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Navier-Stokes equation

.
Navier-Stokes equation (NS)
..

......

@tu � �u C .u � r/u C rp D 0; x 2 �; t > 0; (1a)

div u D 0; x 2 �; t > 0:; (1b)

u.x; 0/ D u0.x/; x 2 �: (1c)

� j Rd (d � 2) (if @� 6D ; some boundary condition is imposed).
u D .u1; : : : ; ud /: velocity, p: pressure (unknown).

.
Main difficulties of (NS)
..

......

The pressure has no time evolution (1a)

Divergence free constraint (1b)

N. Yamaguchi j Penalty method for Stokes and Navier-Stokes equations 2



Navier-Stokes equation

.
Navier-Stokes equation (NS)
..

......

@tu � �u C .u � r/u C rp D 0; x 2 �; t > 0; (1a)

div u D 0; x 2 �; t > 0:; (1b)

u.x; 0/ D u0.x/; x 2 �: (1c)

� j Rd (d � 2) (if @� 6D ; some boundary condition is imposed).
u D .u1; : : : ; ud /: velocity, p: pressure (unknown).

.
Main difficulties of (NS)
..

......

The pressure has no time evolution (1a)

Divergence free constraint (1b)

N. Yamaguchi j Penalty method for Stokes and Navier-Stokes equations 2



Difficulties in numerical computation

T > 0; N 2 N. h D T=N (time step size)

U n.x/ � u.x; tn/, P n.x/ � p.x; tn/ (tn D nh): difference
approximation of (NS) at t D tn.

.
Time discretization of (NS): Direct method
..

......

U nC1
� U n

h
� �U n

C U n
� rU n

C rP n
D 0; n D 0; 1; : : : ; N � 1;

div U n
D 0:

Solving the above difference eq. w.r.t U nC1 we have

U nC1
D U n

C h�U n
� hU n

� rU n
� hrP n; n D 0; 1; : : : ; N � 1;

div U n
D 0; n D 0; 1; : : : ; N:
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Difficulties in numerical computation
.
Time discretization of (NS): Direct method
..

......

U nC1
D U n

C h.�U n
� U n

� rU n
� rP n/; n D 0; 1; : : : ; N � 1;

div U n
D 0; n D 0; 1; : : : ; N:

To obtain U nC1, we need not only U n, but also P n.

Since div U n
D 0, we have

��P n
D div.U n

� rU n/; x 2 �; (NLP)

P n is represented by U n. Formally, P n D .���/�1 div.U n
� rU n/.

This representation is non-local.
Boundary condition for P n ?
Does div U n

D 0 hold for any n � 1, if we apply some space
discretization ?

Pressure makes direct numerical computation of (NS) complicate.
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Penalty method

One of the standard ways to eliminate the pressure from (NS) is penalty
method (Temam (1968)):

Replacing div u D 0 by

div u D �p=� .� > 0/; (PEN)

and substituting p D �� div u into (1a), we have a penalized (NS).
.
Penalized (NS)
..

...... @tu
�

� �u�
C u�

� ru�
� �r div u�

D 0: (NS)�

(NS)� does not include the pressure p

Formally � ! C1, (PEN) becomes div u� D 0

Since we do not need to solve Poisson equation (NLP), Penalty method
is indirect method.
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Topics and Known results
.
Penalized (NS)
..

...... @tu
�

� �u�
C u�

� ru�
� �r div u�

D 0: (NS)�

(NS)�: approximate problem of (NS).

.
Question
..
......� ! 1 H) .u�; p�/ ! .u; p/?

To answer this question, it is worthwhile well to get error estimates between
.u�; p�/ and .u; p).
Known results

Temam (1968): error estimate for stationary Stokes and Navier-Stokes
in bounded domain (L2 theory)
Shen (1995): error estimate for nonstationary Stokes and Navier-Stokes
in bounded domain (L2 theory)
Y. Saito (2010): error estimate for Stokes resolvent problem in Rd (Lr

theory)
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Main topic

Topic:

�-dependence of solution to penalized system

Error estimate between solutions to original problem and penalized
problem.

.
Contents
..

......

1 Estimate solution to penalized Stokes equation which is linearized
problem of (NS)�

2 Error estimate for the Stokes equation case

3 Error estimate for the mild solution of (NS)�. In particular, we are going
to show that

lim
�!1

ku�.t/ � u.t/kd � C.u0; u
�
0/:
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Stokes equation

Let d � 2. We consider the Cauchy problems.
.
Stokes equation (ST)
..

......

@tu � �u C rp D 0; x 2 Rd ; t > 0; (2a)

div u D 0; x 2 Rd ; t > 0; (2b)

u.x; 0/ D u0; x 2 Rd : (2c)

Applying penalty method to (ST) we have
.
Penalized Stokes equation (PST)�
..

......

@tu
�

� �u�
� �r div u�

D 0; x 2 Rd ; t > 0; (3a)

p�
D �� div u�; x 2 Rd ; t > 0; (3b)

u�.x; 0/ D u
�
0; x 2 Rd : (3c)
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Helmholtz decomposition for Lr.Rd /

To reformulate (PST)�, we use the Helmholtz decomposition.

.
Helmholtz decomposition in Rd

..

......

Let 1 < r < 1 H) Lr.Rd / D Lr
� .Rd / ˚ Gr.Rd /, where

Lr
� .Rd / D fu 2 Lr.Rd / j div u D 0g;

Gr.Rd / D f r� j � 2 OW 1;r.Rd /g;

OW 1;r.Rd / D f� 2 L1
loc.R

d / j r� 2 Lr.Rd /g:

P D Pr W Lr.Rd / ! Lr
� .Rd / : solenoidal projection

Q D Qr WD I � Pr .
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Reformulation of (PST)�

Applying P and Q to (PST)� we have the following equations for v� D P u�

and w� D Qu�.

.
Eq. for solenoidal part
..

......

@tv
�

� �v�
D 0; div v�

D 0; x 2 Rd ; t > 0;

v�
jtD0 D v

�
0 DW P u�

and
.
Eq. for scalar potential part
..

......

@tw
�

� .1 C �/�w�
D 0; w�

D r'� x 2 Rd ; t > 0;

w�
jtD0 D w

�
0 DW Qu

�
0

Note:

��w � �r div w D ��r' � �r div r' D �.1 C �/�r' D �.1 C �/w:
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Linear heat equation
.
Linear heat eq.
..

......

@tz � ��z D 0; x 2 Rd ; t > 0;

z.x; 0/ D z0.x/; x 2 Rd :

� > 0: heat diffusivity.

z.x; t I �/ D e�t�z0 WD
1

4��t

Z
Rd

exp
�

jx � �j2

4�t

�
z0.�/ d�

.
Lemma (Lr -Lq estimate)
..

......

Let � > 0; 1 � r � q � 1; j 2 N0; ˛ 2 Nd
0 . Then the following estimate

holds for any t > 0.

k@
j
t @˛

xz.�; t I �/kq � Cq;r;˛;j �
� d

2

�
1
r

� 1
q

�
�

j˛j
2 t

� d
2

�
1
r

� 1
q

�
�

j˛j
2

�j
kz0kr
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Estimates for v�.t/ and w�.t/

Let u
�
0 2 Lr.Rd / (1 < r < 1) and set v

�
0 WD P u

�
0 2 Lr

� and
w

�
0 WD Qu

�
0 2 Gr H)

v�.t/ D et�v
�
0

w�.t/ D e.1C�/t�w
�
0

As a consequence of Lemma (Lr -Lq estimate), we have

k@
j
t @˛

xv�.t/kq � Cq;r t
� d

2

�
1
r

� 1
q

�
�

j˛j
2

�j
kv

�
0kr ;

k@
j
t @˛

xw�.t/kq � Cq;r.1 C �/
� d

2

�
1
r

� 1
q

�
�

j˛j
2 t

� d
2

�
1
r

� 1
q

�
�

j˛j
2

�j
kv

�
0kr

for 1 < r � q � 1 .r 6D 1/, t > 0, j 2 N0; ˛ 2 Nd
0 .

In particular q D r; j D 0; ˛ D .0; : : : ; 0/ H)

kw�.t/kr � Cq;rkw
�
0kr :

.
Remark
..
......For any � > 0, kw�.t/kr is bounded, provided that u

�
0 2 Lr.Rd /.
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�
0 WD P u

�
0 2 Lr

� and
w

�
0 WD Qu
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0 2 Gr H)

v�.t/ D et�v
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0

w�.t/ D e.1C�/t�w
�
0
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k@
j
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Estimate for w�.t/

For w
�
0 D Qru

�
0 2 Gr.Rd /, put w

�
0 D r'

�
0 ; '

�
0 2 OW 1;r.Rd /.

.
Lemma
..

......C
1
0 .Rd / � OW 1;r.Rd /: dense w.r.t kr � kr .

For any " > 0, there exists '0;" 2 C 1
0 .Rd / such that

kw
�
0 � r'0;"kr D kr'0 � r'0;"kr < ":

By (13) and Lr -Lq estimate, we have

kw�.t/kr D ket.1C�/�.w
�
0 � r'

�
0;"/kr C ke.1C�/�

r'
�
0;"kr

� Crkw
�
0 � r'

�
0;"kr C kre.1C�/�'

�
0;"kr

� Cr" C Cr.1 C �/� d
2 . 1

s
� 1

r /� 1
2 t� d

2 . 1
s

� 1
r /� 1

2 k'
�
0;"ks; .9s 2 Œ1; r�/

� Cr" C Cr;t0;d .1 C �/� d
2 . 1

s
� 1

r /� 1
2 ; t � t0 > 0:
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Estimate for w�.t/

By density argument, we obtained

kw�.t/kr � Cr" C Cr;t0;d .1 C �/� 1
2 ; t � t0 > 0 .s D r; for simplicity/:

For each t � t0 > 0, we have

lim
�!1

kw�.t/kr D 0:

Since p�.t/ D �� div u�.t/ D �� div w�.t/ (because div v�.t/ D 0), it
suffices to estimate �r2w�.t/.

To get estimate for the pressure p�, the above estimate plays an
essential role.
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Error estimates

Let 1 < r < 1 and

.u.t/; p.t//: solution to Stokes equation with initial data u0 2 Lr
� .Rd /

(compatibility condition)

u�.t/: solution to penalized Stokes equation with initial data
u

�
0 2 Lr.Rd /

Set
U �.t/ WD u�.t/ � u.t/; …�.t/ WD p�.t/ � p.t/:

.U ; P / satisfies

@tU
�

� �U �
C r… D 0; x 2 Rd ; t > 0;

div U �
D �p�=�; x 2 Rd ; t > 0;

U �
jtD0 D U DW u

�
0 � u0; x 2 Rd :
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Error estimates

By Helmholtz projection Pr and Qr WD I � Pr , equation for U �; …� is
decomposed into

@t .v
�

� u/ � �.v�
� u/ D 0; div.v�

� u/ D 0; x 2 Rd ; t > 0;

.v�
� u/jtD0 D .v

�
0 � u0/ 2 Lr

� .Rd /:

and

@tw
�

� .1 C �/�w�
D 0; x 2 Rd ; t > 0;

w�
jt D 0 D w

�
0 2 Gr.Rd /:

Here we have used the fact that rp D 0 in Gr .
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Since
kU �.t/k � kv�.t/ � u.t/k C kw�.t/k

kr…�.t/k D krp�.t/k

we have by previous estimate,
.
Theorem 1 (Error estimate).
..

......

(i) Let 1 < r � q � 1 .r 6D 1/. Then for any " > 0, 9'0;" 2 C 1
0 .Rd / such

that the following estimate holds for any � > 0; t > 0.

k@
j
t @˛

xU �.t/kq � Cq;r t
� d

2

�
1
r

� 1
q

�
�

j˛j
2

�j
kv

�
0 � u0kr

C Cq;r"t
� d

2

�
1
r

� 1
q

�
�

j˛j
2

�j
.1 C �/

� d
2

�
1
r

� 1
q

�
�

j˛j
2

C Cq;r t
� d

2

�
1
r

� 1
q

�
�

j˛jC1
2

�j
.1 C �/

� d
2

�
1
r

� 1
q

�
�

j˛jC1
2 k'

�
0;"kr

(ii) In particular q D r; j D 0; ˛ D .0; : : : ; 0/,

lim sup
�!1

kU �.t/kr � Crkv
�
0 � u0kr ; t � t0 > 0;

lim sup
�!1

k…�.t/kr D 0; t � t0 > 0
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Remarks on Theorem 1

If kv
�
0 � u0kr � 1; � � 1 H) kU �.t/kr � 1. In particular if u0 D v

�
0 ,

error is managed by only w�.t/ .

If u
�
0 D u0 2 Lr

� H) w
�
0 D 0. Hence, there is no error.

We have used the fact that Pr and @xj
commute each other.

Our argument does not work in � 6� Rd .

Our argument deeply depends on explicit formula of e��t .
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Navier-Stokes equation
.
Penalized Navier-Stokes equation (NS)�
..

......

@tu
�

� �u�
� �r div u�

C u�
� ru�

D 0; x 2 Rd ; t > 0; (5a)

p�
D �� div u�; x 2 Rd ; t > 0; (5b)

u�.x; 0/ D u
�
0; x 2 Rd : (5c)

Let Lr;�u WD ��u � �r div u (1 < r < 1). Then �Lr;� generates an
analytic semigroup .e�tLr;�/t�0 on Lr.Rd / and the semigroup satisfies
standard Lr -Lq type estimates. Therefore
.
Proposition
..

......

u
�
0 2 Ld .Rd / H) 9T > 0 such that u�.t/ 2 C.Œ0; T /I Ld .Rd //: mild sol.

to (NS)� uniquely exists.
In particular ku

�
0kd � 1 H) mild solution exists globally in time.

? Ld .Rd / is scale invariant space of (NS) and (NS)�.
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Reformulation

Put u� D v� C w�, div v� D 0; w� D r'�.
.
Abstract form of (NS)�: (ABS)�
..

......

@tv
�

� �v�
C P.u � ru/ D 0; x 2 Rd ; t > 0;

@tw
�

� .1 C �/�w C Q.u � ru/ D 0; x 2 Rd ; t > 0;

v�.x; 0/ D v
�
0 DW P u

�
0; w�.x; 0/ D w

�
0 DW Qu

�
0:

.
Remark
..

......
In the Navier-Stokes equation, there are nonlinear interactions between v�

and w�.
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Mild formulation
By Duhamel’s principle (ABS)� is converted into integral equations.
.
Integral equations (INT)�
..

......

v.t/ D et�v0 �

Z t

0

e.t�s/�P.u.s/ � ru.s// ds DW v0.t/ C N1.u/.t/;

w.t/ D e.1C�/t�w0 �

Z t

0

e.1C�/t�Q.u.s/ � ru.s// ds

D w0.t/ C N2.u/.t/:

Define mapping ˆ by

ˆ.v; w/ D

 
v0.t/

w0.t/

!
C

 
N1.u/.t/

N2.u/.t/

!
:

.
Task
..
......Show ˆ has a fixed point, provided that k.v0; w0/kd � 9ı.
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Small data global existence

.
Theorem 4 (Small data global existence)
..

......

Let .v0; w0/ 2 Ld
� .Rd / � Gr.Rd /. Then 9ı > 0 s.t. if k.v0; w0/k < ı H)

91 .v.t/; w.t// 2 C.Œ0; 1/I Ld
� .Rd / � Gd .Rd // which enjoys

lim
t!C0

k.v.t/; w.t// � .v0; w0/kd D 0;

k.v.t/; w.t//kr D O
�
t� 1

2
C d

2r

�
; d � r < 1;

kr.v.t/; w.t//kd D O
�
t� 1

2

�
as t ! 1 for any fixed � > 0.

Furthermore, the above mild solution satisfies

kw.t/kr D O.�� 1
2

C d
2r /; d � r < 1

as � ! C1 for fixed t � t0 > 0.

N. Yamaguchi j Penalty method for Stokes and Navier-Stokes equations 22



Small data global existence

.
Theorem 4 (Small data global existence)
..

......

Let .v0; w0/ 2 Ld
� .Rd / � Gr.Rd /. Then 9ı > 0 s.t. if k.v0; w0/k < ı H)

91 .v.t/; w.t// 2 C.Œ0; 1/I Ld
� .Rd / � Gd .Rd // which enjoys

lim
t!C0

k.v.t/; w.t// � .v0; w0/kd D 0;

k.v.t/; w.t//kr D O
�
t� 1

2
C d

2r

�
; d � r < 1;

kr.v.t/; w.t//kd D O
�
t� 1

2

�
as t ! 1 for any fixed � > 0.
Furthermore, the above mild solution satisfies

kw.t/kr D O.�� 1
2

C d
2r /; d � r < 1

as � ! C1 for fixed t � t0 > 0.

N. Yamaguchi j Penalty method for Stokes and Navier-Stokes equations 22



Kato’s argument to (INS)�

As an underlying space, set

XR WD f.v.t/; w.t// 2 C.Œ0; 1/I Ld
� .Rd / � Gr.Rd // j

lim
t!C0

kv.t/ � v0kd D 0; lim
t!C0

kw.t/ � w0kd D 0;

lim
t!C0

juj 1
2

� d
2r

;r;t D 0; lim
t!C0

jruj 1
2

;d;t D 0;

sup
t>0;�>0

jjjˆ.v; w/.t/jjj � 2Rk.v0; w0/kd g

where r 2 .d; 1/ and constant R > 0 will be determined later.

juj`;q;t WD sup
0<s�t

s`.kv.s/kq C sup
�

.1 C �/`kw.s/kq/

Œu�t WD juj1=2�d=2r;r;t C jruj1=2;d;t

jjjujjjt WD juj0;d;t C Œu�t
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Estimates for Duhamel terms

Let r > d and 1=q D 1=r C 1=d . Then

kN1.u/.t/kr �

Z t

0

ke.t�s/�P.u.s/ � ru.s//kr ds

� Cr;d

Z t

0

.t � s/�1=2
ku.s/krkru.s/kd ds

� Cr;d

Z t

0

.t � s/�1=2s�1Cd=2r ds Œu�2t

� Cr;d t�1=2Cd=2rB.1=2; d=2r/Œu�2t

By similar manners,

kN2.u/.t/kd � Cr;d Œu�2t ;

krN2.u/.t/kd � Cr;d t�1=2Œu�2t
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Let r > d and 1=q D 1=r C 1=d . Then

kN2.u/.t/kr �

Z t

0

ke.1C�/.t�s/�P.u.s/ � ru.s//kr ds

� Cr;d .1 C �/�1=2

Z t

0

.t � s/�1=2
ku.s/krkru.s/kd ds

� Cr;d .1 C �/�1=2

Z t

0

.t � s/�1=2s�1Cd=2r ds Œu�2t

� Cr;d .1 C �/�1=2t�1=2Cd=2rB.1=2; d=2r/Œu�2t

� Cr;d .1 C �/�1=2Cr=2d Œu�2t

By similar manners,

kN1.u/.t/kd � Cr;d .1 C �/�d=2r Œu�2t � Cr;d Œu�2t ;

krN1.u/.t/kd � Cr;d .1 C �/�1=2�d=2r t�1=2Œu�2t � Cr;d .1 C �/�1=2Œu�2t
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Proof of Theorem 4

If .v; w/ 2 XR H)

jjjˆ.v; w/jjjt � Rk.v0; w0/kd C C Œu�2t

� Rk.v0; w0/kd C 4CR2
k.v0; w0/k2

d

for any t > 0; � > 0.

Choose ı > 0 in such a way that 4CRı < 1,

jjjˆ.v; w/jjjt � 2Rk.v0; w0/kd

for any t > 0; � > 0.
Summing up the above, we have
.
Lemma
..
......̂ .v; w/ 2 XR, provided .v; w/ 2 XR.

Since a similar arguments works well for the difference
ˆ.v1; w1/ � ˆ.v2; w2/, we have ˆ: contraction mapping on XR into itself.
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k.v0; w0/k2

d

for any t > 0; � > 0. Choose ı > 0 in such a way that 4CRı < 1,

jjjˆ.v; w/jjjt � 2Rk.v0; w0/kd

for any t > 0; � > 0.

Summing up the above, we have
.
Lemma
..
......̂ .v; w/ 2 XR, provided .v; w/ 2 XR.

Since a similar arguments works well for the difference
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Estimate of kw.t/kd

.
Claim
..

......
lim

�!1
kw.t/kd D 0; t � t0 > 0:

We first show the above claim for .v0; w0/ 2 C 1
0;� .Rd / � C 1

0 .Rd /.
Take q 2 .d=2; d/ and set � D d=2q � 1=2 (i.e., 0 < � < 1=2). By small
data global existence result, Lq-Ld est. and Ld=2-Ld est. we have,

kw.t/kd � C t�� .1 C �/��
kw0kq

C C .1 C �/�1=2

Z t

0

.t � s/� 1
2 ku.s/kd kru.s/kd ds

� C t�� .1 C �/�� .kw0kq C QC Œu��;d;tk.v0; w0/kd /
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Take initial data in such a way that QC k.v0; w0/kd < 1=2

sup
0<s�t

s�

 
kv.s/kd C sup

�>0

.1 C �/�
kw.s/kd

!
� 2C k.v0; w0/kd :

This implies that the previous Claim for t > 0.
For general initial data Claim follows from density argument.
.
Remark
..
......The above proof also refines the decay rate as t ! 1.
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Error estimate

u.t/: global mild sol. of (NS) with u0 2 Ld
� .Rd /, ku0kd � 1

v�.t/ and w�.t/: global mild solution of (NS)� with initial data
kv

�
0kd C kw

�
0kd � 1.

Set E�.t/ WD v�.t/ � u.t/.
.
Claim
..

......
lim sup
�!1

kE�.t/kd ! 0 (for any t � t0 > 0).

E.t/ WD v�.t/ � u.t/ satisfies

E.t/ D et�E0 �

Z t

0

e.t�s/�P.E � ru C v�
� rE/.s/ ds

�

Z t

0

e.t�s/�P.w�
� rv�

C v�
� rw�

C w�
C rw�/.s/ ds
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Since E; u; v� are solenoidal,

E.t/ D et�E0 �

Z t

0

e.t�s/�P.div.E ˝ u/ C div.v�
˝ E//.s/ ds

�

Z t

0

e.t�s/�P.w�
� rv�

C v�
� rw�

C w�
C rw�/.s/ ds:

If we choose ku0kd and kv
�
0kd small enough (if necessary), we have by

estimate for w�.t/,

kE�.t/kd � C kE0kd C C.1 C �/� 1
2

C d
2r :

This implies the Claim.
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