} there exists a unique solution u € H5*(R?) of
(RHE)¢ and constants Cy, C> > 0 (independent of f and \) such that

Cill ey < Nullgersny < Coll scany

Thus for k =1

N2 oy + gy < NP2 NUll e + Ul gy < M2l + 1 Fllmyep-
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Resolvent Estimate in Parameter-Dependent
Norms
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» Define the scaling operator

X

J: HS(RY) — HERD),  (JA(x) = f(W).
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» Define the scaling operator
X

J: H(RD) = HIRD, (N0 = H(r3757)

» For A € C, \ {0} and )¢ > O there exists constants C;, C, > 0 such that for
f € HE(RD)
1 /A -
J((>\+AD1) f) ‘)\| ( +AD1> Jf
and |A| > Ao
Ci |l ey < |>“n/(2p)7k/2"|f|||H;§(RQ) < G| || rerey-
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» Define the scaling operator
X

J: H(RD) = HIRD, (N0 = H(r3757)

» For A € C, \ {0} and )¢ > O there exists constants C;, C, > 0 such that for
f € HE(RD)

1 (A -
J((>\+AD1) f) ‘)\| ( +AD1> Jf
and |A| > Ao

Ci |l ey < |>\\"/(2p)7k/2|||f|||Hg(Rg) < G| || rerey-

> Use the estimate for |A\| = 1 and the scaling properties.
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Result in Spaces with Additional Boundary
Conditions
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Theorem
Let s < 1/p. The operators

{f € H3(RY): 7f = yAf = 0} C HIo(RY) = HLo(RY), frs Af
{fe HS+2(R")' =0}  C HS(R”) - HS(RQ), fs Af

are sectorial operators.
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Theorem
Let s < 1/p. The operators

{f € H3(RY): 7f = yAf = 0} C HIo(RY) = HLo(RY), frs Af
{fe HS+2(R")' =0}  C HS(R”) - HS(RQ), fs Af

are sectorial operators.

Let X, Y be Banach spaces with D(A) <i> Y <i> X and A a sectorial operator in X.
We define the Y-realization Ay of the linear operator A:

Ay: Y =Y, DAy)={xeDANY:Ax€ Y}, Ayxs=Ax
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Define:

> X € D(AK) and Xeao € [Xe, Xiearlo-
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Define:

> X € D(AK) and Xeao € [Xe, Xiearlo-

def def
» Ak = Ak*‘l rxk and Ak+6 = Ak er,,g'
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Define:

> X € D(A*) and Xieo E [Xe, Xearlo-

> A E A Ix, and Ag.g “ A [Xio -
Then: A, : D(A,) = Xos1 C X, — X, is a sectorial operator.
If A€ BIP(Xy), then

X, = D(A?).
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Define:

> X, D(Ak) and Xi,o % [Xk,Xk+1]9

> Ax de Ak71 Ix, and Ag.g - Ak [ X -
Then: A, : D(A,) = Xos1 C X, — X, is a sectorial operator.
If A€ BIP(Xp), then

de

X, = D(A%).
Thus
Dopija: DIAYD) C DIAYD) — DIAYS), u— Au

is a sectorial operator.
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If A€ BIP(Xp), then

de

X, = D(A%).
Thus
Dopija: DIAYD) C DIAYD) — DIAYS), u— Au
is a sectorial operator.

ke fE H‘I N ’yf = 0 s k
DTOz) = [D(AZD‘O), AD,0]1/2 = {{ 1% }

D(A
( {f € H2: AT =0},

Il
- O
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THANK YOU FOR YOUR ATTENTION
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