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1. Introduction

In the ambit of the mini course, to which I have been kindly invited to participate, I would
like to develop some results concerning the Stokes and Navier-Stokes initial boundary
value problems with nondecaying data.

To better explain the aims, we split the case of the Stokes problem from the one of
the Navier-Stokes.

The Stokes initial boundary value problem with nondecaying data is essentially meant
as the well posedeness of the IBVP in exterior domain with an initial data in L°°.

The question concerns the existence and the properties of a possible analytic semi-
group in L*. Usually, in literature this topic is known as the Maximum Modulus
theorem. The problems related to the topic, which is one of the classical in partial
differential equations, have been open for long time for the equations of the hydro-
dynamics. Just in the last ten years, especially for a bounded domain, the prob-
lem has had contributes of some authors: [Solonnikov (2002);]-[Solonnikov (2006),],
[Abe & Giga (2011), Abe & Giga (2012)]). I will discuss the case of the initial boundary
value problem in exterior domains. I would like to point out that the result has to be read
in the following sense. Given any maximum modulus theorem for solutions to the Stokes
IBVP in bounded domains, then, the theorem proves a maximum modulus theorem for
the solutions of the Stokes IBVP in exterior domains with an initial data just belonging
to L>=(Q).

For the Navier-Stokes initial boundary value problem with non decaying data also it
is meant the IBVP in exterior domains with a data in L.

I start saying that this topic had contributes concerning the uniqueness several years
ago, but it has had a systematic study of the well posedeness essentially in the last 15
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years. Indeed, if we put aside the pioneer papers by [Leray (1934)] and [Knightly (1972)],
we can consider the first contribute dates back to [Giga, Inui, & Matsui (1999)]. This
result concerns the Cauchy problem. Concerning the 2-D nondacaying solutions, of a spe-
cial interest are the papers [Giga, Matsui and Sawada (2001)], [Sawada & Taniuchi (2007)],
where the authors prove existence of solutions global (in time).

Although the exterior domain is the interesting case (in the special assumption of the
initial data in L>°NC%* a recent contribute is due to [Galdi, Maremonti & Zhou (2011)])
here, for the sake of brevity, we restrict ourselves to discuss the Cauchy problem in
the terms proposed in [Maremonti (2008)3]. Hence we analyze the Cauchy problem by
means of a different approach with respect to the one employed in the quoted paper by
[Giga, Inui, & Matsui (1999)]. Indeed, we are essentially interested in giving pointwise
estimates for the pressure field.

Nevertheless we are able to give a uniqueness theorem which in some sense becomes
a sort of structure theorem for the solutions given by other authors.

Finally, we recall that there is a wide and interesting literature concerning the Navier-
Stokes Cauchy problem with a initial data non bounded like a linear function of x and the
Navier-Stokes flows in the exterior of rotating obstacle. We do not consider these prob-
lems and we refer the reader to the papers [Hieber & Sawada] and [Hishida & Shibatal,
respectively, and the quoted references in them.

In summary, we consider the Stokes problem

us — Au = —-Vm,, in (0,T) x Q,
V.u=0, in (0,T) x Q, (1.1)
u(t,z) =0, on (0,T) x 9Q, u(0,z) = uo(z), on {0} x €,
where u; = %7; and up € L>(Q) (here and in the sequel by the same symbol we denote
the space of the vector functions and the one of the scalar functions) with

(uo, Vo) = 0, for all ¢ € WH1(Q), (1.2)

where Wl’l(Q) ={p€e L}, (Q): Vo e L' (Q)}. We call (1.2) the null divergence in weak
form for elements belonging to L>°(Q2). The condition (1.2) of null divergence has been
given by Abe and Giga in [Abe & Giga (2011)].
The same IVP with nondecaying data will be considered for the Navier-Stokes equa-
tions:
ve+v-Vo+Vr=Av, V-v=0, in(0,7) x R",

”U(O,gc) = ”Uo(x) on {O} x R”. (13)

We initially discuss the problem (1.3). Hence sections 2. - 5. are devoted to this problem.
Subsequently, in sections 6.-10. we discuss problem (1.1).

I would like to conclude the introduction by giving my special thanks to Professor Y.
Shibata, for his kind invitation to give these lectures, for the stimulating and interesting
discussions on related topics, and, last, but not least, for the warm hospitality.
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The Navier-Stokes Cauchy problem with nondecaying initial data

2. The Giraud theorem

The statement and related proof of the following Giraud’s theorem (1934) are due to
Ladyzhenskaya and Uralceva, see Lemma 2.2 of [Ladyzhenskaya & Uralceval. Also it is
a special case of Lemma 3.5 of [Maremonti (2008)s].

By K(z) we denote a C? smooth function on R™ — {0}. We assume that

(a) K(z) is homogeneous of degree 1 —n on R™ — {0}, namely, K (uz2) = p'="K(z) for
any >0 and z € R* — {0};

K
which implies / 0K (2) oc=0,forany j=1,...,n
|z]=1
Let us consider the integral transform, ¢ € (1,--- ,n):
T(g)(z) = Da. / K(z — y)g(y)dy. (2.1)

We set .
/F@@EPV/F@@ﬁj%./F@w,
R™ R R"—B(z,e)

meaning the principal value singular integral in the Cauchy sense.
The following result holds:

Lemma 2.1 Let g(x) € C%*(R"), u € (0,1), with compact support. Then, the trans-
formation T(g) € C%*(R™) with

(T(g9)]" < clg]”, (2.2)
where the constant ¢ depends only on the Euclidean dimension n !.

Proof. We begin proving that

T6)(e) = —bite) + [ Dyl — ot (2:3)
R?L
where k; = — f K (2)zido. We consider a sequence {g¥} C C}(R™) converging to g

|z|=1
uniformly in # € R™ and having [¢*]® < [¢]® 2. Hence we get

/K(:E —y)g(y)dy = hm/K x— (y)dy, uniformly in z € R"™. (2.4)

R R

IWe denote by the symbol [-]# the Holder seminorm, by the symbol |- |™# the norm in the C™#(Q)
space.
2 For this task it is enough to consider the mollification of g by means of a mollifier J*[-].
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Moreover we get

T(g")(e) = - [ K()Dog* (@ - 2)iz

]R'n.
—lim [ DuKE 2+ [ K26 @ = 2) - o @)do, — kg (@)
R™—B(0,n) [z|=n

The last formula implies:

1) T(g")(x) = —kig(2) + / D, K (x — y)g" (4)dy.
J

2) T(g*)(x) converges to —k;g(z) + /K(x —y)g(y)dy, uniformly in z € R™,
R'ﬂ

which proves (2.4) 3.

3We prove the uniform convergence. We set

L= DK@ -2 b= [ DLKE-2) - gw)dz.
R™—B(0,1) B(0,1)—B(0,1)

Hence, with obvious meaning of the symbol, we get

D, K(2)g"(x — 2)dz=IF + I¥ .

i

R™—B(0,1)

Hence we deduce

|5 — I2| < / D=, K (2)|g" (& — 2) — g(& — 2) + g(x) — g*(2)|d=.
B(0,1)—-B(0,n)

Since we have
9" (@ — 2) — g(z — 2) + g(2) — ¢"(@)] < 27|21 ([g]*)* (9" (z — 2) — g(z — 2)|"~* + |g(=) — ¢"(x)|" ),

trivially follows the uniform convergence in x € R™. The uniform convergence of I§ (z) is immediate.
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Now, let us prove (2.2). By virtue of (2.3) we get for p = 3|z — T

/DyiK(w—y)g(y))dy = / Dy, K(x —y)g(y))dy + /DyiK(m—y)(g(y) - g())dy,
n R"—B(z,p) B(w,p)

/DyiK(f—y)g(y)dy: / Dy, K(T —y)g(y)dy + /D K(T—y)(9(y) — 9(z))dy
R™ B(z,%)

- / Dy K (T — y)g(y))dy + / D, K(T — y)g(y)dy + / Dy K (T — 4)(g(y) — 9(z))dy

“B(a.p) B(a,p)-B(z.5) B(.2)
/ D, K@= pewidy+ [ DuK@ =)o) - g@)dy+ [ DK@ - )(aly) - g())dy
—B(z,p) B(z,p)—B(T,%§) B(z,§)
— = (yi — i) o .
+g(x|)(_/_K(m y) 5 d y—|—k1)
— [ DK@ - patas+ [ Dy K@ - lat) - 9@y + 9@ ( [ K- do, 1 k),
R™—B(z,p) B(x,p) lz—y|=p

Hence we get

T(g9)(x) —T(9)(T) = / (Dy,K(x —y) — Dy, K(T — y))g(y)dy +/DyiK(ff —y)(9(y) — g(x))dy

R”—B(z,p) B(z,p)

- [DukE- 6w - sy - o@ ([ K@, 4 k) - ki(ole) - 960,

B(z,p) lz—yl=p
Since

/(DyiK(ﬂf*y)*DyiK(T*y))g(y)dy: /K(xy)(yi_pxi)do+ki,

R™—B(z,p) lz—y|=p
we also deduce
T(g9)(x) =T(9)(@) = | (Dy,K(z —y) — Dy, KT —y))(9(y) — 9(T))dy

R"—B(z,p)

+ [ Dy, K(z —y)(9(y) — g(z))dy — [ Dy, K(T —y)(9(y) — 9(T))dy — ki(g9(z) — 9(T)) = 24:12
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The following estimates easily follow *:

T — 1
L] < clz — 7/[g]" / |' Yy < clg] e — 7",

xr — y|7L+1
|z—y|>p
dy < c[g]"|z —z|*,

Bl<cg [

lz—y|<p

1 —
[I3] < c[g]" / Wdy <c[g]"|lz —=|",

|z — y[nr

[Z—yl<2p

14| < [kil [g]" |2 — T|",

which implies (2.2). g.ed.

3. Solutions of a special Poisson equation

Let h(x) be a smooth nonnegative cut-off function equal to 1 if |z| < Ry, and equal to 0
for |z| > Ry, for some Ry > 0, and consider the Poisson equation

Amy =~V - (U-V(hU)), in R™. (3.1)

In [Maremonti (2008)3] Lemma 3.5 and Lemma 6.2, related to equation (3.1) is proved
the following result:

Lemma 3.1 Let U € C'*(R") with V- U = 0. Then there exists a unique smooth
solution 7, € C**(R™) of the equation (3.1) such that for each v € (0,1)

Imo (2)] < ez (JUI)?, & € R™ 52
Ty 1 < ¢ ([U]')?, '

with c independent of the support of i and depending on the C'**-norm of b.

Proof. We begin remarking that by our assumptions the right and side of (3.1) is a
u-Holder function on R™. We set

o(o) = [ £ =)V (U-TOU)d (3.3)

Rn

4 Taking the Ho6lder assumption on g, in order to discuss the first integral is enough to recall the
following estimates:

e for y ¢ B(z,p) and s € (0,1) holds
|z —y—s(@-7)| 2|z -yl - |z -7 > Flz —yl,
e from the Lagrange theorem, we get

clz — | |z — |

|Dy; K(z —y) = Dy, K(T —y)| < e
|z —y — s(z — 7))

e subsequently, the inequality [z — y| < %\x —yl.
For the third integral we recall that B(zx, p) C B(z,2p).
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where & is the fundamental solution of the Laplace equation. An integration by parts
furnishes

Fola) == [ Vo =)+ (U V(00 (3.4)
]Rn

Employing Lemma 2.1, from (3.3) we get
[VVay]# < |V - (U - V(hU)) |,

and from (3.4) we get
V7o |* < U & (hU)[",

where in both estimates the constant c¢ is independent of the support of h. We define
the function 7y (z) by means of the line integral of V7, (z) with end points = and o. Of
course, Vmy = Vg, which implies 7y (x) — 7y (y) = 7y (x) — T (y). By formula (3.3) we
get
ole) = <V [ Vo~ 1) Ulo) @)U )y
Rﬂ.

Hence, by employing again Lemma 2.1, for each v € (0, 1), we get

[my]7 = [Fy]" < c|U @ hU|*7,

with a constant ¢ independent of the support of . Since by definition 7 (0) = 0, we have

proved the existence and the validity of (3.2). The uniqueness is a classical result. ged

4. The Cauchy problem with nondecaying data

The aim of this section is to prove

Theorem 4.1 Let Uy € C(R™) N L>°(R") with V - Uy = 0 in the weak sense. Then,
there exists T > C/|Up|%, > 0, such that problem (1.3) admits a unique classical solution
(U,7y) in (0,T) satistying the following properties

t2|VU(t,2)| + |U(t,2)] < ¢|Usloo (1 — ct|Up|%) "2, t € [0,T); )
4.1
7y (t, )| < c(Uo,t = T, )|zt 2 |Uploe, v € (0,1),

with ¢ independent of Uy and (t,z). Finally, }irr(l) U(t,z) —Up(x) =0
—
Theorem 4.1 is a special result of the ones proved in [Maremonti (2008)s] sect. 7.
The proof of the theorem is achieved by means of a suitable approximation of the

Navier-Stokes Cauchy problem. Hence we start with the following special initial value

problem:
Uht—AUh:—Uh'V(f)Uh)—Vﬂ'Uh, V'Ub:(), in (O,T)XR”, ( )
4.2
Uy(0,2) = Up(z), on R”,

where b is the same cut-off function previously introduced. The following result holds.
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Lemma 4.1 Let Uy(z) € C(R™) N L>°(R™), with V - Uy = 0 in the weak sense. Then,
there exists T > ¢|Up|32 > 0, and a unique solution (U, my) on (0,T) of the problem
(4.2) such that uniformly with respect to t,t,t € (0,T), and x,T,T € R",

t2 VU (t,2)| + Uy (t,2)| < ¢|Uploo(1 — ct|Up|%) 2, ;

In(t,z)| < c(Uo, T —t,7) |zt %, v€(0,1),
(4.3)

|D2Uy (1,7) — DUy (1, 3)| + |Us, (7, F) — Uy, (5, 7)|
< e(|Uolo, T = t, )t "7 = T+ [t — 7]) *, to = min{7, 7}

where ¢ is independent of the support of b and depends on C'*-norm of h. Finally,
}iII(l) U(t,z) = Up(x).
t—

Proof. We look for a solution to problem (4.2) in the form

Uy(t,z) = / H(x — y, 0)U(y)dy + / / Bz —y.t — 1) Uy - V(OUy) (. y)dydr, (4.4)

R 0 R

where H is the heat kernel and F is the Oseen fundamental tensor for the Stokes problem.
We recall the well-known estimates, k > 0, |a| > 0,

IDED2H(s, 2)| + |[DEDYE(s, 2)| < ¢(|2|> +5) 35 *. (4.5)

Applying the method of successive approximations, and using estimates (4.5) along with
the assumption Uy € CO(R™)NL>(R"), we get a smooth solution to the integral equation
(4.4), such that for ¢ € (0,7, with T' > c|Up|%,

t2 [V Uy (8)]o +1Us (D)o < e|Uslo(1 — et|Uol3) =7,
t(ID2Uy (D)o + Uy, (£)]o) + 2 [VUy ()]0 < (|Too)
|DUy(1,7) — D*Uy (£, T)| + Uy, (%, 1) — Uy, (£, 7)]

_n_q _ N _=
<c(|Uolo)ts 2~ (Z—Z*+[E—1%)*, to=min{t1},
where the constant ¢ is independent of the support of h. By virtue of Lemma 3.1, we
associate to the kinetic field Uy a pressure field my, € C17(R™) that satisfies estimates
(3.2). Hence (4.3); easily folows. Finally, it is easy to prove that the pair (Uy, 7y, ) is a
solution and it is unique. ged

Proof of Theorem 4.1. Let {h*} be a sequence of smooth cut-off functions such
that h*(z) € [0,1], with h*(z) = 1 for |z| < k and h*(z) = 0 for |z| > 2k. We can assume
2
> r%ax|Dabk(x)| < M uniformly in £ € N. We consider the sequence of modified
Navier-Stokes Cauchy problems of the kind (4.2) with U* - V(§*U*) for Uy - V(hUy). By
virtue of Lemma 4.1, we obtain a sequence of solutions (U*,7;+) satisfying estimates
(4.3) uniformly with respect to k. Let {B’} be a sequence of open balls such that

B’ ¢ Bt and R® = UB’ and (0,7) = U [, T —2]. Then, Lemma 4.1 ensures
JjeN jeNJ J



Stokes and Navier-Stokes IBVP with nondecaying data 9

that the sequence {U*} is equi-continuous and equi-bounded on (0,7 — %) x R™ and,
for |a| < 2, the sequences {D*U*} and {UF} are equi-continuous and equi-bounded in
C’O’%([%,T - %];CO’“(R")). Moreover, for all ¢t € [%,T — %}, for |a| < 2, {D*U*} and
{UF} are relatively compact in C%* (B;), with y/ < u independent of j € N. Hence,
for all j € N, the pair {(U*, myx} admits an extract, again labelled by k, converging
in C(0,T; C(B,)) N CO% ([L,T — 1,02+ (B;)) x €% (11, T — 1;C"#'(B,)) with {u}}
%7
n > 0, the existence of a limit (U,my) € C((0,T) x R™) N C’Ov%(n,T; C2H (R™)) x
CO’%(U,T; CLH (R™)) with Uy € CO’%(n,T; CO+' (R™)) and, finally, (U, 7y) is a solution
to the Navier-Stokes Cauchy problem. ged.

converging in C%'z ([1, T — %], OO+ (By)). The diagonal sequence trick ensures, for all

5. A uniqueness result for non decaying solutions to the Navier-Stokes
Cauchy problem

In this section we give a uniqueness theorem for nondecaying solutions. In this connec-
tion it is worth to stress that the result that we reproduce follows in part an approach
given in [Maremonti (2009)] and in part employs a uniqueness theorem contained in
[Kato (2003)]. However independently of the paper [Maremonti (2009)] there is the pa-
per [Kukavica & Vicol (2008)] which deals an analogous uniqueness question.

We give a formulation for a bounded weak solution.

Definition 5.1 By a bounded weak solution we mean a distribution (u, ) with
u(@,t) € L=((0,T) x R"), 7 € Ly, ([0, T); Lo (R™))

such that
/ (s pr) + (1, A) + (w1, V) + (1, V - 9) = — (g, 9(0)),
0

for each p € C1([0,T] x R™) with p(x,t) = 0 in a neighborhood of T, and, for t € [0,T],
o(t,x) € C§°(R™). The symbol ug denotes the initial data.

Problem - Find sufficient conditions for the uniqueness of solutions (u,7,) to the above
Navier-Stokes Cauchy problem (in weak form).

The literature on this topic is wide and go back to 30 years ago. Starting from
the paper by [Giga, Inui, & Matsui (1999)], the authors prove uniqueness in the set of
distributional solutions (u, 7)[qran

ue C([0,T); C(R™)) and n(z,t) = R;R;(u'u?),

where R; is the Riesz transform from L*°(R™) into BMO(R™).
In the later paper [Giga, Inui, Kato & Matsui] the authors prove uniqueness assuming

(u, ™) Grr - B
u(z,t) € C(0,T;C(R")), 7 = R;R;TTY + 7o(t),

with 1% (¢, z), mo(t) € L},.([0,T); L= (R™)).
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At [Kato (2003)] the author furnishes a generalization of the above theorems, (bounded
very weak solution) (u,7)(x) is meant as tempered distribution, that is

u(z,t) € L=((0,T) x R"), = € L;,.([0,T); BMO(R™)),

and, in the Navier-Stokes integral equation (very weak form), the test functions ¢ are of
the kind ¢ € C*([0,T] x R™) with ¢(x,t) = 0 in a neighborhood of T, and, for ¢ € [0, 7],
(t,x) € S(R™).

Finally in [Sawada & Taniuchi(2004)], as far as we known, the Giga’s school furnishes
the best result. The authors consider very weak bounded solution (u,m)s7) in distribu-
tional sense with

u € Cy(0,T;L¥(R™)) and 7€ L0, T; Bl (R™) + oL 1 (R™)),

here BZ* .k >0, and &/ are homogeneous Besov spaces.

00,007

{m = R;Rju'vw?, R; : L*(R") - BMO(R")}
C {m=R;R;IIY, R; : L(R") - BMO(R")}
C {7 € BMO(R")},

BMO(R") C Bl o (R") + L | (R™).

There exists another set of uniqueness results. We just recall [Galdi & Maremonti (1986)]
(see the references of the quoted paper for the contributes of other authors), where the
uniqueness is proved for nondeacying solutions satisfying the assumption (u,7)igan

B >0, u(t,z) € L=®((0,T) x Q) and |7 (t, )| = O((1 + |=|)* 7).

This result is not comparable with the ones quoted above, in the sense that is not
proved that a pressure field of a solution (u, ) is such that

(t,x) == R;Rju'v! € BMO C B} (R") + oL |(R") = |r(t,z)| = O(|z|'~#)
and converse
m(t, x)| = O(|x|'~F) = = (t,z) € B (R™) + &L, (R").

The last question achieves special interest why the set of solutions (u, 7){gras) and the one
(u, ™) [ ) are not empty, as proved by GIM and myself by the above theorem of existence.
Actually, a priori, we need to consider the two sets of solutions as not comparable.

Theorem 5.1 (Uniqueness) Let ug € L>(R™). Let (u,7) be a distribution solution
belonging to L>=((0,T) x R™) x L}, .([0,T); L},.(R™)). Assume that

R—o0

1
lim Rt / |7(x,t)|de =0, a. e inte(0,T).
R<|z|<2R

Then,
m(z,t) = RiRju'vw? + c(t), with c(t) € L*([0,T)),

and (u, ) Iis the unique bounded weak solution corresponding to ug.
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Just for the sake of completeness, I stress that both
7€ BMO and, 8> 0, |7(t,z)] < O(|z|*~?) a.e. t € (0,T),

imply
1
lim Tl / |7(z,t)|dz = 0.

R—o0
R<|z|<2R

The converse is not true®.
Thanks to the Kato uniqueness theorem, the proof is achieved by proving that in our
hypotheses m = R; Rju‘u’ + c(t).

Lemma 5.1 Let (u,m) be a bounded weak solution. Then, there exists a Lebesgue

measurable set T,, C (0,T) such that meas((0,T) —T,) = 0 and for each t € T,

t

/ (s 02) + (1, A) + (1 ® w,V) + (w7 -)] dr

J (5.1)

= (u(t), p(t)) = (u0,¢(0)),
for any ¢ € C1([0,T) x R") and, for any t € (0,T), ¢(t,x) € C§°(R™).
Proof. See [Maremonti (2009)].

Now, we prove

Lemma 5.2 If (u,w) is a bounded weak solution, then almost everywhere in t € (0,T),
m satisfies the following equation

(m,Ag) = (u®u,VVyg), forany ge C°(R").

Proof. From the integral equation (5.1) we deduce for any § > 0 and almost everywhere
in s € (0,T) the equation

s+6

/ (1, 00) + (1, Ag) + (u ® V) + (m,V-9)] dr
(5.2)

= (uls +8), 0(s + 8)) — (u(s). o(5)).

Let us consider ¢ = h(t)Vg(z) with h(t) smooth and g(z) € C§°(R™). Therefore equation
(5.2) becomes

s+0

/ h(r) [(u ® u,V'Vg) + (1, Ag)] dr = 0. (5.3)

S

5 We refer to [Stein (1993)] for the theory of the BMO space and related properties. In particular, at
p- 178 6.3, it is furnished a sufficient condition for the implication: 7 satisfies the weighted integrability
property, then 7 eBMO.
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Since 7 € L},,([0,T); L},.(R™)), by virtue of Lebesgue theorem, there exists an interval
T, with meas((0,T) — Tr) = 0, such that for ¢t € T, N T, we get
) t+6
0=lim— [ h(7)[(v®u,VVyg)+ (7,Ag)]dr

5—0 0
—00 (5.4)

g.ed.

Lemma 5.3 Let be F'(x) := D, f(x) be, for somei=1,...,n and f € C§°(R™). Then,
there exists a unique smooth solution H to the equation

such that, 0 < |a/,
|DYH(z)| < ¢(1 + |=]) 1= Ve e R™.

Lemma 5.4 Let w be a solution to the equation

(u®u,VVg) + (m,Ag) = 0. for all g € C3°(R"),

1
with uw € L>®(R™). If lim — 41 / |7 (z,t)|dx = 0, then,
R—oo R
R<|z|<2R
m=—-R;Rj(u'v/)+¢ a. e inzeR"
Proof. Let us consider 7 = —R; R;ju‘u’. We known that 7 € BMO(R") and solve the

equation
(7, Ag) = —(u®u, VVg),Vg € Cg°(R").

Hence
(T —m,Ag) =0,Vg € C§°(R"™).

we prove that @ — m = € almost everywhere in x € R™. We set ¢ = Hkpg, where H is
the solution of the problem AH = F = D, f and kg is a smooth cut-off function with
kr(z) = 1 for |z| < R, kr(z) = 0 for |z| > 2R and |D“kg(z)| < cR™I°l. We assume
R > diam(suppF'). Hence we get

A(Hkgr)=F +2VH - Vkgr + HAkg,

/A(HkR)dm =0 and A(Hkg) € C5°(R™).

RTL
Substituting Hkg in the equation (7 — m, Ag) = 0, we get

(7—m,F)=—(7T—7,2VH -Vkg) — (T — 7, HAkr) = I + I>.

We estimate the right hand side:

‘.[1 +IQ‘ < 2/ ‘ﬁ*ﬂ'|[|VkR|VH| + |AkR||H|]dl’

R,
o [T = o [T — |
<c / R™! nt+ R n1ldz.
E ) TERF
R<|z|<2R
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From the assumption on 7 :

1
1.[[] — =
R1—>oo Rn+1 / |7T|d$(3 0
R<|z|2R

and from the properties of 7 (see [Stein (1993)]):
7 = R;Rju;u; € BMO = (1 + |z|)""'% € L'(R")
we deduce in the limit for R — oo
(FT—mF)=(T—m D, f)=0,Vf e C;°(R"),Vi=1,...,n

which implies T — 7 = ¢. Now, we are in a position to prove the theorem. By the previous
Lemma we have a.e. in t € (0,7

m(t,z) — RiRju'v’) =¢(t), a.e. inz € R™.

Setting c(t) = €(t) + 7p, (t), since the right hand side is in L},.([0,T); L},.(R™)), then

Loc

c(t) € L}oc([oﬂ T)). g.ed.
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The Stokes initial boundary value problem with nondecaying initial data

6. Estimates for the Stokes resolving operator with data in C} ()

Let us consider

9 —AY=—-Vrmyg+ f, V-9=0, in (0,T) x £,
I(t,z) =0 on (0,T) x 99, (6.1)
(9(0), @) = (wp, ) for any ¢ € €(NQ).

In problem (6.1) the initial condition is given in the weak form (9(0),¢) = (wo, ),
© € 6p(2) 5, in order to state the initial boundary value problem with an initial data
wp belonging to the weaker Lebesgue space LP(Q), p > 1. Of course, if the data is an
element of JP(Q2) C LP(f2), p > 1, then, the problem is just the classical one. For our
aims the case wg € L'(Q) N C(9) has a special interest. This special study allows us to
furnish estimates in the uniform norm (L (£2)).

We recall the following classical result on the Stokes problem”:

Theorem 6.1 Let be f = 0 in (6.1). Let 9(0,2) = Yo(x) € JP(Q), p € (1,00). Then,
the Stokes operator forms a continuous semigroup in JP(Q2). The following semigroup
properties hold, for g > p € (1,00),

[9@O]g < clolpt™,  w =50 1), t>0;

2\p ¢
Ly ifte(o,1],
[0 < cldolpt ™, pu={L+pu ift>0andqe [pn), (6.2)
%% ift > 1 and q¢ > n;

19:®)llq < cldollpt™2,  pa=1+p, t >0;

where the constant ¢ is independent of ¥y, and the exponent p, is sharp. Moreover, if
0y € QlJp(Q), then, u € QlC([O7T);Jp(Q)).
P P

For a proof of the above theorem see [Giga & Sohr (1991)1, Giga & Sohr (1991)s],[Iwashital,
[Maremonti & Solonnikov (1997)], [Dan & Shibata (1999);, Dan & Shibata (1999)2] (2-
dimensional case).

The following result is a particular result of the ones proved in [Maremonti (2010)]

Theorem 6.2 Let be f = 0 in (6.1). Let wg € C}(2). Then, to the data wq it corre-
sponds a solution (¢, my) of problem (6.1) such that, for n > 0, ¢ € QlC([O, T); J1()),
q

P € Qqu(n,T; W24(Q) N J(Q)) and Vg, € Qqu(n,T; L1(Q)). Moreover, for
a q

6We set %p(f2) as the set of all vector functions infinitely differentiable with compact support and
which have divergence free.
"In order to state Theorem 6.1 we need to assume Q C R”, Q0 C™-smooth with 2m > n.
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q € (1,00,

[¥(O)lg < clwollit™,  w=5(1-73), t>0

S+p ifte(0,1],
%-i—u ift >0 and q € (1,n], (6.3)
5 ift > 1 and g > n;

le(t)llq < clwollit™#2,  pa= 14 p, t > 0;

IV @)llg < cllwolit™, =

where the constant c¢ is independent of wg. Finally, }ir%(d)(t),gp) = (wg, ) for any
—
© € 6o(Q).

Proof. Since wy € C§(Q), then, for all ¢ € (1,00), we get P,(wo) = wo — Vh, where
h is a solution to the Neumann problem Ah = V - wq, % = 0 and |Vh|, < c|wol,-

By virtue of Theorem6.1, we get the existence and uniqueness of a solution (¢, my)
with ¢ € ﬂlc([O,T); J9(£2)), where the last property is meant in the following sense:
q>

7}irr(l) [1(t) — Py(wo)|q = 0. Now, let us consider the solution (¢,7) with initial data
—

wo € %o(£), whose existence is again ensured by Theorem6.1. We define ¢(7,2) =
P(t —7,2), 7 € (0,t). Multiplying the equation of (¢, m,) by ¢, integrating by parts on
(0,t) x Q, we get

(), p0) = (P(wo), ¢(t)) = (wo = Vh, (1)) = (wo, p(1)) -

Employing the Holder inequality and the semigroup properties, we get
_nl
[(1(2), o)l < Jwollilp(t)oe < cllwoll1llollqt™27, for all o € o(€2).
Since, for t > 0, ¢ € J9(R2), we deduce
[6()lq < clwolit™ 27, for all ¢ > 0.
We also get
IV #)llg < el ($)lgt D < efwolrt™1O), for all £ > 0.

A pair (¢, my) with ¢ € C([0,T); J4()) N L9 (n, T; W21(Q) N JH4(Q)) and V7, ¢y €
Li(n,T;L9(Y)) is the null solution if and only if (wp, ) = 0 for all ¢ € %,(?). This
claim, which we do not prove, ensures the uniqueness of (¢, my) in its class of existence.

g.ed.

Now we give an application of the above estimate, which gives a partial answer to a
well known problem posed by Heywood.

Theorem 6.3 For n > 2, let Q be a C™-smooth (2m > n) bounded or exterior domain
of R"™. For some q € (1,00) and p € (%,00), let u be in J9(Q2) and PAu € JP(2). Then
there exists a constant ¢ independent of u such that

luloo < el PAU[ ™,

provided that 0 = a(% -2+ (1- a)é
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Proof. Via our assumption on v and Sobolev embedding theorem, one easily deduces
that u € L>°(2). Now, we consider a solution (¢, ) of problem (6.1), whose existence
is ensured by Theorem 6.2. Since for ¢t > 0, ¥ € JPI(Q) nJe (Q), then, an integration by
parts furnishes

(PAu,(t)) = (u, PAY(t)) = (u,4(t)), for all t > 0.

Hence integrating on (s,t), we get

t

(u,0(5)) = (s () — / (P Aw, (r))dr. (6.4)

Since u € J9(£2), there exists {u*} C () converging to u € J9(£2), hence
(u,9(s)) = (u —u®,9(s)) + (u*,9(s))-
Since ¢ € C(0,T; J7 (), we get [¢(s)]y < M, for all s € [0,], hence
|(u —uk,2p(s))| < |u—uk|,M, for all s € [0,t],
lig%(uk,l/)(s)) = (u*,wp), for all k € N,
Therefore we get

lim (u, 1(s)) = (u, wp).

s—0

The above limit property and (6.4) imply

t
|(u, wo)| < flullgll(®)]q + HPAqu/IIw(T)Hq/dT.
0

By applying the semigroup properties of 1) we also deduce

(uyw0)| < e(lulgt™ %5 + [PAul,t'~% 7)o, for all wy € C3().
By density also we get

[(t,wo)| < elulgt™ %+ + [PAulyt' 5wl for all wy € L}(%).
‘We have proved the estimate

n

_nl _nl
luloo < e(lullgt™ % + |[PAu|,t 7).

Hence setting ¢ = [u||PAul,*, we get the result for 1 — a%% = a(l - %%), that is
al =g
2¢q ’ g.ed.

Actually, the above result, which proves the embedding in L",r = 0o, is from one side
a correction to the one obtained in [Maremonti (1998)], and other side it is also a special
case of the embedding proved in [Maremonti (1998)]. Indeed the embedding holds in L"
for suitable r € (1,00). As far as concerns the technique, it is an extension to the “second
order of derivatives” of interpolation inequalities developed for the first order derivatives,
which goes back to [Nash 1958] (on the topic see [M.Giga, Giga & Saal] ch. 6).
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7. The maximum modulus theorem: statement of the problem

Before getting to the heart of the matter, I would like to recall some aspects of the
questions:

a) The Maximum Modulus Theorem is one of the classical result in the theory of
partial differential equations. However for the equations of the hydrodynamics the
problem has been an open problem for long time. If we put aside the Cauchy
problem, which is analogous to the heat equation, the first contribute just goes
back about 10 years ago and it concerns the initial boundary value problem in a
convex bounded domain and in a half-space (cf. [Desch, Hieber & Priiss (2001),
Solonnikov (2002)1, Solonnikov (2002)2, Solonnikov (2002)3, Solonnikov (2003)],
[Solonnikov (2003)2, Maremonti (2008);, Maremonti (2012), Maremonti (2008)3]).

]
)
b) Now, what is new in the literature, are the contributes: [Abe & Giga (2011),
Abe & Giga (2012)] (forthcoming papers, Luminy (2011) conference by Y. Giga).
These authors are able to develop a proof of the results concerning the maximum
modulus theorem, which makes use of a functional analysis approach in opposition
to the other contributes where a potential theory is employed or it is latent. Hence
the functional analysis approach, remarkable aspect, gives a new light to the the-
ory. However the question is solved in its completeness only in the case of an initial
boundary value in a bounded domain, partially in the case of an exterior domain.
Our aim is just to fill the gap of the last case.

We start partially recalling (in the sense of what we need) the result by Abe and Giga:

Theorem 7.1 The Stokes operator forms a continuous analytic semigroup in %O(D)g
(D C3-smooth bounded domain) with

lu(t, z)| < ce” | uo| oo, for all (t,x) €[0,T) x D, (7.1)

with ¢ independent of u,. Moreover, the Stokes operator forms a non continuous analytic
semigroup in L3 (D) and (7.1) holds. In both the cases the following estimate holds:

| D*u(t)]o0 + u(t)|oo < et tto] oo,
for all t € (0,T) x Q, where c is independent of u,.

REMARK 7.1 As pointed out by Abe and Giga, since Cy(€2) is not dense in L*°(2), then
the Stokes operator cannot be a continuous analytic semigroup in L3°(€2), hence the
above result in L can be considered sharp.

Our aim is to extend Theorem 7.1 to the case of an initial boundary value problem in

exterior domains. Actually we are able to prove °

8By the symbol %o(D) we mean the set of vector functions

{u:u € C(D),u=0o0ndD and V- u = 0 in weak sense}.

9We introduce some notation that will be employed:

C(Q)={u:ueC(Q)NL>®(Q), u=0o0n9Q, V-u=0 in weak sense}
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Theorem 7.2 (Maximum Modulus Theorem) For eachu, € L () satisfying (1.2),
there exists a solution (u,m,) of problem (1.1) such that

[u(t, z)| < c|uoloo, for all (t,x) € (0,T) x Q. (7.2)
Moreover,
for each A€ (0,1) and t > 0,ue C2MQ)NE(Q) and u;, VVueC®2 ((0,T)xQ);
for each € (0, 3), |mu(t,2)| < e(t™2 "+ 1)(|a|+1)° " oo, (t,2)€(0,T) xR (7.3)

for each R > 0 and p € [1,00), }1_1)1(1) [u(t) = wo|Lr(0n) = 0.

In estimates (7.2)-(7.3) the constant ¢ > 1 is independent of u..

If uo € €(Y), then, for each t > 0, u(t,z) € €(?) and we also get, for each x € ,
lim u(t, ) = uo(x).
t—0 - -

If us € €(), then, for each t > 0, u(t,z) € €(Q) and we also get }1_r)1% [u(t) — uolo-
Finally, up to a function k(t) for the pressure field, a solution (u, m,) verifying (7.2)-(7.3)
is unique.

Our result is in the wake (functional analysis approach) of the paper by Abe-Giga, in
the sense that we prove the result by means of duality arguments and employing the
semigroup properties of the resolving operator defined on L!(f2).

We do not give asymptotic semigroup properties for the solutions. As far as the
behavior of Vu(t,z) is concerned, we refer to [Maremonti (2012)].

We do not give estimates on the constant ¢ in (7.2). However in [Krazt (1997)] and in
[Maremonti & Russo (1994)] has been proved that in the case of the Mazimum Modulus
Theorem for the Stokes boundary steady problem the constant ¢ cannot be equal to 1.
This is in contrast with the case of the elliptic equations, but in accord with the case
of elliptic systems in divergence form, see [Fichera (1961)] and [Canfora (1966)]. Now,
in the cases of the parabolic equation and of the parabolic system, with elliptic part in
divergence form, the solutions verify the estimate of the kind (7.2) with the constant
¢ = 1. Hence not only we do not give an estimate of ¢, but it becomes difficult to
conjecture a value for ¢ (for the Cauchy problem trivially is ¢ = 1).

The chief items to achieve the proof of the result
a) For each u, € L () with null divergence there exists a sequence {u™} C €(2) N

C*(Q) such that
U (z) = u(x) a.e in

[u™(2)] < |Jto]oo, for all z € Q.

and
CQ)={u:ueFQ)NC()}.
It is possible to get
©10(22) = 60(£2) completion in C(Q) if Q is bounded,
)0(22) = 60(£2) completion in C(Q) with u(x) — 0 for |z| — oo if Q is exterior.
These completion spaces were proved in [Maremonti (2008)1, Maremonti (2010)] assuming Q of C1:"-

smooth. Recently in they are proved in [Abe & Giga (2011), Abe & Giga (2012)] with 9 Lipschitz
domain.



Stokes and Navier-Stokes IBVP with nondecaying data 19

b) The first result concerns the case of u, € €(Q) N C(Q). In this case we look be
solution u(t,z) = W(t,x) + w(t,z), with W (t, z) solution to the Cauchy problem
with an initial data W (0, z) = uo(x) and w(¢, z) solution to the problem

—Aw = -V, in (0,T) x £,
V.w=0, in (0,T) x Q, (7.4)
w(t,z) = =W (t,x), on (0,7) x 9Q, w(0,z) =0, on {0} x Q.

The peculiarity of this decomposition is the fact that u is the sum of W “nonde-
caying” and w “usual solution” of the LP-theory.

¢) Thanks to property a), we extend the result of item b) to the case of u, €
L>(Q). Indeed, by means of a)-b) we prove the existence of a sequence of so-
lutions {u™, m,m}. This sequence converges with respect to a suitable family of
seminorms (d = diam(R™ — Q)),

for each p € (n 5,00), p>dand g € (3,0,
2 0é| 14
i@l oo, + P2 (1) 1Du®) e+ (1) Imu®loca,)
a|=0
<c sup My(t,y,L,uo); (7.5)

B(0,p)

for all p > d, n € (0,3) and q € (%, 0]

(t%)i Tt 2)| < e sup My(ty, Luo) (14 )27, (t,2) € (0,T) x 92,
B(O,p)

where

nl
My(t, @, Lyuo) = [luo (@) Lasr)t™ 27 + [[toloo

(t,z,L,uo) € Rt x R"x R+ x L=(R"), By, := B(O,L) C R".

8. Achievement of item a)
We start recalling the following lemma due to Abe and Giga [Abe & Giga (2011)]:

Lemma 8.1 Let D C R" be a bounded Lipschitz domain. There exists a constant c
such that for each u € L (D) satisfying (1.2) there exists a sequence {u™} C 6p(D)
such that

[4" oo < €lltt]|oo s for all m € N, and u™ — w a.e. in D. (8.1)

Moreover, if u € (60(5), then the convergence of the sequence is uniform on €.
For the proof see [Abe & Giga (2011)] Lemma6.3. Now, we prove

Lemma 8.2 Let Q2 be a Lipschitz exterior domain. For each u € L () satisfying (1.2),
there exists a sequence {u™} C C1(Q) N € () such that

[4™ oo < €|tt]oo s for all m € N, and u™ — u a.e. in Q, (8.2)
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with ¢ independent of u. Then, in particular we get

m

for each p € [1,00) and p > 0, lim [u™ — ul|zr(q,) = 0. (8.3)
Moreover, if u € € (), then, the convergence is uniform on compact subsets: for each
p >0, lm[u™ —ulgq,) =0. Ifue % (Q), then, the convergence is uniform on Q, that

is lim |u"™ — uo|o = 0.
m

Proof. We introduce a smooth cutoff function hgr such that hg = 1 in Q% and Vhg
has support in Qapr e r—e. Then, we set u = uhgr + (1 — hg)u. By virtue of Bogovski’s
result (see next Lemma 10.1), we denote by ug a solution to problem

V- UR = U+ VhR in QQRJ’_E,R_E, Uur = 0 on 6QQR+E7R_E.

The compatibility condition is satisfied since the field u is divergence free. Since the
right hand side belongs to LP(Q), for all p € (1,00), we claim that ug € Co(2) and
lurlo < ¢(R)|ulloo. Hence, the field wg := uhr—ur belongs to L>(Qr) and is divergence
free. Analogously, Wr = ur + u(1 — hg) € L*°(Q) and satisfies (1.2), with Wr = 0
for || < R and |[Wg|leo < ¢|ufloo- By virtue of Lemma8.1, we get the existence of
{w™} C () C 6(Q) such that |w™|y < ¢(R)||ufle and w™ — wg a.e. in Q.
Then, we mollify Wx. Hence, setting W™ := J,,[Wg], we get {W™} C CY(Q)n€(Q),
W™ < [Wr|eo < ¢(R)|ufoo and, for each p > d, W™ — Wpg strongly in L?(,)
for all ¢ € [1,00). Hence there exists a subsequence, again labelled by m, of {W™}
converging a.e. in €2,. Now, let us consider a sequence of subdomains €2,, invading €

such that Q@ = U Q,, and Q,, C Q
keN

labelled by m again, converging a.e. in ) to the function Wx. Therefore, setting u™ :=
w™ + W™, {u™} C C1(Q) NE(Q) and satisfies (8.2). The claim (8.3) follows from the
Lebesgue dominate convergence theorem. If u € € (), then, by virtue of Lemma 8.1 the
convergence of {w™} is uniform. For each p > R, the convergence of {WW™} is uniform
on ,. Hence, for each p > R, u™ = w™+ W™ converges uniformly on €,. Finally, if
u€% (), then {W™} also converges uniformly on 2, hence the same holds for {u™}.ged

By the diagonal trick we find a subsequence,

Pk Ph+1°

9. Achievement of item b)

We recall that, for 4 > 0 and ¢ € [1, 00|, we set

n

n 1
M, (t,x, L,us) = |uo(x t7 29 4 |to| oo —————
A )=l a4 el

7 (9.1)

(t,x,L,uo) € Rt x R"x R x L=(R").

Lemma 9.1 Let u, be in L>°(R™). Let us consider the heat transformation H[uo)(t, z).
Then, we get, k,h € NU {0},

|DEV" Huo](t, )] < et ™= 3 My (t, @, L, uo),
for all (t,z,L,u,) € R" x R"x R x L®(R™),  (9.2)
if uo € WU (R™), |DFH[uo](t, z)| < et 57| Vit oo
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Proof. Since, for k,h € N U{0} and p > 0, we can get
IDEVH (=,0)] < et (|2] +¢2) 7 h 2o,
then, we deduce

DV ot a)| < [ DEVMH(E Dluo(e = 2z + [ DIV H () sl - 2)lds

|z|<L |z|>L

—nl_p h tH
< clo@lsnmt™ 7 el | s

< ct*k*%Mq(t,:c,L,uo),
which proves (9.2);. Estimate (9.2)2 is well known. ged.

Lemma 9.2 Let A(t,z) be a one parameter (t > 0) family of functions with A(t,x) €
C(09Q) and fagA(t’ x)-ndo = 0, for allt > 0. Then there exists an extension F(t, x) inside
Q) such that F(t,z) € € (Q)NC?(SY), which is divergence free and suppF(t) C B(o, 3R)NY,
uniformly with respect to t, with

[F(t)]o < clA(t)|c(oq), for allt > 0;
AF = VP + G, where G has support in Qopye p—e, for allt > 0,
|G(t)]cox(Q2) < e(R)|A(t)|caqy, for allt > 0.
Moreover, if, for all t > 0, DFA(t,z) € C(0Q), then we get
IDyF()|o + |DEG ()]0 < ¢| DEA(#)|cog), for all t > 0.
Proof. Let consider the steady Stokes problem:

Av—V7=0,V-v=0in Qr, v=A4 on 90 and v =0 on |z| = 3R.

Since f 5 QA-ndcr = 0, the compatibility condition is satisfied. By the maximum modulus
theorem (cf. [Maremonti (1998)]) we get the existence of (v,7) € C(Qg) N C?*(QR) x
Ct (QR) with

lvlo < c|Alo, > |D|coky < c(K)|Alg, for all K C Q.

|a]=1

Now, we consider vhg, where hg is a smooth cut-off function with hg = 1 for |z| < R
and hp = 0 for |x| > 2R. Let V a solution to the Bogovski’s problem V-V = —vVhp in
B(O,2R+¢)—B(O,R—¢)and V =0 on |z| = 2R+¢ and |z| = R—e. The compatibility
condition is satisfied. We get

V0o < e(R)|vllwrr(B0,2R+e)-B(O,R=2)) < c(R)|A]o-

Setting F' = v+ V', we have proved the former claim of the theorem. The latter claim is
immediate by the construction. ged.
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Corollary 1.1 Let A(z) € C(0Q) N Wé_%’q(aﬂ) U =1,...3, with /A(a:) -ndo = 0.

o)
Then, we get that the extension F' of Lemma 9.2, which is such that AF = VP + G,
satisfies the following inequalities:

[Ple-1,q + IF

|Z’¢1 = C|A|Zf— ,q) (9 3)
1Glles—1.q < clAlg 14,6 =1,2.

Proof. The proof is immediate by the construction of the field F' and well known
properties for solutions to the Stokes problem. However we refer to [Maremonti (2012)]

for details. g.ed.

Theorem 9.1 For each u, € € (2) N C*(Q) there exists a solution (u,m,) to problem
(1.1) with u = W +w and m, = m,, where W = Hlu,](t,z) and w € N W?2P(Q),
P>ty

with wy, Vm, € N LP(Q). Moreover, we get:
P>

n—2

for each p € (;%5,00), p>d and q € (5,00,
2 1
o i+
i lue®)lLe(e,) IZ\: (7)) 2 ID“u®) o)+ (75) " Imu(®)lr(@,)
al|=0

<c sup M,(t,y, L,uo);
B(O0,p)

lim fu(t) = uolo = 0;

for all p > d, n € (0,3) and q € (%,00],

1 _

(75) Mt 2)| < ¢ sup My(t,y, Louo)(1 + |z])>7", (t,z) € (0,T) x Q0.
B(0,p)

In estimate (9.4) the constant c is independent of t, L and u,. For all t > 0, (u,m,) €

C2A(Q) x C* Q) and uy, VVu € C%2((0,T) x Q) and (u, m,), in its class of existence,

is unique up to a function k(t) for the pressure field.

Sketch of the proof. Eristence. We set W (t,z) := Huo|(t,x), where H is the heat
kernel. The field W is divergence free. We associate to W a pressure field identically
equal to zero. We look for a solution to problem (1.1) in the form v = W 4+ w and
Ty = Ty, Where

—Aw=-Vm,, in (0,T) x Q,
V-w=0, in (0,T) x Q, (9.5)
w(t,x) = —W(t,z), on (0,T) x 90, w(0,z2) =0, on {0} x .

We look for a solution of (9.5) in the form w = F'(t,z) + w(t, z). The field F (¢, x) is the
extension in (0,7T) x Q of the boundary data —W (¢, ), whose existence is ensured by
the last lemma, and w is the solution to

—Aw=-V(my—P)—F,+G, in (0,T) x Q,

V-w=0,in (0,T) x Q, (9.6)
w(t,z) =0, on (0,T) x 99, w(0,z) =0, on {0} x Q.
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By Lemma9.2 concerning F' and the one concerning the solutions to the heat equation,
we deduce, k > 0,

|DFE(t)]o < c|DEW (t)|caq) < ct™* sup M, (&, Lyug), t > 0;
IDyG(t)|o < e| DEW (1| cany < et sup Mqy(t, &, L,uo), t > 0;

IFE®)|o < cdWi()|cion) < et F|Vato | oo, t > 0
IDFG(1)|o < e|DEW (1) a0y < 2 | Vuo]oo, t > 0.
Hence —F; + G € L*(0,T; LP(Q)), for all p € (1,00) and s € [1,2). By virtue of the

existence theorem in anisotropic space-time Sobolev spaces (see for ex. [?]), we get
the existence of w € 0, [C([0,T); JP(Q2)) N L*(0, T; W2P(Q) N JP(Q))] with wy, Vi, €
P

QlLS(O,T; LP(Q)). As a consequence we have proved the existence of w = F + w and
P
TTw = P+ m,,.

A special estimate for |w(t)|, and |wi(t)|| in a neighborhood of t = 0. We multiply
equation (9.6); by ¥(t — 7,z), 7 € (0,T), where ¥(s,x),s > 0, is a solution to Stokes
problem (6.1) with an initial data 9(0,z) = Yo(z) belonging to 6, (€2). The existence of

9 is ensured by Theorem 6.1. Bearing estimates (9.7)s in mind, an integration by parts
n (0,t) x  furnishes:

[(w(®),90)] = | | (Fr(7),d(t =) Ot —7))dr]. (9-8)
N

Applying the Holder inequality, since F; and G have compact support and enjoy estimates
(9.7)2 and (9.7)3, by virtue of semigroup properties for the solution 9(s, z), we get

t
/ Pl |y + / IGO0 (=) dr < e(tF+8) [ Vuuoloo ol -
0

The last estimate implies
w@®)lp < et + 1) [Vto| oo, ¢ > 0. (9.9)

We can assume that w; is differentiable with respect to ¢t. From the equation of wy,
multiplying by 6 solution backward in time of (6.1), by an integration by parts (s, t)(,
we get

|t (8) / It — ))dr — / (2 (rG(r)), Ot — 7))dr
° (9.10)

+ /(%(T),ﬂ(t = 7))dr — (w(t),do) + s(us(s),0(t = 5))] -

S
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Applying the Holder inequality, since Fy, Fy; and G, G have compact support and enjoy
estimates (9.7), we get

t

|(tw (2), Do) S/HFT(T)IIpHﬁ(t* )y dr +/THFTT(T)HpIIﬂ(t* ) lprdr
0 0

+0/||G(T)||p||19(t =)l dr + O/TIIGT(T)IIpIIﬁ(t = T)lprdr + o) 190

1
Fs|wslplI(E = )l < e(t? + 1) [Vuol s [Polly + slwsllp Yol
which implies
1
twe(®)]p < c(t? +1)[Vo|oo + slw(s)]p, t > s> 0.

Integrating the last inequality on (0,t), we also deduce
t
Plar®ll < et + O Vuole ¢ [ fo(s)lpds, t > 5 >0.
0

Hence
tim e (1), = 0. (9.11)

Estimate (9.4). We look for u =W +w = W + F + w again. Of course Lemma9.1
ensures that

lo]

2
W)+ X (77) 7 1D W(O)lLo(o,) < e sup My(t,y, Liuo), (912
ler|=0 B(0,p)

which is uniform with respect to ¢, L and u,. Now, we have to deduce the same kind
of estimates for the field w(t, z). By construction, F' also enjoys the same property. So
we restrict our considerations to the field w. We assume that the proof of the following
estimate is achieved!?

lo @), < csup M, (t,&, L, uo), (9.13)

uniformly in ¢t > 0, L > 0 and u, € 4 () N C1(Q). We prove the analogous of (9.13) for
wt. Thanks to (9.11), we consider (9.10) for s = 0:

((tr (), 90)] = | / (& (rF, (7)), 9(t — 7))dr / (Z(rG(r)), 9(t — 7))dr
0 0

+ /(wtm, 9t — 1))dr — (w(t), 9)]

10The proof of the estimate can be found in [Maremonti (2012)]. However, next we consider the one
concerning w¢. This last is more involved with respect to the estimate of w, but is analogous in the
arguments.
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Via further integrations by parts in (9.10) we get

|t (¢ 190|</| (- |dr—|—/| (7F (7)), O(t—7))|dr

+/\< (rG(r)), Dt~ r>>|dr+/|<%<TG<T>>,ﬂ<t—r>>|dT
0

k)
2

+/I(%(TG(T)) I(t=)ldr+15 (Fi((35), 9(3)) [+ (w(t(1=0)),9(a1))|

t(1-o)

+/|( (), 0 (t—7) |d7+/| (wn(7), 91— T))dT+|(w(t),190)|:i§Ii7

t(1—0)
the last for all o € (0,1). Applying the Holder inequality, we get

% ¢

t(wr (1), 190)IS/IITFT(T)le\ﬁf(t—T)Ilp/dT + 15 (T E ()0 (t=7)) [l dr
0

t
2

+/”a%—(TG(T))HT”ﬁ(t_T)Hr’dT +/ |4 (G [0t =7) oodr
0 t

t

+/II%(TG(T))HP||19(t—7))||ﬂ dr +3| B, 10(3)], HlwE1=a))l, [9(at)],,

t—1
t(1—o) t
/Hw T)lpl 0~ =7)llp d¢+/||w7( Tpl9(E=7)lprd7 + [w @) 5] 0]p-

t(1-o)

Since F' and G have compact support and enjoy estimates (9.7)1 2, by virtue of estimate
(9.13), then, for r = p € (7%5,00), we get

np
2p+n’

£ t

),

tM g/suqu(T,y,L,uo)(t—T)_ldT—i—/Suqu(T,y7L,uo)T_1dT

cl[dol a9 09

3

t—1 t

Jr/suqu(T,y,L,uo)(t77)_%%’d7+/suqu(T,y,L,uo)dT
o0 o0
3 to1
t(l1—o) t

te(0) sup My(t,y, L, uo) + / My(r.y, Lows)(t — 1) dr + / Jeor () [
o0
0 t(1-o)
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which implies via (9.1) and (9.13), uniformly in ¢, L and u.,

t 19 nl nl
L0 ) gup M, (4, L) + ct 5 sup My, L) /T_fa(f—f)*ldr
clldollp 00 00 )
t t—1 ¢ t(1-o)
—1-nl _nl —nl _nl —nl —~1
+ [T T 2adr+ [7T2a(t—7) 2edr+ [77 2adr + | 7T 2a(t—7)dT
7 t t21 0
2 2
t t
+/\|wt(7)||pd7 < ¢(o) S;I%)Mq(tvyaLvuO) +/||wt(7)\|pd7'
¢
t(1—o) t(1—o)
Then, we get
¢
tlwelp < e(o)sup My(t, &, L,uo) + C/”wt(T)deT, t>0. (9.14)
o0
t(1-o)

In step 1) the existence of (w, 7,) is ensured with w; € L*(0,T; LP(2)), for some s € (1, 2),
for ¢ = 0o estimate (9.14) implies that

tlw (t)|p < 0o, for all t > 0. (9.15)

Multiplying inequality (9.14) by 34, setting ¢(t) = tH%%Hw(t)”p7 by means of a com-
putation, we easily obtain

t
a E ) %1/%C(7)d7, t > 0.

q
t(1-o)

¢(t) < c(a)t%% sup M, (¢,€, L, uo) +
o0

By definition of (9.1), t34 sup My (t, €, L, uo) is an increasing monotone function of ¢ > 0.
a0

Moreover, we choose o € (0, 1) such that —c1281=9) < 1. Hence, from the last estimate
(1-0) 4
we get
n1 log(1 — o)
C(t) < c(o)tzasup My(t, &, L,ug) —c————+ sup ((7),t>0, (9.16)
o0

(1—0)%7 (t1-0).0)

uniformly in L and u.. Let s > 0, the above considerations concerning ¢33 sup M, (t,€, L, uo),
o0

the value of o, estimate (9.15) and estimate (9.16) furnish

ni log(1 —
C(t) < e(0)s ¥4 sup My(s, €, Lyua) — e 2BL =) up ¢ (r), Ve € (0, 5]
o9 (1=0)27 (0,9]

Hence, we get

" ()l = C(s) < sup C() < efo) st sup My (s, €, Lo o).
,8
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which implies
s (8)llp < (o) sup Mo(s,€, L uo) (9.17)

Since w = w+F and u = W+w, via (9.7)3 and (9.12), we also deduce (9.4); for u;. Now
we look for the estimates of second spatial derivatives of w and of the gradient of m,. To
this end, for ¢ > 0, we regard the Stokes problem (9.6) as a Stokes steady problem with
body force § = wy + Fy — G and homogeneous boundary data. Bearing this in mind, then,
by well known estimates on the second derivatives and on the gradient of the pressure,
we get the following

Vs (®)lp + [D*w®)p < c(lwe(t) + Fr = Gllp + |w(®)]p)

9.18
gcsuqu(t,ﬁ,L,uo)(t_l+1), ( )
0

with ¢ independent of ¢, L and u,. We can conclude that for w = F + w estimate (9.4)
is proved.

We do not prove properties (9.4)2 3 (cf. [Maremonti (2012)]). In this connection it is
enough to remark that

-u=W+F +we % (Q), with

lim |W (t) — uolo = 0, lim |F'(¢)|o = 0, and, since w(0,z) = 0, lim |w(t)]|o = 0;
t—0 t—0 t—0

- m, is harmonic and estimate (9.4) holds for ¢ > 0 and in a neighborhood of 9.

g.e.d.

10. Achievement of item c)

We start giving a “special cases of MMT”.

Theorem 10.1 Assume that u, € () N C(Q) and, for some § > 0, assume also
dist(suppuo,dQ) > 3R + . Then, there exists a ¢(d) such that the solution (u,)
corresponding to u, by virtue of Theorem 9.1 satisfies the maximum modulus estimate
in the following form !

n
2

1 _nl
lu(t,z)o < c[|uolg ? (sup Moo(t,g,L,uo))l 294 Moo (t, @, L,us)], (10.1)
oQ

for all ¢ > %, where ¢ = ¢(8) is independent of (¢,z) € [0,T) x Q, L and ue.

Proof. Since |Hy(t,2)| < ¢ (|2]> + t)fgfl, for all (¢,2) € (0,T) x R™, then, for the time
derivative of W (t, z) we get the following inequality:

Wilt, )] < c / Iz — > +£)F " Juo(y)|dy.
|ly|>3R+48

11We remark that by a simple estimate of the function Mo, one proves that (10.1) implies the classical
estimate of the maximum modulus theorem.
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Since for z € B(O,3R) and |y| > 3R+ ¢ we have |z —y| > |y| — 3R > §, by means of an
elementary computation we get

|Wi(t, )| < cd2|uolo, for all (t,z) € [0,T) x B(O,3R),
which implies the properties:

W (t,2)] < e6~Juclot, on [0,) x 09,
(10.2)
|Wi(z,t)| < cd2|uolo, on [0,T) x 99.

Thanks to the estimates (10.2), we can modify the ones (9.7). In particular, via an
interpolation, we deduce the following ones, for o € [0, 1]:

o o 1—0
[F'()]o < c|W(t)|coa) < c(0)t7|uolg (5523 Moo (t,&,L,uo)) 7,

(10.3)
_ o o l1—0o
IF,(8)]o < e|Wi(t)| o) < c(6)t 1 |uo|3 (s;é) Moo(t,&, Louo))

which are uniform with respect to ¢, L, and u.,. We multiply the Stokes equation w by
1, where 1 is the solution of the problem (6.1) corresponding to wo € C}(Q2), whose
existence is ensured by Theorem 6.2. Integrating by parts on (0,¢) x Q and applying the
Hoélder inequality, we get

(@ (#), wo) S/IIF(T)IIqH%(t—T)Ilq’dTJr/HFT(T)IIquJ(t—T)Ilq’dTJrIIF(%)IIqIIL/J(%)IIq/
0 :

+ / IGE (¢t — 7)loodr + / IGE) al(t — )]
0 t—1

where, for ¢t € (0,1), if 7 < 0, it is assumed G(7) = 0. Now we estimate the right
hand-side. We consider some g > 5 . We start by recalling that F' and G' have compact
support. For the integral related to F' and F;, we employ (10.3) with o = %%
employ estimates (6.3)1,3 for ¢. For the integrals related to G we employ (9.7)2 and

(6.3)1 for ¥. Recalling that M., is an increasing function of ¢, we get

and we

nl 1—nl
[(w(t), wo)| < cluols* (Saué)Moo(t,f,L,uo)) 24 |wp 1 + cs;%)Moo(t,ﬁ,L,Uo)Honl,

nl —nl
which implies [w(t)]o < ¢(8)|uo|g (sup Moo(t,&L,uo))l 29 4 csup Moo (t, €, L, uo) uni-
a0 Xy

formly in ¢t > 0,L > 0 and u, with dist(supp uo,9Q) > 3R+ d. Since u = W +w =
W + F 4 w and from (9.2) we have |W(t,z)| < cMoo(t,x, L, uo), then, we derive (10.1)
too. g.ed.

We recall some properties of the solutions to the Bogovski problem:

V-v=g, in B, v =0 on 0F Lipschlitz domain,/gdx =0. (10.4)
Q
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Lemma 10.1 Ifg € C§°(FE), then there exists at least a solution v € C§°(E) to problem
(10.4) such that, for m € N and r € (1, 00),

Hv”m,r < CHgHm—l,r .

For the proof of the Lemma we refer to [M.Giga, Giga & Saal].

In section 5 we need of the following properties on a Bogovski solution v. It is known that
the domain E can be represented as a union of domains Cy, k = 1,..., N, star-shaped
with respect to the balls By of a fixed radius; moreover, there exists a smooth partition

N
of unity, say > ¢r(z) = 1, with suppyy C Sk. Then, a vector field satisfying (??) can
k=1

be written in the form

N
M@—Bwki;vdw,
=1
where
vk () = B [Yrg] = / B* (2 — v, y)¢r(y)9(y)dy ,
Sk
z z
B () = oo [ oy €506 e
|| ||
||
(@) € O (B and [ au(wdy = 1.
By
We also recall that, for each k = 1,..., N, B* is an operator with weakly singular kernel

and %Bk is an operator with singular kernel of Calderon-Zigmund kind. Finally, we
observe that

(%Bk[wkg] = Bk[aayj(wkg)] +Bj [Yrg), (10.5)

where IB%?[ -] is the integral operator with the kernel

— 7 0 T—y _
Bz —y,y) = ~ 2, / 9 ke el
i ) Iﬂﬁ—yl| 5yj( Iw—y\)
T—y

The Maximum Modulus Theorem
We distinguish three different cases:

a) u, € L>*(Q) and (uo, Vi) =0 for all ¢ € Wi(Q);

b) u, € €(), that is uo € C(Q) N L>®(N2), uo = 0 on 9N and (u., V) = 0, €
WHH(Q);
¢) uo € €(Q), that is u, € €(Q) and uo(x) uniformly continuous.
We only discuss the case a).
We reacall that for all u, satisfying the assumption a), there exists a sequence {u?} C

€ (Q) N CHQ) such that u™(x) — uo, a.e. in x € Q and [uM|g < |Juo]oo, for all m €
N, which in turn implies that, for all p > 0,lim [|u" — uo|rr(a,) = 0. We denote by
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{(u™, mym )} the sequence of solutions whose existence is ensured by the above results of
item b) (see section 3).
Assume that u™(t,x) satisfies the following estimate:

[u™(t, x)| < clullo < c|uolloo, for all (t,x) € (0,T) x Q and m € N.
Then, for p € (;%5,00), q € (4,00] and p > d, the following seminorm family
t 2 t V5 t \zHn
Filue®lrra,) + | 2‘: (77) Z 1D u) v,y + (77) Ima(®) e,
al|=0

<ec sup My(t,y,L,uo)
B(O,p)

n € (0,1), ensures a suitable convergences of the sequence {(u™, m,n)} to a limit (u,,),
which is a solution to the Stokes problem and such that

lu(t, z)| < c|uolloo, for all (t,z) € (0,T) x Q.

Indeed from the linearity of the problem we get

lo]

2 1
il (0 = i Ol + 32 (1) ¥ 1D ODW Ol
o=

1

7+ m s

+(T-t—1) 3 71||71-um (t) = Tur ()| 2r(,) < CBb;lép : M,(t,y, L,ult — ul).
y

For all compact set [n, Tp] X ﬁp, n > 0, we get the following estimates:

=2
2
0

. . TO
- given € > 0, there exists a Ly > 0 such that ||uo||007(L0+T1/2)“

< g
- given € > 0, there exists v(n, Lo, p) such that

|ud" —uglr(a,) < en®a, for all m,r > v.

Hence from the definition of M,, we get

sup M,(t,y, L,ul" —uy) < 2¢, for all L > Lo, m,r > v,
B(0,p)

which implies, among others, the Cauchy condition in C((n, Tp) x Q,) for the sequence
{(u™, mym)}. Denoting the limit by (u,,), we easily deduce

lu(t, )] < |u(t,z) —u™(t,2)| + [u™ (¢ z)| < c|uo]oo, for all (¢,2) € (0,T) x Q.

g.ed.

Therefore, we just restrict our considerations to the estimate
[u™(t, x)| < clug'|o, for all (t,2) € (0,T) x Q, m € N. (10.6)

To this end, we start with
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Lemma 10.2 Let (u,m,) be a solution to problem (6.1), where we assume u(0,x) = 0
and f € L2(Q) with | f(t)]2 < c(t"27+1), 5 € (0, 1). Moreover, assume that

e u(t,z) € C((0,T) x Q), with |u(t)ly < A, for all t > 0 and, for all p > d,
lim flu(t)]z2(0,) = 0;

e for alln >0, uy, D*u, Vi € C((n,T) x Q);

o |mu(t,x)] STI(L+ |z])~"+2(t 277 +1).

Then, for allt > 0 and r > 2,

t
1 ,1_ a 2
lu()]], < [56” / ‘“+"||f s)|2s3+ds] ? A1, witha=1— =

0

Proof. We introduce a weighted energy inequality for wu, of the same kind of the one
exhibited in [Galdi&Rionero]. We multiply the Stokes equation of u by g?u, where
g=-e 21"l o € (0,ap). Hence, an integration by parts on (7,t) x Q and an application
of the Schwartz inequality easily furnish

L s
lu()gl3 + /nw Jollds < Ju(r)gl + 5 (a*+(n—1)a /nu Jgl3ds + / Tuls)ol 4

2 1
+5 / Ir(s)glgs*+nds + 5 / If(s)3s s

By the first assumption on u we get
. 2 . 2 2 —ap __ A2 —ap
im [u(r)g13 < Tim Ju(r)[3(q,) + A2c(@)e™ = A%c(a)e™,

which implies
lim [u(7)g|3 = 0.
T—0

Hence from the energy weighted inequality, taking the limit for 7 — 0, we obtain

L 9
Ju(t)gl} < 5 (0% (n-1)a / Ju(s)glds + / Ju(s)gl3 .

t
a2 1 1 1
v / Ir(ls s + 5 [ 1565)s’as.
0 0

Applying the Gronwall lemma, we deduce

[\

t
1 « F-n —B(a)s—s2 17 1
lu(t)gl2 < Lepter+i? / B@s=52 [02)n(5)g12 + | £(s)|2] s3ds.
0
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Since ||7(s)gll3 < CH2§(5_%_’7 + 1)2, applying the Lebesgue dominated convergence

theorem, in the limit of a — 0 we get

t
1,1
[u(®If < 5"
2
0
Since |u(t)|o < A, by interpolation we get the result for all r > 2.

From the above lemma easily follows

14y
[ ) st s, for all > 0,

g.e.d.

Theorem 10.2 In the same hypotheses of Lemma 10.2, if f = 0, then, up to a function

k(t) for the pressure field, (u,m,) is the null solution.

For R > R, let us consider a smooth nonnegative cut-off function xz such that yz(z) = 1

in Q73 and xz(z) = 0 in QF — Oy /5. We set
u=uxg+u(l — xz) =u' +u’.

From the equation for (u,m,), we get

up — Aul = —Vm + T VX — 2VX7 - Vu — ulxg, in (0,T) x Qp,

V-u' =u-Vxg, in (0,7) x Qp, u' =0o0n (0,T) x 005,
u'(0,7) = uox on {0} x Q.

Analogously, we get

uf — Au? = —Vm,2 — 1, Vxg + 2Vxg - Vu + ulxg, in (0,T) x Q,

V-u?=—u-Vxz, in (0,7) x Q, v> =0 on (0,T) x 99,
u?(0,7) = uo(1 — xg) on {0} x Q.
We perform the decomposition u' = u'! + u'? + u'3, where

u = Blu- Vxzl(t 2), (t,2) €0,T) x Q,

has compact support in 2 N B(O,2R+¢) \ B(O,R — ¢), for all t € [0,7), and it is a

solution to the Bogovski equation

V-u'l =u-Vxg, in (0,T) x

further
up? — Au'? = —Vm,i2, in (0,T) x Qf,
V-u'?=0, in (0,T) x O, u'?=0on (0,T) x 005,
u'?(0,2) = uoxig — u'(0,z), on {0} x O,

finally

up? — Au® = —Vr,: + G+ F, in (0,T) x Qf,
V-u'® =0, in (0,T) x Qz, u'® =0on (0,T) x 90,
u'3(0,2) = 0 on {0} x O,
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where
G =1, Vxg — 2Vxg - Vu — ulxg;
F = Bl-Am] + o Bn ] - 3 Bm T T - 2 3 B
N n

o N D
+20 2 5 —BilnVxg - ul + kZ > B[ ¥k Vg - u)]

i=1=107; —1i= 7 0y

+k§:1Bk[2V(kaR) - Vu] + kleBk[A(¢kVXR) ).

We have deduced the above expression of F as a consequence of the following steps:
i) we apply the heat operator % — A to the function u'!(t,);
ii) we remember that u; — Au = —Vmy;
iii) we apply the properties of the Bogovski operator B.

Analogously, we perform the decomposition u? = u?' 4+ u?? + u?3, where

w2l = —Blu- Vxgl(t ), (t,z) € [0,T) x Q,

has compact support in QN B(O,2R +¢) \ B(O,R —¢), for all t € [0,T), and it is a
solution to the Bogovski equation

V-u*' = —u-Vyxg, in (0,7) x

also
u?? — Au?? = —Vrmy22, in (0,7) x Q,
V-u??=0, in (0,T) x Q, u** =0 on (0,T) x 09,
u??(0,7) = uo(1 — xi) — v*(0,2), on {0} x Q;
finally,

u?? — Au*® = —Vrys — G —F, in (0,7) x Q,
V-u* =0, in (0,7) x Q, u** =0o0n (0,T) x 09,
u*(0,2) =0 on {0} x Q,

where setting —(G + IF) we have considered the fact that Vxz = —V(1 — x3) as well as
ull = 2t

The above decomposition allows to claim that
lut, )] = [ub + 2] = [ult + ul? + ul® e ) = [l 4 uld a2 4.
From the quoted theorem by Abe and Giga, we get
[u'?(t, z)| < cluoxig — u'(0,2)] < cluclo, for all (t,z) € (0,T) x Q.
Since the dist(suppu??(0,x),0Q) > R—e > d, via the latter special case of MMT we get
[u??(t, z)| < cluo(l — x5) — u*(0,2)| < cluslo, for all (t,z) € (0,T) x Q3.

Hence we have to estimate |u'3| and |u®?|, whose Stokes equations have the right hand
sides which differ by a sign. The kind of estimate and its proof is just the same. We
furnish the second one. We begin remarking that
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a) since G + F has compact support:

IG@)r + 1E@)] < c(lmu(®)]Lr@p) + lulwrr@g)), wniformly in ¢ > 0;

By means of estimate (9.4)1, for r > %5 we can claim

IE@E]- + 1G]
<eosup Mooty Louo)t 57+t 4 +1),¢>0,  (107)
B(O,R)

with ¢ independent of ¢, L and u,. We multiply the equation of u®* by (t — 7, x), where,
by virtue of Theorem 6.2, (s, z) corresponds to wy € C}(Q5). Integrating by parts on
(0,T) x Qp, applying the Holder inequality, via items a)-b) and (10.7), we obtain for
t>2andr> 3,

t

|(w?(t),wo)l < [ (IF(D)llr + IG(T)2) [t = 7)|sodr

1

o

+/kwwwfwmvmﬂwu—ﬂM@r
21

t
In the case of t < 2 with r > 5, we just consider:

t

@O wn)| < [ (EOL +I60)1) [t - )l

0

In both the cases, since SUPg (0. R) Moo (t,y, L, us) is an increasing function of ¢, by virtue
of estimates (6.3); and (10.7), we get

|(u®(t),wo)| < e(R) sup Moo (t,y, L, uo)|wol,
B(O.R)

which implies
|u33(t)|0 < C(R) sup MOO(ta:%LauO)v (108)
B(O,R)

which is true for all ¢, L and u,. g.e.d.

We conclude this section furnishing the uniqueness of a solution (u, ) in its class of
existence. By virtue of Theorem 10.2, in order to achieve the uniqueness it is enough to
prove that, for all u,, a solution (u,7,) enjoys the limit property:

lim |u(t) — ol r(y) = 0. (10.9)

t—0

Of course, we can restrict ourselves to the case of r = 2. To this end, we consider the
approximation (u™,7™) again. By virtue of the properties of (u™,7™), for all R > d
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and t > 0, we get

t
1d
Ly m g2 + / [haVa™ (r)dr|3dr
2 dt
0

t
g//[%|um(t,x)|2|Ah2R(z)| (7, )V, (1, 2) | drde
0Q

(10.10)
By virtue of estimates (10.6) and (9.4)s, from estimate (10.10), for each R > d and ¢ > 0,
we deduce

lu™ (gl < [ug*hrl3 + c(Ryuo)(t +277).

Since by Lebesgue dominated convergence theorem lim |[u” (t)hg|2 = |u(t)hg|2 for all
t > 0, for each R > d and t > 0, the last estimate implies

lu()hzl3 < [uohrl3 + c(R,uo)(t +277). (10.11)

Multiplying equation (1.1); by ¢ € C5°(£2), we get

t

W) - o) = [ @), a0) + (7 (0).7 )
0

Hence, in the limit for m — oo, we deduce

(ut) = wor9) = [ [(wlr), A9) + (mu(r), V- 9)]ar,

which, via (7.3)1,2, implies

lim (u(t) — uo, ) = 0, for all p € CF°(£2).

t—0

Thus, by density we also get

lim (u(t) — uo, ) = 0, for all p € L'(Q). (10.12)

t—0
Now, employing (10.11) we get

[u@®)hr — uohrl3 = lut)hrl3 + luchrlf — 2(u(t), uoh},)

< 2fuchrll3 — 2(u(t), uch}) + c(R, uo)(t +27").

Taking (10.12) into account, from the last estimate we deduce (10.9) in the limit for
t — 0. Applying the Holder inequality, we complete the proof of (7.3)3 for p € [1,2]. For

p € [2,00), we deduce (7.3)3 by interpolation between L? — L. g.ed.
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