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The Rotating Navier-Stokes Flow i

The Rotating Navier-Stokes Flow in R?

We will study the 3-dimensional rotating Navier-Stokes Equations

u—Au+u-Vu+Qegxu+Vp = f in REx[0,7T),
(RNS) divu 0 in R®x[0,7),
uw(0) = wp in R3

with a constant Coriolis parameter 2 # 0 and the data ug, f € L°(R3),
ie.

|v]| g := esssup(1 + |z|)"|v(z)| < oco.

Here e3 denotes the vertical unit vector (0,0,1)7 and the term
Ju:=e3 xu

restricted to divergence free vector fields is called Coriolis operator.
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The Rotating Navier-Stokes Flow in R®

A mild solution solves the integral equation:
t
u(t) = e~y — / e~ =A9p(y . Vu — f)(s)ds
0
with the Stokes-Coriolis operator Aq := —PA + QPJP.

The semigroup e *42 is bounded in LP(R?), 1 < p < 00, and in
BMO(R?). The norm estimate is even uniform in ¢ for p = 2.

But in contrast to the non-rotating case, i.e. Q = 0, the operator e 42 is
not bounded in L>(R3).
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The Rotating Navier-Stokes Flow in R®

Theorem (Existence and Uniqueness of Mild Solutions)

Let € > 0. For every initial velocity ug € L33 -(R3)? with divug = 0,
€ (0,3], and external force f € C ([0,T]; LzoJra(RS)?’) there exists a
constant T' > 0 and a unique solution

u € Cy, ([0,T]; L (R?))
to the rotating Navier-Stokes equations.
In particular, with the constant Cyy there holds

1

Uol|Lee, . + su I way———
ool + sup 15Oz, < sy
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The Rotating Navier-Stokes Flow in R®

Theorem (Existence and Uniqueness of Mild Solutions)

Let € > 0. For every initial velocity ug € L33 -(R3)? with divug = 0,
€ (0,3], and external force f € C ([0,T]; LzoJra(RS)?’) there exists a
constant T' > 0 and a unique solution

u € Cy, ([0,T]; L (R?))

to the rotating Navier-Stokes equations.
In particular, with the constant Cyy there holds

lwoll e, . + ||f( Mz, < s
U oo Su oo .
olL or b ™ 402 (VT + T)2

Sketch of Proof:

@ The operator e~49 is a convolution operator and the corresponding
kernel K; satisfies

—3—|al

0 Ki(w) 5 (Vi+ [a)
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The Rotating Navier-Stokes Flow in R®

@ Proving the boundedness of the operators

ALP, — C, ([O,T];LZO),
Au)(t) = e 4ty
B(.,.): C, ([0,T]; L) — Cu, ([0,T]; LYY)

B (u,u) (t) := —/0 el=9A4eP (y . Vu) (s) ds,
C:C, ([0,T); L) — Cu ([0, T]; L),

Cf) (1) = /0 (=40 £ () ds
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The Rotating Navier-Stokes Flow in R®

@ Proving the boundedness of the operators
A L;H-a — C, ([O,T];LZO) ,
Afu)(t) = 4%
B(.,.): C, ([0,T]; L) — Cu, ([0,T]; LYY)
B (u,u) (t) := —/ el=9A4eP (y . Vu) (s) ds,
0

C:C, ([0,T); L) — Cu ([0, T]; L),

u+z—:

Cf) (1) = /0 (=40 £ () ds

@ Verifying the existence of a fixed point of the equation

u(t) = Auo)(t) + B (u,u) (t) +C (f) (t)

in the Banach space C,, ([0, T]; Ly°) by using the Kato iteration
method.
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Spatial Asymptotics of Non-Rotating Flow

Spatial Asymptotics of Non-Rotating Flow

Brandolese and Bae, see [1], proved the following profile solutions in a
non-rotating frame, i.e. Q = 0:

Theorem (Spatial Asymptotic Behaviour of Non-Rotating Flow)

Let ¢ > 0 and Q2 = 0. For every initial velocity ug € LOO(RS) with
divug = 0, > 2, and external force f € C ([0, T7; Lgﬁre(R?’) ) let u be
the solution of the previous Theorem. Then the following profile holds for
almost all || > \/t:

(1) = eBuo(z) - va |3-// fdyds}wt(m 1),
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Spatial Asymptotics of Rotating Flow

Spatial Asymptotics of Rotating Flow

The solution of the rotating Navier-Stokes equations (RNS) without
external forces, solves the integral equation:

t
u(t) = e~y — / e~ =9Aap(y . Vu)(s)ds.
0

The symbol of the operator exp(—tAgq) which belongs to the linearised
problem of (RNS) is given by

e et [cos (§9t> — sin <|£€3|Qt> R(f)} ,
with the Riesz symbol

1 0 _63 £2
= Gl & 0 =& |,
& & 0

see Giga, Inui, Mahalov and Matsui, [3].
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Spatial Asymptotics of Rotating Flow

Due to this symbol let us use the following componentwise notations for
the kernel of the convolution operator e~ *4:

1 2 2
D j(w,t) = f—l(@e—“ el [cos(ﬁ;"m)&i,j — sin(EQt)Rm(g)]).
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Spatial Asymptotics of Rotating Flow

Due to this symbol let us use the following componentwise notations for

the kernel of the convolution operator e~ *4:
_ 1 202 & . &3
D;i(x,t) =F L o4 e [ cog (22 Ot 6; 5 —sin(=Q)R; (&) ).
7]( ) <87T3 [ (|£| ) ) (|£| ) 7]( )])

For illustration we pay our attention on the term

DW(z,t) :=F 1 <16_47r2t§|2 cos(f;’ﬂt))

where G; denotes the heat kernel.
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Let the polynomials p, € C*°(R), n € N, be defined by

pi(y) :==—y and ppi1:=p,(y) — v paly).

We note that the polynomial p, ;(y) := (2t) " 2p, (ﬁ) has degree n.
Hence we obtain

03G1(2) = pra(ws)Ga(a) = (85 = )"1) Gula).
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Spatial Asymptotics of Rotating Flow

Let the polynomials p,, € C*°(R), n € N, be defined by
pi(y) ==~y and  pui1:=p,(Y) =y pa(y)-

We note that the polynomial p, ;(y) := (2t) " 2p, (ﬁ) has degree n.
Hence we obtain

03Gu(2) = pas(a8)Gu(@) = (s = )" ) Gu(a).

The polynomial ps, can be respresented by the formula

n

p2n(y) - Z(_l)nJrlan,llea

=0

where the coefficients a,; > 1 are recursively defined by

ao, = 0o, ap,—1 =0
Qp, = (2[ + 1)(2[ + 2)an,1,l+1 =+ (4l + 1)an,171 =+ Ap—1,1—1-
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Spatial Asymptotics of Rotating Flow

In partilcular, there holds a,, , =1 and a,, ; = 0 for all k£ > n.
Furthermore, for all 1 < < n there holds: a,,; < (15l)”_l.
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Spatial Asymptotics of Rotating Flow

In partilcular, there holds a,, , =1 and a,, ; = 0 for all k£ > n.

Furthermore, for all 1 < < n there holds: a,,; < (15l)”_l.

y2

Considering the following even ordered derivatives of h(y) :=e™ 2 :

Oh(y) = [I +0-y> +0-yY -h(y)
Ph(y) = [-1 +1-y> +0-yY -h(y)

*h(y) = [3 —6-y> +1-yY -h(y)
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Spatial Asymptotics of Rotating Flow

In partilcular, there holds a,, , =1 and a,, ; = 0 for all k£ > n.

Furthermore, for all 1 < < n there holds: a,,; < (15l)"‘l.

y2

Considering the following even ordered derivatives of h(y) :=e™ 2 :

Oh(y) = [I +0-y> +0-yY -h(y)
Ph(y) = [-1 +1-y> +0-yY -h(y)

*h(y) = [3 —6-y> +1-yY -h(y)

leads to the scheme:

I\n|l0 1 2 3

0 I -1 3 —15\

1 0 1 —6 45 — ag
2 o 0 1 -15/

3 0 0 0 1
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Spatial Asymptotics of Rotating Flow

Lemma

Let n € N and |z| > /t. Then there holds

| - tropa. s
t
>n+ll| T3 2l s 7
—or 3|3 g R (2 sy, (L
S o LI (2 -

with an exponentially decaying remainder term W, .

Raphael Schulz (Darmstadt) Asymptotics of Rotating Flow December 2, 2011 11 / 16



Spatial Asymptotics of Rotating Flow

Lemma

Let n € N and |z| > /t. Then there holds

/ (s — t)”*lag,"gs(a:)ds
t
1)+ 21 7
=2m 2|z - Qnp, )— ( > + |@ _3‘I/n (_>

with an exponentially decaying remainder term W, .

We define
x© n 12 n+l+17) T3 2l
VO (g, CH 2y ()
=2 Z; CESIF
and VU (z3,t), 7 = 2,3, in a slightly different way.
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Spatial Asymptotics of Rotating Flow

Let £ > 0. We consider the summands of this series V) with respect to
[=0:

‘/E)t 1 —Zano (n—l) (Qt)Qn

and Vo(yjt.)f1 for the corresponding series V) (x:3,t), j = 2,3, we get away

from the rotating axis, i.e. for all |z3|'*¢ < |x|:
ol [V (s, 0) = Vil | = Oullal )

with an suitable §(g) > 0.
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Spatial Asymptotics of Rotating Flow

Let us define the auxiliary function v;, 7 = 1,2, 3, as follows:

ug,; = gl(x) /R:s uo’j(y)dy + Uj(%‘).
This leads us to
(DM () ug 5)(x) = (DW(t) % G1)(x) /11@3 uo ;(y)dy + (D (1) = v;) (x)

and the Fourier transform yields DM (t) x G, = DM (¢ + 1).
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Spatial Asymptotics of Rotating Flow

Let us define the auxiliary function v;, 7 = 1,2, 3, as follows:

ugj = Gi(x) /R Lo (y)dy +vj(x).
This leads us to
(DD (t) % ug 3) () = (DM (1) % G1) (=) /R3 uo,j(y)dy + (DN (2) * v;) ()
and the Fourier transform yields DM (¢) % G1 = DM(¢ + 1).

Therefore, we can establish the leading term of the considered convolution
with the kernel DM (z,t) for all |x3)'*¢ < |z|:

2 _3_
(DD() oy ) () = NCRT Vi [ w0ty + Oullal ).
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Spatial Asymptotics of Rotating Flow

Summarising all appearing convolutions of this type we obtain:

Theorem (Spatial Asymptotic away from the Rotating Axis)

Leti=1,2,e>0ando := 12755 For ;n > 4 and an initial velocity

ug € L3°(R3)3 with divug = 0, let u be the mild solution. Then the
following profile holds for almost all |z| > v/t and x5 < |x|:

i+l CZ-(i)xg_i.%‘g
|=[?
C?S,lt) Cé?t)l‘zaj‘g, C:g?t)l‘ll‘g

t) = — O — min{3+4d,4} )
U3(ZI},) ’x‘g |x‘5 —+ ’£‘5 —+ t(lx‘ )

C; .
wil@,1) = T + (1) + Oy(jaf ~mintEoA),

2 ‘
e = —) [ wnsto)dn+ OV [ s,

) 3 70,8
N
W._ 2 50
C&t = 3‘/;]7t u073(y)dya
ﬁ R3
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Thanks for your attention!

Raphael Schulz (Darmstadt) Asymptotics of Rotating Flow December 2, 2011 16 / 16



	The Rotating Navier-Stokes Flow in R3
	Spatial Asymptotics of Non-Rotating Flow
	Spatial Asymptotics of Rotating Flow
	Literature
	Thanks

