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Definition

An operator A: D(A) C X — X is sectorial of type o if
» Ais injective, densely defined, has dense range,
» o0(A) C ¥, :=clos{ze C\ {0}: |argz| < o},
> ||/\R(/\,A)||£(X) < CforAeC\X,.

Let w(A) = inf{o € (0, 7): Ais sectorial of type o }.
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Let A C L(X) denote a strongly closed algebra of bounded operators.
Definition
» H>°(%L,) — the space of bounded holomorphic functions f: X, — C
» H*>(X,;.A) — the space of bounded holomorphic functions F: ¥, — A
> H§°(Xs)—the functions f € H*° (%) with
forall z € ¥,.

2\
f(z)| < C
f(2)] < <1+|22
> H{°(Xs;.A) analogously

» analogously for functions on ¥,, x -+ x ¥,
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Definition
For a sectorial operator Aand F € H°(%,;.A) define

1

F(Au = o

F(z)R(z, A)u dz
where w(A) < v < 7, [, = 90X, and A commutes with the elements of A.

Analogously for sectorial operators Ay, ..., Ay, with commuting resolvents and
F e H®(Xo, X -+ X X,4,,;.A) define

F(Aq,...,Ap)u = (27”) / / R(z1,A) - R(zm, A)udzy,--- dz.
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Definition

Let A be a sectorial operator on X. We say that A has a bounded H*° (%, )-calculus
if
H® (X0) = L(X), = f(A)
extends to a bounded operator on H*(X,), i. e. if
A o < Clifllaees,)

holds for all f € Hg°(%,). Let

wpe(A) = inf{o € (0, 7): A has a bounded H*(X,)-calculus}.
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Definition
We say that sectorial operators A, ..., A with commuting resolvents have a joint
bounded H*°-calculus if

1A, AmdlL g < C i,

om)

holds for all f € HZ° (X, X -+ X X45,).
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Let Q be a o-finite measure space and 1 < p < co.

Theorem (Kalton-Weis 2001, L version)

Let A, ..., An be sectorial operators on LP(Q2). Then Ay, ..., Am have a joint
bounded H*° -calculus if and only if A, ..., Am each have a bounded H* -calculus.
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Let Q be a o-finite measure space and 1 < p < co.

Theorem (Kalton-Weis 2001, L version)

Let A, ..., An be sectorial operators on LP(Q2). Then Ay, ..., Am have a joint
bounded H*° -calculus if and only if A, ..., Am each have a bounded H* -calculus.

Kalton-Weis:

» General Banach space with certain geometric properties, uses
‘R-boundedness, relies heavily on geometric assumptions

Now:

» LP-spaces, no R-boundedness, instead square function estimates, elementary
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Definition
We say that 7 C £(LP(2)) admits square function estimates if for every n € N,
Ti,..., T, € T and uy, ..., U, € LP(Q) the estimate

1 1

n 2 n 2
2 2
> Tl <Cll{ DIyl
= J=
LP(Q) LP(Q)

holds. Denote the smallest such C > 0 with R(T).
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Theorem
Assume

» A is sectorial on LP(Q2) with bounded H*° (X, )-calculus

» A C L(LP(Q) is a strongly closed algebra of operators commuting with A in
the resolvent sense

> F C H®(X,;A) such that {F(z): z € ¥, F € F} admits square function
estimates.

Then F(A) is bounded for F € F and {F(A): F € F} admits square function
estimates with

R{FA): FeF}) < CR({F(2): z€ X,,F € F}).

November 30, 2011 | TU Darmstadt | Lorenz v. Below | 9



The Kalton-Weis Theorem — Proof TECHNISCHE

UNIVERSITAT
DARMSTADT

For f € Hy°(X,) we have

IF(A1, ..., Am)l| < CRU{f(21, Az, ..., Am): 21 € T4, })
< CR({f(21, 20, As, s Am): 2 € £, for j = 1,2})

< CR({f(z1,....Zm): Z € L, forj=1,...,m})
< C|lf| o -
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Proposition
Let A have a bounded H*(¥X;)-calculus and F € H§®(X,; A) for wye~(A) < o < .
Then

where
M(t)u 27” Zi ZkeZ etiti—s u,_-( —k =1 eiiu)hsiy(zkm)zu
forwp<(A) < v <o,0<s<1andu e LP(Q) with
hi(z) = z5/%(e/r — 2)=1/2
and for all (a)kez € Coo(Z) and t > 0 we have

X ker axb@ AN 1oy < Cmaxces o]
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Proposition
Let (Vik)ken C L(LP(R)) such that for all (a)ken € Coo(N) we have

Zakvk

< Kmax |a] .
keN
keN

L(LP()
Then the following estimates hold.

1

| ), (o)

LP(Q) LP(Q2)

1
(S 10 i)

1
2\ 2
< K”(EZ!{:‘I | Uk )

Lr(Q) LP()
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1
2\ 2
1k Vet < | (S )
LP(Q)
1
2\ 2
2 ||(Sh Vi) || < Kulsgy
r(Q)
1 1
2\ 2 2\ 2
o || (S veal)| <] (S 1u)
LP(Q) LP(Q)
1 1
2\ 2 2\ 2
4. (Z,nﬂ ’EZ=1 Vkujk| ) < KH(ZZH |Ujk| )
LP(Q) LP(Q2)
O
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Proposition
Let (Vik)ken C L(LP(Q)) such that

Zaka

keN

< K maxken |ak]

L(LP(82))

holds for all (ak)ken € coo(N). Let T C L(LP(Q)) admit square function estimates.
Then

n
F= {Zakvkrkvk: neN,ax € Cwith |agx| <1, Tx eTfork=1,...,n}
k=1

admits square function estimates with R(F) < R(T)K?.
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1
2\ 2 15
2
S cvkn Vi Thn Vi <KD lokn T Victin|
n k @) k,n 1P(Q)
1
2
2
<SRK | D1 Vieun|
k,n 1P(9)
1
2
2
< R(TK?|[{ D lun
n LP(Q)
(I
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For F C HgO(ZC,;A):
- ff St with MOF)()u = Y keq FR7FE1€57) Vi(t)2 .
»R{M Fe}"}<CRf)
» R({F(A .Fe}'} < CR(F)
General case F C H*(X,;.A) via approximation. O
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» Theorems of Dore-Venni type

» H* implies maximal regularity if wye~ < 3

» ‘R-sectoriality implies maximal regularity if wye < 3

» Mixed Derivative Theorem

> .
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Thank you for your attention!
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