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We study u = u(t,z) = (ul(¢,2),u?(t,2)), t > 0, x = (x1,2z5) and
the pressure term p = p(t,z) on a two-dimensional torus T? :
%—I—(u-V)u—l—@Vu-B(t)—,uAu—l—VpZO, t>0,z€T? (1)
with the incompressibility condition:
divu =0, t>0,z¢e T2, (2)
under the initial condition:
w(0,z) = ug(x), =z € T2, (3)

where > 0 is a constant and B(t) = %B(t) is a formal derivative
of the two dimensional Brownian motion B(t) = (B1(t), B2(t)).



1. Introduction

Background :
Inoue, A., Funaki, T., On a new derivation of the Navier-Stokes
equation. Comm. Math. Phys. 65 (1979).

Variational problem:;
Diff(R™) : the set of volume preserving diffeomorphisms of R".
{Cb(t)}te[o,l] . 1-parameter group with values in Diff(R").

Let WO and wl € Diff(R™) be given and
Cb(t,x) — (CD].(t)x)a e 7(Dn(t7$))7 t e [07 1]7

be an integral curve which takes values in Diff(R™). A stationary
point ® of the following action functional J:

J(P) = Z/ /n Y79t 2)|Pdx dt,

satisfying ®(0) = W0 and #(1) = wli.



Stationary point of J:
CT)(ta $) .= (él(ta ZC), e 7&>n(t7 33)),
Velocity field u defined by

(ul(t, d(t,z)), - ,u"(t, B(t, :v)))—( ,T), ( z)),
that is,
0P - 0P .
(ut(t, ), o u" () = (0, @7 @), oo, = (L @7 H@))),
Then, u satisfies the Euler equation:
ou
divu = 0, t>0, zxze€R™



The case where a fluctuation is added to the " Euler flow” ®(t):

d(t,x) = d(t,z) + V2uB(t,w) " < random force",

et us consider the following Random action functional:

Ip(®)w) = [ / Z| (t z) + V20 —(t w)[Pdwdt,

where 1 > 0, ®(0) = \Uo(w) and ®(1) = wl(w) and B=(BL,... , B")
IS an n-dimensional Brownian motion defined on some probability
space.

Remark 1. Jg(®) is formally defined for each w. By is not differen-
tiable at any t > 0.



Stationary point of Jg (for each w) ®p5(t,z,w) is related by

P(t,z,w) = Pp(t,z,w) + V2uB(t,w),
where @& is the stationary point of the " Euler flow" .

Pp(t,z,w) = P(t,z,w) — V2uB(t,w),
Set x = & 1(¢,y). Then,

(TDB(ta &D_l(tam)aw) — Cb(ta é_l(tax)aw) -V QMB(t,CU),
Thus, random velocity field is defined by
d — -
it z,w) = Pp(t, S (¢, 2),w)
— ’U,(t,CB) Y QNB(taw)a

where v is the solution of the Euler equation.

Thus, we arrive at

O(u(t,z) + /2uBt)

ot
div @(t,z) = 0,

where o means the Storatonovich sense.

+ Vu(t,z) o (u(t,z) + 2uB:) + Vp(t,z) = 0,



Stratonovich integral
For f € Cy(R) and {B¢}.~o the family of smooth approximation of B,

(e.9. BE(t) = (Bxpe)(t), J§° pedt =1, pe > 0, supppe C (t —€,t+¢€)).

/Otf(BE(S))BE(S)dS — /Otf(B(S)) odB(s), uniformly int e [0,T]

in L2(2) as € — 0.

The term of B(t)
For ¢ € C, o(R™, R™),

[ V2uB(®) - $(a)da

— /Rn V2uV (z - B@®)) - ¢(z)de = — /Rn V2u(z - B(£))div é(z)dz = 0,
Thus the term /2uB(t) is disregarded. In consequence,

%g;’ 2 4 (at,2) - V)a(ta) + V20Vt 2) o B+ Vp(t,) = 0,
div u(t,z) = 0,

(5)



From a Stratonovich integral to an It0 integral

t Ou : t Ou : 1 :
I . / — o J - J ) —
Jo 0, 0B = | ;" (S)J+2<<M§7";’B N, =1, ,n,

\ "7 4 \

Stratonivich Itd, (martingale)

where M 5, denotes the martingale part determined uniquely by the
ox ;
J
decomposition of the process % and ((M s, ,B7)) the quadratic vari-
J or -
J

ation of M4, and BJ.  Integral form of (5):
8xj

t
a(t, z) = (0, z) —/O(a(s,x)-V)a(s,x)ds
t t
— @/O Vu(s,x) o dBg _/O Vp(t,x)ds,
— 7(0,z) — /Ot(ﬂ(s, z) - V)i(s, z)ds

V25 [ Vs,2) By~ 2Pz, BY(®) — [ Vp(t,2)ds

My(t)




My (t) = —\/ﬂ/ot Au(s,x) - dBs,

Note that dBidB} = &;;dt. Thus,

(M, BIW) = V20 [ Aas, 2)ds,

We arrive at the following stochastic Navier-Stokes equation:

a_—l- Z (ujﬁq_\/*—Bj) — pAu+ Vp(t,z) =0,

O Z 5 (6)

N\

\ divu = O.

Assume that the existence of the solution w is shown.



Reynolds equation

Let us set (u)(t,z) = [qu(t,z,w)P(dw). Then (u) satisfies the
Reynolds equation:
o(u) _ _ _ _ _ _ _
= T (@) V@) — pA @) + V(p) = (@ — (@) - V(@ — (@),
div (u) = 0.
This is easily shown by using the fact that the term of the Ito
stochastic integral is martingale, that is, its expectation is equal
to zero. However, the existence of the weak solution of (6) is not

shown in [I-F].

— We want to prove the existence.
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The weak form of (6)

[, ut2) - ¢@de — | uo(@) - é(a)de (7)
= /Ot /Rn(u(s,:c) -V)o(x) - u(s, z)dsdx
—I-\/ﬂfot (/Rn u(s,x) - Vcb(x)da:) -dBs + ,u/Ot /]R{n u(s,x) - A¢(x)dsdz,

for all ¢ € C3°, and t > 0, where

3 = {¢ € CFR™R") | divg = 0}.

Note that the term containing %, 1= 1,...,n vanishes because
n 8}9 ; .
3 / (t,2)$ (z)ds = —/ p(t,z) div ¢(z)de = O,
i—1 /R" ox; R”

holds. However, it is difficult to show the existence of (6) if n > 3.
In our case, T2 : 2-dimensional torus.
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2. Stochastic Navier-Stokes equation in T2.

Notations

C® = {ue C>(T?;R?) | divu = 0, /TzudazzO},

H:{ueLQ(TQ;RQ) | divu = 0, /Tzudagzo},

The inner product of H:

2 . .
(u,v) = Zl /11‘2 uw! (x)v!(z)dz, wu,v € H,
]:

and the norm of H: |- |g.
V = WH2(T?: R?) N H.
The inner product of V:

(u,0)) = S (e 20y wv eV,

and the norm of V: || -||v.

12



An abstract SDE
{ du(t) +{Au(t) + B(u(®),u()}dt + Gu(®)dBy =0, >0, (g

u(0) = uo,
D(A) = W22(T2; R2) NV such that
A:D(A) - H, Au= —uPAu,

where P is the Lelay projection, (\;);=12, . its eigenvalues and
(ej)j=12,. the corresponding eigenfunctions. Note that e; € Cg°,
Viand 0 <A1 <X < ---

B:VxV >V, BWw =Pk -V)w,
where V' is the dual space of V.
G:V > Lys(R%H), Guv=2uPVo,

where Ly s(R?: H) denotes the family of Hilbert-Schmidt operators
from R? to H.
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Definition 1. We say that {u(t), B(t)}+>0 is @ weak solution of the
stochastic Navier-Stokes equation (8) with the initial value ug if

1. {u(t)}+>0 is an adapted process defined on a probability space
(Q7F7 {Ft}tZ(LP)'

2. uwe L%0,T; V)N L>®(0,T;H), P-a.s. forT > 0.
3. {B(t),{Ft}}+>0 is a two-dimensional Brownian motion on (2, F, P).

4. For every T'> 0 and ¢ € C°, P-a.s.,

<U(t), ¢> o <u07 §b> —
~ [as u())ds + [ (Bu(s), @), u(s))ds — [ (Gu(s))"6 dB(s)
0 ’ 0 e 0 ’
holds for a.e.-t € [0,T].
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Weak solution means

1. weak form: /u(t,x)qﬁ(m)dw,

2. martingale solution: (2, F, P,(F;)) is a part of the solution, that
is, (2, F,P,(F)),u, B) is the solution:

(see G. Da Prato., J. Zabczyk, Stochastic equations in infinite
dimensions, 1992, Chapter 8.)
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Main result (Y. 2011)
Theorem 1. There exists a weak solution {u(t),B(t)}s>0 of the
stochastic Navier-Stokes equation (8) with the initial value ug € V.
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The properties of (6)
du(t) + {Au(t) + B(u(t),u(t))} dt + Gu(t)dBy = 0,

For a suitable bounded set D C R",

2(Au(t),u(t)) — |Gu(t)|%H_S(R”;L2(D)) =0, n=>2, (9)

holds. By Itd's formula,
w3 ~ fuol?s =2 [ (u(s), du(s))ds + [ (dus), dus))
t t
= — 2/0 (u(s), Au(s))ds — 2/0 (u(s), B(u(s),u(s)))ds
—2(/tGu(s) -+ dBs, u(s)) —I—/t|Gu(s)|2 d
0 s 0 Ly s(R™L2(D))4
Thus, if ug € L2(D), 3C > 0,

E{lu(t)|?.} < C.

The condition (9) means that the term containing |u(t)|%[1 vanishes.
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Difficulty

Let {un},cn De the sequence of solutions of equations by Galerkin's
argument. {un},en are bounded in L2(0,T; L?(D)). It follows that
Fuy (k) ey @Nd T SUCh that un — @ weakly in L2(0,T; L?(D)).

However,

t t
B{ [ ((ttn(e)() - V)9, un iy ())ds} — B [ ((a(s) - V), () ds}

IS not true.

——= T he uniform estimate with respect to stronger topology such
as L2(0,T; H1(D)) is needed.
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Coercivity condition

2 2
2<Au,u> — |Gu‘LH_S(Rn,L2(D) Z 5‘VU|L2(D)7
for some 6 € (0,2], A\g > 0 and p > 0.

There are several results about the existence of the weak solution
of equations satisfying the coercivity condition:

F. Flandoli and D. Gatarek, 1995.
bounded domain in R™.

M. Capinski and S. Peszat, 2001
R™(n = 2,3) or bounded domain with smooth G(-) and ||G(u(t))||r, ¢ <

C(1 + [u®)[r2)-

R. Mikulevicius and B.L. Rozovskii, 2005
R"™(n > 2) or bounded domain,
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Z. Brezezniak and S. Peszat, 2001
n = 2. They assume for a certain ¢ € L1(0,T) such that

G, ety < COA + [Vul?)

— the case of G(u) = Vu is not included.



3. Outline of the proof

Our storategy

1. Consider QT‘MMA instead of u/AA and construct the strong solution
u?, for each § > 0 by Galerkin's argument:

sup {E{mg(t)@{} +5u/otE{||ug(s)||%,}ds} < oo.

2. Obtain the uniform estimate with respect to § >0, n > 1
3. Construct «° for each § > 0.

4. Take 6 — 0 and find the solution .

20



Step 1 :

Step 2 :

Step 3 :

Step 4

Finite dimensional equation,

A priori estimate,

tightness,

taking a limit.
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Step 1: Finite dimensional equation.

We can expand up(t) € Ho(:= MyH) as up(t) = XV, u?’”(t)ej,
where u"(t) = (u,(t), e;). Then,

t t
uf" (1) = (Moo, ) + [ F}"(uh(9)ds + [ of(uh(s))dBs, 1<j<m,

where Fj(-s’n(un) = —(Asun+MNnB(un, un), ej> and a?(un) = —(I_InGun)*ej
for up, € Hy. We have

o7 (un) — o (vn)|g2 < Cillun — vnllv,

FO" (un) — F™(on)] < Chllun — vnlly,
for every un,vn, € Hy, with some Cqy = C1(d,n) > 0. Therefore, for

any d >0, n>1and T > 0, we see that there exists a unique strong
solution w? € C([0,T]; Hy), a.s.

22



Step 2: A priori estimate.

By applying Itd's formula to |[uf(t)||Z, we have
[up (DR = [lun (O)IIF (10)

2 5 ¢
WA LEHOR Ry ATHORBCHOR CHOME
+ (martingale)

for any t € [0,7T], a.s. for T' > 0.
Note that

((u n(s) Aun(s) — Z Hakun(S)HV
Furthermore,

(ud(s), Mn(ud(s) - Vud(s)))) =

holds, This is shown by using the fact u is written to u = V+¢ with ¢
a scalar function in the case of T2, where V+ = (0x>,—0x1). Thus,
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if ug €V,
P 1) 2
sup E uy, (1) < 00,

Sup {11ud, (DI}

in particular,
=3 AN
sup BP S [ luf (0|t p < oo,
n>1,6>0 o)

hold for each T > 0.



Step 3: tightness.

Chebyshev's inequality:
Let (E,|-|) be a separable metric space and (X;,), E-valued random
variables. Then,

1
P(Xn € (BR)°) < EE{|Xn|}
holds, where Br = {z : |z| < R}.
tightness:

A sequence of the probability law of (X,)n is tight if, for any € > 0,
there exists a compact set K C FE such that

Prohorov's theorem:

A family of the probability law of (X;,)n, which is devoted by {£(X) }n
is tight if and only if {£(Xn)}n is relatively compact, ( 3{£(Xn(k))}k,
o s.t. <f,£(Xn(k))> — (f,u) for any continuous and bounded f.)
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compactness:

Let 1 CC E C E> and Eq1, E> be reflective Banach space. a €
(0,1) and p > 1 given. Then, any bounded set in L2(0,7; E1) N
WeP(0,T; E5) is relative compact in L2(0,T; E).

We need to estimate

T
B{[ Il ()IRrds},
E{|uplwe2(0,7:v) )

where ug is the unique strong solution of the finite dimensional SDE
and W%2(0,T; E) the fractional Sobolev space.

—— We obtain the tightness in L2(0,T; H).
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Step 4: taking a limit.

Skorohod embedding theorem:

Set Qp = L2(0,T; V)NW*2([0,T]; V"), the cordinate process £(t,w) =
w(t), w € QQp. There exist another probability space (2,F,P)
L2(0,T;H)-valued random variables {X}.}ren, X such that £(u%) =
L(X), o= L£(X) and P-a.s., X;, - X in L2(0,T; H) holds.
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The unbounded case.

S b (V) ut V2uVu- B(H) — pbu+ Vp=0, >0,z €R>

divu =0, t>0,z¢€R?
u(0,2) = ug(z), =z €R?

et us set
H(R?) = {u € L?(R?; R?) | div u = 0},
V(R?) = W12(R?; R?) N H(R?).

Theorem 2. (W.Stannat, Y, 2011) There exists a weak solution
with the initial value ug € V(R?) with compact support.

e an a priori estimate for a sequence of periodic solutions defined
on [—1,1]%, | € N,

e the cutoff argument
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Thank you for listening.
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