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Navier-Stokes equations

(NS)

8>><
>>:

@tu��u + (u ·r)u +rp = 0 for t > 0, x 2 Rn,

div u = 0 for t > 0, x 2 Rn,

u(0, x) = u0(x) for x 2 Rn.

Known Results. (Global solutions for small initial data)

Well-posedness Ill-posedness

T. Kato Kozono, Yamazaki Koch, Tataru Bourgain, Pavlović
(1984) (1994) (2001) (2008)

Ln(Rn) Ḃ
�1+n

p
p,1 (Rn)(n < p < 1) BMO�1 Ḃ�11,1(Rn)

Remark. Ln(Rn) ⇢ Ḃ
�1+n

p
p,1 (Rn) ⇢ BMO�1 ⇢ Ḃ�11,1(Rn).

|x|�1 2 Ḃ
�1+n

p
p,1 (Rn) \ Ln(Rn).
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Definition. Let {�j}j2Z be Littlewood-Paley’s dyadic de-

composition with supp c�j ⇢ { ⇠ 2 Rn |2j�1  |⇠|  2j+1 }.

Let s 2 R,1  p, q  1.

(i) Besov spaces Ḃs
p,q(Rn).

kukḂs
p,q

:=
⇢ X

j2Z

⇣
2sjk�j ⇤ ukLp

⌘q
�1

q
.

(ii) Triebel-Lizorkin spaces Ḟ s
p,q(Rn)

kukḞ s
p,q

:=
����
⇢ X

j2Z

⇣
2sj|�j ⇤ u|

⌘q
�1

q
����
Lp

.

Remark. Lp(Rn) = Ḟ0
p,2(Rn) for 1 < p < 1

L1(Rn) ⇢ BMO = Ḟ0
1,2(Rn) ⇢ Ḃ01,1(Rn)
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Well-posedness Ill-posedness

Ḃ
�1+n

p
p,1 (Rn) (p < 1) BMO�1 = Ḟ�1

1,2(Rn) Ḃ�11,1(Rn)

Let �L and �H satisfy d�L + d�H ⌘ 1,

supp d�L ⇢ {|⇠|  2}, supp d�H ⇢ {|⇠| � 1}.

Main Theorem. Let n � 2, n < p < 1.

(1) If ku0kḂ�1
1,1

⌧ 1 and ku0k
Ḃ
�1+n

p
p,1

 C1 exp
n
C2ku0k�1

Ḃ�1
1,1

o
,

there exists a global solution to (NS).
(2) If " := k�L ⇤ u0kḂ�1

1,1
+ k�H ⇤ u0kḞ�1

1,2
⌧ 1, there exists a

solution to (NS) on the time interval
h
0, C1eC2"�1i

.

Remark. ku0kḞ�1
1,2

⌧ 1 : Well-posedness.

ku0kḂ�1
1,1

⌧ 1 : Ill-posedness.
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Proof of Main Theorem (1).

kukY := sup
t>0

t
1
2�

n
2pku(t)kLp, kukZ := sup

t>0
t
1
2ku(t)kL1.

Remark. ket�u0kY = ku0k
Ḃ
�1+n

p
p,1

, ket�u0kZ = ku0kḂ�1
1,1

.

 (u)(t) := et�u0 �
Z t

0
e(t�⌧)�Pr · (u⌦ u)d⌧,

X :=
n

u
��� kukY  Cku0k

Ḃ
�1+n

p
p,1

, kukZ  Cku0kḂ�1
1,1

o
,

d(u, v) := ku� vkY .
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kukY := sup
t>0

t
1
2�

n
pku(t)kLp, kukZ := sup

t>0
t
1
2ku(t)kL1.

Proposition. (1) 9C > 0 such that
����

Z t

0
e(t�⌧)�Pr · (u⌦ u)d⌧

����
Y
 CkukZkukY .

(2) 9C, ✓ > 0 such that for any 0 < �  1

2����
Z t

0
e(t�⌧)�Pr · (u⌦ u)d⌧

����
Z
 C

n
�✓kukY + log(e+ ��1)kukZ

o
kukZ.

�✓ku0k
Ḃ
�1+n

p
p,1

+ log(e + ��1)ku0kḂ�1
1,1

⌧ 1

=) ku0kḂ�1
1,1

⌧ 1 and ku0k
Ḃ
�1+n

p
p,1

 C1 exp
n
C2ku0k�1

Ḃ�1
1,1

o
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Proof of Proposition, (1).

t
1
2�

n
2p

����
Z t

0
e(t�⌧)�Pr · (u⌦ u)d⌧

����
Lp

 Ct
1
2�

n
2p

Z t

0
(t� ⌧)�

1
2ku⌦ ukLpd⌧

 Ct
1
2�

n
2p

Z t

0
(t� ⌧)�

1
2kukL1kukLpd⌧

 CkukZkukY t
1
2�

n
2p

Z t

0
(t� ⌧)�

1
2⌧
�1

2+
n
2p⌧�

1
2d⌧

By changing the variable ⌧ 7! t⌧ ,

t
1
2�

n
2p

Z t

0
(t� ⌧)�

1
2⌧
�1

2+
n
2p⌧�

1
2d⌧ =

Z 1

0
(1� ⌧)�

1
2⌧
�1+ n

2pd⌧.
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Proof of Proposition, (2). [0, t] = [0, �t] [ [�t, t].

t
1
2

����
Z �t

0
e(t�⌧)�Pr · (u⌦ u)d⌧

����
L1

 Ct
1
2

Z �t

0
(t� ⌧)

�1
2�

n
2pku⌦ ukLpd⌧

 Ct
1
2

Z �t

0
(t� ⌧)

�1
2�

n
2pkukLpkukL1d⌧

 CkukY kukZt
1
2

Z �t

0
(t� ⌧)

�1
2�

n
2p⌧

�1
2+

n
2p⌧�

1
2d⌧.

By changing the variable ⌧ 7! t⌧ ,

t
1
2

Z �t

0
(t� ⌧)

�1
2�

n
2p⌧

�1
2+

n
2p⌧�

1
2d⌧ =

Z �

0
(1� ⌧)

�1
2�

n
2p⌧

�1+ n
2pd⌧

 C�
n
2p.
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For the integral in [�t, t],

t
1
2

����
Z t

�t
e(t�⌧)�Pr · (u⌦ u)d⌧

����
L1

 Ct
1
2

Z t

�t
(t� ⌧)�

1
2ku⌦ ukL1d⌧

 Ct
1
2

Z t

�t
(t� ⌧)�

1
2kuk2L1d⌧

 Ckuk2Zt
1
2

Z t

�t
(t� ⌧)�

1
2⌧�1d⌧.

By changing the variable ⌧ 7! t⌧ ,

t
1
2

Z t

�t
(t� ⌧)�

1
2⌧�1d⌧ =

Z 1

�
(1� ⌧)�

1
2⌧�1d⌧  C log(e + ��1).
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