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.. Introduction

The Navier-Stokes equations with the Coriolis force

(NSC)


∂u
∂t
− ∆u+ Ωe3 × u+ (u · ∇)u+ ∇p = 0 in R3 × (0,∞),

div u = 0 in R3 × (0,∞),

u(x,0) = u0(x) in R3,

where

u = u(x, t) = (u1(x, t),u2(x, t),u3(x, t)) : velocity filed

p = p(x, t) : pressure

u0 = u0(x) = (u1
0(x),u2

0(x),u3
0(x)) : initial velocity field

Ω ∈ R : the Coriolis parameter

e3 := (0,0,1)
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.. Known Results (Global existence)

The global solvability for large |Ω|

Chemin-Desjardins-Gallagher-Grenier (2002, 2006)
∀u0 ∈ L2(R2)2 + H

1
2 (R3)3 with div u0 = 0

∃Ω0 = Ω0(u0) > 0 s.t.
|Ω| > Ω0 =⇒ ∃1u : global sol. for (NSC)

Uniform global solvability for small u0 ∈ X

∃δ > 0 : independent of Ω ∈ R s.t.
∀u0 ∈ X with ∥u0∥X 6 δ, ∃1u ∈ C([0,∞); X ) : sol. to (NSC)

Giga-Inui-Mahalov-Saal (2008) : X = FM−1
0 (R3)

Hieber-Shibata (2010) : X = H
1
2 (R3)

Konieczny-Yoneda (2011) : X = ḞB
2− 3

p
p,∞ (R3), 1 < p 6 ∞
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.. Known Results (Local existence)

Uniform local solvability for large u0

Giga-Inui-Mahalov-Matsui (2005)

∀u0 ∈ FM0(R
3)3 with div u0 = 0,

∃T = T(∥u0∥FM0) > 0 : independent of Ω ∈ R
s.t. ∃1u ∈ C([0,T]; FM0(R

3))3 : sol. to (NSC)

Local solvability of (NSC)

Giga-Inui-Mahalov-Matsui (2006)

∀u0 ∈ L∞σ,a(R
3) ⊂ L∞σ (R3), ∀Ω ∈ R,

∃T = T(∥u0∥L∞σ,a,Ω) > 0 s.t.
∃1u ∈ Cw([0,T]; L∞σ (R3)) : sol. to (NSC)

Furthermore

T(1+ ΩT)6+4δ >
C

∥u0∥2L∞σ,a
∀δ > 0

Ryo Takada (Tohoku Univ.) LWP for the Navier-Stokes equations



.. Mild solutions for (NSC)

Mild solution for (NSC)

u(t) = TΩ(t)u0 −
∫ t

0
TΩ(t − τ)P [(u · ∇)u] (τ)dτ t > 0

where

P := (δi j + RiRj)16i, j63: Helmholtz projection

TΩ(t) f = F −1

[
cos

(
Ω
ξ3
|ξ| t

)
e−|ξ|

2t f̂ (ξ) + sin

(
Ω
ξ3
|ξ| t

)
e−|ξ|

2tR(ξ) f̂ (ξ)

]

R(ξ) :=
1
|ξ|

 0 ξ3 −ξ2
−ξ3 0 ξ1
ξ2 −ξ1 0

 ξ ∈ R3 \ {0}
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.. Main Result

Assumption (A) .
1
2
< s<

5
4

Assumption (B) .

0 <
1
p
<

3− 2s
6
, max

{
3− 2s

6
,

s
3

}
<

1
q
< min

{
1
2
,
5− 2s

6

}
with

1
p
+

1
q
>

1
2

Assumption (C) .

3
4
− 3

2p
− s

2
6

1
θ1
< min

{
1− 2

p
− s

2
,
1
2
− 3

2p

}
,

5
4
− 3

2q
− s

2
6

1
θ2
< min

{
1
2
,
3
2
− 2

q
− s

2
,1− 3

2q

}
.
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.. Main Result

1
p

1
q

1
2

1
2

3− 2s
6

3− 2s
6

s
3

5− 2s
6

0

The Case :
1
2
< s<

3
4

The Figure of (p,q) satisfying Assumption (B)
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.. Main Result
.
Theorem (Main Theorem)
..

.

. ..

.

.

∀(s, p,q, θ1, θ2) : Assumptions (A), (B) and (C)
∃C = C(s, p,q, θ1, θ2) > 0

s.t.
∀Ω ∈ R \ {0} & ∀u0 ∈ Ḣs(R3)3 with div u0 = 0
∃T = T(s, p,q, θ1, θ2, |Ω|, ∥u0∥Ḣs) > 0

s.t. ∃1u ∈ XT : mild sol. to (NSC), where

XT :=
{
u ∈ C([0,T]; Ḣs(R3))3

∣∣∣ ∥u∥XT 6 C∥u0∥Ḣs,div u = 0
}

with

∥u∥XT := sup
0<t<T
∥u(t)∥Ḣs + |Ω|

1
θ1
−
(

3
4−

3
2p−

s
2

)
∥u∥Lθ1(0,T;Lp(R3))

+ |Ω|
1
θ2
−
(

5
4−

3
2q−

s
2

)
∥∇u∥Lθ2(0,T;Lq(R3))
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.. Main Result
.
Theorem (Main Theorem)
..

.

. ..

.

.

Furthermore ∃C′ = C′(s, p,q, θ1, θ2) > 0 s.t.

T > C′min


|Ω|

1
θ1
−
(

3
4−

3
2p−

s
2

)
1
2−

3
2p−

1
θ1

∥u0∥
1

1
2−

3
2p−

1
θ1

Ḣs

,
|Ω|

1
θ2
−
(

5
4−

3
2q−

s
2

)
1− 3

2q−
1
θ2

∥u0∥
1

1− 3
2q−

1
θ2

Ḣs


Assumption (C) .

3
4
− 3

2p
− s

2
6

1
θ1
< min

{
1− 2

p
− s

2
,
1
2
− 3

2p

}
,

5
4
− 3

2q
− s

2
6

1
θ2
< min

{
1
2
,
3
2
− 2

q
− s

2
,1− 3

2q

}
.
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.. Main Result

Remarks
In the case Ω = 0, it is known that

T >
C

∥u0∥
2

s−1/2

Hs

for u0 ∈ Hs(R3)3 with s>
1
2
.

In the case

1
θ1
=

3
4
− 3

2p
− s

2
&

1
θ2
=

5
4
− 3

2q
− s

2
,

our theorem holds for all Ω ∈ R, and

T > C′min


|Ω|

1
θ1
−
(

3
4−

3
2p−

s
2

)
1
2−

3
2p−

1
θ1

∥u0∥
1

1
2−

3
2p−

1
θ1

Ḣs

,
|Ω|

1
θ2
−
(

5
4−

3
2q−

s
2

)
1− 3

2q−
1
θ2

∥u0∥
1

1− 3
2q−

1
θ2

Ḣs

 =
C′

∥u0∥
2

s−1/2

Ḣs
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.. Linear Estimates

The operator G±(τ) (τ ∈ R) of oscillatory integral type

G±(τ)[ f ](x) := F −1
[
e±iτ

ξ3
|ξ|F [ f ]

]
(x) =

1
(2π)3

∫
R3

e±iτ
ξ3
|ξ| eix·ξ f̂ (ξ)dξ

Decomposition of the semigroup TΩ(t)

TΩ(t) f = F −1

[
cos

(
Ω
ξ3
|ξ| t

)
e−|ξ|

2t f̂ (ξ) + sin

(
Ω
ξ3
|ξ| t

)
e−|ξ|

2tR(ξ) f̂ (ξ)

]
=

1
2
G+(Ωt)

[
et∆(I +R) f

]
+

1
2
G−(Ωt)

[
et∆(I −R) f

]
where

R :=

 0 R3 −R2

−R3 0 R1

R2 −R1 0

 , Rj : the Riesz transform
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.. Linear Estimates

Dispersive estimate for G±(τ)

.
Lemma (Dispersive estimate)
..

.

. ..

.

.

2 6 ∀p 6 ∞, ∃C = C(p) > s.t.∥∥∥G±(τ)[ f ]
∥∥∥

Ḃs
p,q
6 C

{
log(e+ |τ|)

1+ |τ|

}1
2

(
1− 2

p

) ∥∥∥ f
∥∥∥

Ḃ
s+3(1− 2

p )

p′ ,q

for ∀τ ∈ R,∀s ∈ R,1 6 ∀q 6 ∞,∀ f ∈ Ḃ
s+3(1− 2

p )

p′,q (R3).

[ Idea of the proof ]
...1 L1 − L∞ estimates ⇐= stationary phase method
...2 L2 − L2 estimates ⇐= the Plancherel theorem
...3 the Riesz-Thorin real interpolation theorem
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.. Linear Estimates

Estimate of the Strichartz type for TΩ(t)

Assumption (L1) . 0 6 s< 3/2.
Assumption (L2) .

max

{
1− 2s

6
,0

}
<

1
p
<

3− 2s
6
,

3
4
− 3

2p
− s

2
6

1
θ
< min

{
1
2
,1− 2

p
− s

2

}
.
Lemma (Estimate of the Strichartz type)
..

.

. ..

.

.

∀(s, p, θ) : Assumptions (L1) and (L2)
∃C = C(s, p, θ) > 0 s.t.

∥TΩ(·) f ∥Lθ(0,∞;Lp(R3)) 6 C|Ω|−
{

1
θ−

(
3
4−

3
2p−

s
2

)}
∥ f ∥Ḣs

for ∀Ω ∈ R \ {0} & ∀ f ∈ Ḣs(R3)3.
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.. Linear Estimates
.
Lemma (Estimate of the Strichartz type)
..

.

. ..

.

.

∀(s, p, θ) : Assumptions (L1) and (L2)
∃C = C(s, p, θ) > 0 s.t.

∥TΩ(·) f ∥Lθ(0,∞;Lp(R3)) 6 C|Ω|−
{

1
θ−

(
3
4−

3
2p−

s
2

)}
∥ f ∥Ḣs

for ∀Ω ∈ R \ {0} & ∀ f ∈ Ḣs(R3)3.

Remark

1
θ
=

3
4
− 3

2p
− s

2
⇐⇒ 2

θ
+

3
p
=

3
2
− s

Hs admissible pair of the Strichartz estimates for eit∆ :∥∥∥eit∆ f
∥∥∥

Lθ(R;Lp(R3))
6 C ∥ f ∥Hs
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