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Weighted Trudinger-Moser type inequality and its application

@ Best constant of Weighted Trudinger-Moser inequality

@ Asymptotic best constant of
Caffarelli-Kohn-Nirenberg inequality

@ Application to Klein-Gordon equation with
weighted exponential type nonlinearlity
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LTrudinger-Moser inequality

Trudinger (1967), Moser (1971)

n>2,3dC, > 0 s.t.

/Qexp (a|u(x)|",) dx < G,|Q] (1)

for Yu € Hy"(Q) with ||Vu
VQ : bounded, 0 < Va < nw/ "}, where w, 1 = [S,_1].

@ <L
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LTrudinger-Moser inequality

Trudinger (1967), Moser (1971)

n>2,3dC, > 0 s.t.

/Qexp (a|u(x)|",) dx < G,|Q] (1)

for Yu € Hy"(Q) with ||Vu
VQ : bounded, 0 < Va < nw/ "}, where w, 1 = [S,_1].

L(@) ) <1,

o Ifa> nwn 1, then (1) fails.
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LTrudinger-Moser inequality

Trudinger (1967), Moser (1971)

n>2,3dC, > 0 s.t.

/Qexp (a|u(x)|",) dx < G,|Q] (1)

for Yu € Hy"(Q) with ||Vul|iq) < 1,

VQ : bounded, 0 < Va < nw,—7, where w,_1 = [S,_1].

1

o If a > nw, 7, then (1) fails.

@ (1) has been generalized by many authors:

Adams (1998) — H:’%(Q) with best constant

Ogawa (1990), Ogawa-Ozawa (1991) — H3:?(R")
Ozawa (1995) — H#"P(R")

Adachi-Tanaka (1999) — H»"(R") with best constant
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LTrudinger-Moser inequality

Adachi- ka (1999)

1

(i) n>2,0<Va<nw,"}, 3G, o > 0s.t.

[ @ (alul”) o < Gl )

for Yu € HM"(R") with | Vul|nrey < 1,

oo

t/
where ¢,(t) := Z — for t > 0.
I

Jj=n—1
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LTrudinger-Moser inequality

Adachi-Tanaka (1999)

(i) n>2, O<Voz<nw,7 1» 3G o >0 s.t.

[ @ (alul”) o < Gl )

for Yu € HM"(R") with | Vul|nrny < 1,

where ¢,(t) := E — for t > 0.
, J!
J:n—l

(i) If « > nwn %, then (2) fails.
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LTrudinger-Moser inequality

Adachi-Tanaka (1999)

(i) n>2, O<Voz<nw,7 1» 3G o >0 s.t.

[ @ (alul”) o < Gl )

for Yu € HM"(R") with | Vul|nrny < 1,

where ¢,(t) := E — for t > 0.
, J!
J:n—l

(i) If « > nwn %, then (2) fails.

@ Sobolev embedding : H"(R") — L"(]R”) for n < Vg < <.

o oo @ (aluCI" ) dx = 3277, 4 lull;

L"J R")

Hidemitsu Wadade (Waseda University)joint work with Michina  Weighted Trudinger-Moser type inequality and its application



Weighted Trudinger-Moser type inequality and its application
LTrudinger-Moser inequality

Caffarelli-Kohn-Nirenberg (1984)

n>235<s<nn<q<oo, 3C s34 > 0 s.t.
n(n s) n(n—s)
||U”Lq(|x|—5) < Chszg ||u||[_n(|xlfs ||VU||Ln q(: ) 3)
for Vu € L7(|x|5) N HL"(R™),
where [[u n(pe5) = (fo [1()[7|x| ") 7.
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LTrudinger-Moser inequality

Caffarelli-Kohn-Nirenberg (1984)

n>235<s<nn<q<oo, 3C s34 > 0 s.t.
oy oy
lullsgei=) < Crsza Il S0 L Vel s?  (3)
for Vu € L7(|x|5) N HL"(R™),
where [[u n(pe5) = (fo [1()[7|x| ") 7.

e s =5=0in (3) implies H-"(R") — L9(R")
for n < Vg < .
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LTrudinger-Moser inequality

Caffarelli-Kohn-Nirenberg (1984)

n>235<s<nn<q<oo, 3C s34 > 0 s.t.
oy oy
lullsgei=) < Crsza Il S0 L Vel s?  (3)
for Vu € L7(|x|5) N HL"(R™),
where [[u n(pe5) = (fo [1()[7|x| ") 7.

@ s =3 =0 in (3) implies H"(R") — LI(R")
for n < Vg < .

o First goal is to establish weighted Trudinger-Moser
inequality crresponding to (3).
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Lm

ain results

Theorem 1.

1

(()n>2,35<s<n 0<Va<(n—s)w 7, IChsza >0 s.t.

af dX M
/nq)n (a‘u(x)| ) ‘ |s < CnssaHUHLn(| |-%) (4)

for radial Vu € L"(|x|~%) 0 HY"(R") with ||V ul|n(gn) < 1.
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Lm

ain results

Theorem 1.

(i)n>2,5<s<n 0<Va<(n

/nd),, (a\u(x)|”,> ‘d)|<s <

for radial Vu € L”(|x|_§) N
(i) Ifa>(n—s)w/

L7 (R™) with [Vl pa(gny < 1.
, then (4) fails.

1

s)w, "1, IChsiza > 0 s.t.

n(n—s)
Chysjs aHUHLn(| )

(4)
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Lm

ain results

1

(()n>2,35<s<n 0<Va<(n—s)w 7, IChsza >0 s.t.

af dX M
/nq)n (a‘u(x)| ) ‘ |s < CnssaHUHLn(| |-%) (4)

for radial Vu € L”(|x| )N A (R") with [|[Vul|pagey < 1.
(i) If o« > (n — s)w.—7, then (4) fails.

@ (n—s)w/~7 is best constant of (4).
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Lm

ain results

1

(()n>2,35<s<n 0<Va<(n—s)w 7, IChsza >0 s.t.

af dX M
/nq)n (a‘u(x)| ) ‘ |s < CnssaHUHLn(| |-%) (4)

for radial Vu € L”(|x| )N A (R") with [|[Vul|pagey < 1.
(i) If o« > (n — s)w.—7, then (4) fails.

1
1

@ (n—s)w, "7 is best constant of (4).

o If 5=0, radlal condition can be removed
by rearrangement.
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L Main results

Rearrangement inequalities

Let n>2,0<s<n 1<qg<o0, a>0,
and let uv* be rearrangement of wv.
Jan WG X[ < [, [u™(x)]]x|~*dx,
™ |Vu*(x)dx < Sz |V u(x)|?dx,
Jio @n (UG ) IxI=2dx < o @ (lu" (I ) 1x~*dx.
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L Main results

Rearrangement inequalities

Let n>2,0<s<n 1<qg<o0, a>0,
and let uv* be rearrangement of wv.
Jan WG X[ < [, [u™(x)]]x|~*dx,
™ |Vu*(x)dx < Sz |V u(x)|?dx,
Jio @n (UG ) IxI=2dx < o @ (lu" (I ) 1x~*dx.

Corollary of Theorem 1

|

n22,0§s<n,0<Va<(n75) o1 3Chsa >0 sit.

af dx
/n¢" <a|u(x)| ) NE < Ghs.allullfngn

for Vu € HY"(R") with ||Vul|gn) < 1.

Hidemitsu Wadade (Waseda University)joint work with Michina  Weighted Trudinger-Moser type inequality and its application



Weighted Trudinger-Moser type inequality and its application
L Main results

Comments on proof of Theorem 1.

1

()n>2,53<s<n 0<Va<(n—s)w, 7, 3Chszqa >0 s.t.

’ dX %
/ o, <a|u(x)|” ) — < Cpszalu Lo(|x| %)

x|~

for radial Yu € L"(|x|~%) N HY"(R") with ||V ul|pngs) < 1.
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L Main results

Comments on proof of Theorem 1.

1

()n>2,53<s<n 0<Va<(n—s)w, 7, 3Chszqa >0 s.t.

’ dX %
/ o, <a|u(x)|” ) — < Cpszalu Lo(|x| %)

x|~

for radial Yu € L"(|x|~%) N HY"(R") with ||V ul|pngs) < 1.
(i) If @ > (n — s)w, "}, then inequality fails.
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L Main results

Comments on proof of Theorem 1.

1

()n>2,5<s<n 0<Va<(n—s)w, |, ICosza >0 s.t.

’ dX %
/ o, <a|u(x)|” ) — < Cpszalu Lo(|x| %)

x|~

for radial Yu € L"(|x|~%) N HY"(R") with ||V ul|pngs) < 1.

(ii) If « > (n — s)w, 3, then inequality fails.

1

Proof of (i) Fors<n, 0<a<(n—sw! ],

/n o, (a|u(x)|”l) . < Grsallu

xls

Ln(1x]—#) (5)

for radial u € L"(|x|~°) N H-"(R") with ||Vu

L (R") <1.
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L Main results

(5) is equivalent to non-singular case s = 0 by scaling

n—1

n—s\ " .
v(x) = < - > i(|x
@), Ul = 725 lullee),

{ IV ul| pr(my = (| Vv
Jun @0 (aluGl") 2 = 22 [ &0 (325 0lu()]" ) dx,

n_ yn—
and note 0 < o< nw,”

%) for i(|x|]) = u(x) for x € R".
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L Main results

(5) is equivalent to non-singular case s = 0 by scaling

n—1

n—s\ " .
v(x) = < - ) i(|x
@), Ul = 725 lullee),

{ IV ul| pr(my = (| Vv
Jun @0 (aluGl") 2 = 22 [ &0 (325 0lu()]" ) dx,

n_ yn—
and note 0 < o< nw,”

%) for i(|x|]) = u(x) for x € R".

@ Equation (5) + Caffarelli-Kohn-Nirenberg
inequality — Theorem 1 (i).
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Lm

ain results

Proof of (i) Define {uy}ien C L"(Jx|~%) N HY"(R") by

0 if |x|>1,
1
7 ek
ug(x) = <w':15k> log (ﬁ) if e 7= <|x| <1,
1 1
n W —_k
(Wn];l) (%) if 0 S |X| S e n—s,
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Weigl
Lm

hted Trudinger-Moser type inequality and its application

ain results

Proof of (i) Define {uy}ien C L"(Jx|~%) N HY"(R") by

0 if x| >1,

1

() =4 (%) og (

(o) ()

Then we see ||Vukl[ingrny =1 for all k €N, and

|~

) if e s < x| <1,

3=
3] X

if 0<|x| <e .

_1 , i
Jen®n (0= 1o 30l )

n(n—s)

— 00

HukHLn(‘X‘ —5)

1
as k — oo, which implies (4) fails if o = (n — s)w; 7.
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L Main results

Asymptotic best-constant of
Caffarelli-Kohn-Nirenberg inequality

n—1

en(n—s)w,” 11

(i) n>2,5<s<n, VB> (“) , nszp > ns.t.

n(n— s) n(n—s)

||uHLq(|x\ =9) <Bq ||u||[_n(‘ s)Hv“”Ln(R: K (6)

for radial Yu € L"(|x|=%) N HY"(R") and r, sz 5 < Vq < co.
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L Main results

Asymptotic best-constant of
Caffarelli-Kohn-Nirenberg inequality

n—1

en(n—s)w,” 11

(i) n>2,5<s<n, VB> (“) , nszp > ns.t.

n(n— s) n(n—s)

||uHLq(|x\ =9) <Bq ||u||[_n(‘ s)Hv“”Ln(R: K (6)

for radial Yu € L"(|x|=%) N HY"(R") and r, sz 5 < Vq < co.

n—

(i) IF0 < VB < <1> ', then (6) fails

en(n—s)w,

in the above asymptotic sense.
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L Main results

Comments on proof of Theorem 2.

ag :=sup{a > 0]3C,sz5, > 0 s.t.

n(n— s)

dx
n
[ 0 (1uCal”) 22 < Coasalulli

for radial u € L"(|x|~%) N HY"(R") with IVull ey < 1.}

Bo = inf{ﬁ >0 | 3rn,s,§,8 > ns.t.
n(n s) n(n— s)
”uHLq(\X\ —5) < ﬁq ||U||Ln (1x|~ S)HVU”Ln a s

for radial u € L"(|x|~%) N AM"(R") and r, 5z 5 < Vq < 00.}
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L Main results

Exact relation between oy and [ :

1
1 \w
Bo = (0) . ()

1
On the other hand, since oy = (n — s)w, "} by Theorem 1,

Weighted Trudinger-Moser type inequality and its application
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L Main results

Exact relation between oy and [ :

1
1 \w
Bo = (0) . ()

1
On the other hand, since oy = (n — s)w, "} by Theorem 1,

@ For non-singular case s =5 =0, (7) was proved by
Ozawa (1997).

Weighted Trudinger-Moser type inequality and its application
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LApplication to Klein-Gordon equation

Let 0 < s <1 and (f,g) € H'2(R?) x [2(R?) with ||V 2(z2) < 1.

Outu=—5F (e4(175)7”'2 — 1) in (0,7)x R?,
u(0,-)=f and 0:u(0,)=g in R?

has unique local solution for some T = T(||f]|;2w2), |&]l2(2)) > 0 in

the class

lullxr = sup (laC, Yisageey + 106 i) + el 7.4 )

v
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LApplication to Klein-Gordon equation

Let 0 < s <1 and (f,g) € H'2(R?) x [2(R?) with ||V 2(z2) < 1.

Outu=—5F (e4(175)7”'2 — 1) in (0,7)x R?,
u(0,-)=f and 0:u(0,)=g in R?

has unique local solution for some T = T(||f]|;2w2), |&]l2(2)) > 0 in

the class

lullxr = sup (laC, Yisageey + 106 i) + el 7.4 )

v

@ Non-singular case s = 0 in Theorem 3 was proved by
Ibrahim-Majdoub-Masmoudi (2006).
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LApplication to Klein-Gordon equation

Comments on proof of Theorem 3.

We decompose solution v = v + vy, where

v+ v = —¥ho (-9ntrwl’ 1) i (0,T) x B2,
v(0,-) = 9;v(0,-) =0 in R?

Ovw+vw=0 in (0,T)xR?,
w(0,)=f and 9;w(0,)=g in R2
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LApplication to Klein-Gordon equation

Comments on proof of Theorem 3.

We decompose solution v = v + vy, where

Ov+v=_—Yt% (6\4(175)7r(v+vo)2 _ 1) in (07 T) % R2,
v(0,-) = 9;v(0,-) =0 in R?,
Ovo+w=0 in (0, T) xR
w(0,:)=f and 0O;v(0,-)=g in R

vp can be solved explicitly by

vo(t, x) = cos(tv/1 — A)f(x) + Wg(x).
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LApplication to Klein-Gordon equation

Our function space: X7(9) := {v € X7 |||v]|x, <}

for T >0 and 6§ > 0, where

el = s (laC Yhnageey + 100t M) + e 7. ey
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LApplication to Klein-Gordon equation

Our function space: X7(9) := {v € X7 |||v]|x, <}

for T >0 and 6§ > 0, where
el = s (laC Yhnageey + 100t M) + e 7. ey

To apply fixed point theorem, define a map ®(v) for v € X7(6) by

Od(v) + d(v) = 7%‘\5/0 (64(175)7r(v+vo)2 _ 1) in (0, T) x R?,
®(v)(0,-) = 3:(v)(0,-) =0 on R

(8)
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LApplication to Klein-Gordon equation

Our function space: X7(9) := {v € X7 |||v]|x, <}

for T >0 and 6§ > 0, where

el = s (laC Yhnageey + 100t M) + e 7. ey

To apply fixed point theorem, define a map ®(v) for v € X7(6) by

Od(v) + d(v) = 7% (64(175)7r(v+vo)2 _ 1) in (0, T) x R?,
®(v)(0,-) = 3:(v)(0,-) =0 on R

(8)

Our goal : ¢ becomes contraction from X7 (J) to X7(0)

for sufficiently small T and 6.
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LApplication to Klein-Gordon equation

@ Energy estimate for (8):

sup_ ([@(v)(t, )l rrae) + 10:(v)(E, )lli2(re))
o<t<T

<C

v+ v (e4(1—s)7r(v+vo)2 -~ 1)

[x[*

LY(0,T ; [2(R?))
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LApplication to Klein-Gordon equation

@ Energy estimate for (8):

sup_ ([@(v)(t, )l rrae) + 10:(v)(E, )lli2(re))
o<t<T

<C

v+ v (e4(1—s)7r(v+vo)2 -~ 1)

[x[*

11(0, T ; L2(R?))
@ Strichartz estimate for (8) by Ginibre-Velo (1995):

vtv (e4<1—s>w(v+vD)2_1)

|x|*

d(v 1 < .
|| ( )HL“(O,T;C}l(Rz)) = 1107 2(82))
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LApplication to Klein-Gordon equation

@ Energy estimate for (8):

sup_ ([@(v)(t, )l rrae) + 10:(v)(E, )lli2(re))
o<t<T

<C

v+ v (e4(1—s)ﬂ(v+vo)2 -~ 1)

[x[*

LY(0,T ; [2(R?))

@ Strichartz estimate for (8) by Ginibre-Velo (1995):

V+V —S)m(VT+V 2_
o(v) 0 (b-simtvir )

|x|*

< .
””(O’T;C%(RQD B L1(0,T; L2(R?))

Combining Energy estimate with Strichartz estimate,

lullx, < €

v+ v (64(175)7r(v+v0)271)

[x]°

L1(0,T ; L2(R?)) .
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LApplication to Klein-Gordon equation

By Holder and Sobolev inequalities, for any e >0and 0 <t < T,

v+ vo (64(175)7r(v+v0)2 _ 1)

|x]¢ 12(R?)
H1=s)m(vwo)? 2
< (v + vo)? [l ey
~ 0 [ (1+¢) (R2) |X|S
L1+=(R2)
4(1—5)71'(v-§—v0)2 -1
_ 2 4(1—s)m(v+vp)? €
=|v+ V0‘|L2+%(R2) (e (1=s)m(v+w)® _ 1) =
L1+=(R?)
4(175)71'(v+v0)2 -1
4(1—s)m||v+wv |20c €
< C||V+ VO”%—Il,Z(Rz)e (1=s)mllvvoll, (R2) ‘x|25
L1+=(R?)
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LApplication to Klein-Gordon equation

S$=0and n=2in eorem 1.
0<s<2, 0<a<?2(2—s)m, 3C,o > 0s.t.

) dx
/ (ea|u(x)| _ 1) iz < G llullfage
- |x|¢

for Vu € H2(R?) with [|[Vu| 2y < 1.
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LApplication to Klein-Gordon equation

=0and n=2 in Theorem 1.
0<s<2, 0<a<?2(2—s)m, 3C,o > 0s.t.

) dx
/ (ea|u(x)| _ 1) iz < G llullfage
- |x|¢

for Vu € H2(R?) with [|[Vu| 2y < 1.

Brézis-Gallouét-Wainger type inequality

by Ibrahim-Majdoub-Masmoudi (2007)
A> 2, 3C, >0 s.t.

Ul g2y < Alullfnze log | G+ ”uncﬂ
[lullrr2we)

for Vu € (H112(]R2) N c%(RZ)) \ {0}.
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