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OU+U-VU—Au+VT+2w X U=—w X w X xX — 0es in Q(f)
00 +u-VO=0 in Q(f)
divu=0 in Q(t)
—Tv =o0kv on (1)
V=u-v on I*(t)
(', 1?) = c(h+8)“05(u", UP) on (1)
=0 onT—(t)
u(0) = up in Q(0)
6(0) = 6o in Q(0)
Q0) = {x €R%: x5 < 6+ hy(x1, x2) }.
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Theorem

Letp >5andJ=(0,T). Thereise > 0 such that forw > 0 and initial values
satisfying certain compatibility conditions and

W+ HUO”WZ—Z/pvn(Q(o)) + ||h0||W3—2/pvn(]R2) + HGOHWZ_‘/RP(Q(O)) <e
the spin coating system with heat convection admits a uniquely determined solution
u € Ey(J) = LP(J; W2P(Q()) N W'P(J; LP(Q())
7€ En() 1= {7 € LP(J; WP(Q()): ym € WS P(J; LP(TH () N LP(S; W5 P(T* (1))
h € Ep(J) = WP~ 3P(J; LP(RR)) N W'P(J; W25 P(R?)) 1 LP(J; W5 P(R?))
6 € Eg(J) = L(J; W~ V/PP(Q()) N W (J; W' /PP(Q()).
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Transformation to a fixed domain
Hanzawa-Transform
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o — Au+2w X U+ Vm=—0es+ Fi(u,m,h) indxQ
0+ V(u,h)- VO =0 inJ x Q
divu = Fg(u, h) inJ x Q
~T (u, m)vp — oA’ hvp = G, (u, 7, h) ond xTI*
dth —yu® = H(u, h) ond xT*
(', u?) — ves®d5(ut, u?) = G_(u', UP, h) ond x I~
P =0 ond x T~
u(0) = U inQ
6(0) = 6, inQ
h(0) = ho in R?
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Solving the spin-coating system
Denk/GeiBert/Hieber/Saal/Sawada 2011
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There is a Lipschitz continuous operator
V: U C LPJ; LP(Q) — Ey(J) x EL(J) x En(J),

with
ou— Au+2w x u+Vm=fi + Fi(u,m, h)

divu = F4(u, h)
~T (u, m)vp — oA’ hvp = G, (u, , h)
d:th —~yu® = H(u, h)
(', u?) — ye6“ds(u', u?) = G_(u', U3, h)

YR =0
u(0) = ug
h(0) = hy

fi = (u,m, h)

indJ x Q
inJ x Q
ond xTI*
ond xTI*
ond x I~
ond x I~
in Q

in R?,
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Reduction to a nonlinear transport equation TECHNISCHE
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Let
V(0) = V(Vi(—0e3), W3(—bes)).
Then (u, 7, h, 0) solves the spin coating system with heat convection if and only if
O0+V()-VO=0 indxQ
0(0) =0y iInQ
and (u, m, h) = W(—6ej3).
Lemma
There is an open neighbourhood U C LP(J; LP(RQ)) of zero such that
> V:UC LPJ;LP(Q)) — L(J; WE1/PP(Q)) N L°(J; WT—1/PP(Q)),
> ||V(9) - V(T)HL1(J;W1—1/p,p(Q)) < C ||9 - THLP(J;LP(Q)) f0r0, T EC U,
> V() -v=0o0n0".
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Solving the linear transport equation
Danchin 2005
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Let

> 0o € W2 1/PP(Q),

> v L'(J; W2=1/PP(Q)) N Loo(J; W' —1/PP(Q)) with v - v = 0 on 9.
Then there is a unique solution 6 € Ey(J) of

00+v-VO=0 indxQ
(LTE) .
0(0) =60y inQ
with

C _
101l Lo (=170 < 100l w1700y € Wit we=ivem,
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Estimating differences of solutions
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Let 0, T satisfy

0f+v-VO=0 indxQ g OhT+w-Vr=0 1indxQ
an
0(0) =6, inQ 7(0) =6y inQ
for data 6y € W2~1/PP(Q) and v, w € L'(J; W2~1/PP(Q)). Then p =  — T satisfies

Op+Vv-Vp=(w—v)V7T indxQ
p(0)=0 in Q

and thus

C w00
0 — 7'||Loo(J;W1—1/p,p(Q)) <C|v- WHL‘(J;W1—1/WJ(Q)) ||7'||Loo(J;W2—1/p,p(Q)) eClvlloumieo,
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A modified Contraction Mapping Principle
Kreml/Pokorny 2010
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Lemma
Assume

1. X reflexive Banach space or has separable pre-dual, X — Y,
2. H C X convex, closed, bounded,
3. AN: H— H with

IAu) =AWy <nllu=vily, uvveH

forsomen < 1.
Then N\ has exactly one fixed point in H.

Here:
X = L=(J; W 1/PP(Q)), Y = L(J; W'1/PP(Q)).
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Solving the nonlinear transport equation TECHNISCHE
UNIVERSITAT
DARMSTADT

Proposition
Let5 < p<oo,Jd=(0,T)andV as before. Thereise > 0 s. t. if
||00||W271/p,p(9) <e

then there is exactly one solution
0 € Eo(J) = L(J; W2~ 1/PP(Q) N W™ (J; W'1/PP(Q))

of
0f+V(O)-VO=0 indxQ

(NTE) { 0(0) =06 inQ.
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I
Solving the nonlinear transport equation
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Proof.

» Let Bf denote the closed ball of radius R in X = L>(J; W2~1/PP(Q)) around
zero,

» Define A: Bf — Ey:

ANO) =T

ot +V(0)- V7 =0
7(0) = 6y.

» 0=NA0) <= 0 solves the nonlinear transport equation (NTE).
» Apply the modified Contraction Mapping Principle.
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Solving the nonlinear transport equation TECHNISCHE
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For 0,7 € BY

C|lv(o _
> ||/\(9)H/_oo(J;WZ—Vp,p(Q)) < ||90||W2—1/p,p(gz) e VOl 1 ywa—1/p0 )

< Clfollwe-soniey < R
> [|A(B) — /\(T)HLOO(WPWM) < CIVo) - V(T)”U(W‘ﬂ/w) ||T||L°°(W271/p,p)
< CRII0 = 7l oo (r-1/00) -
> Choose [|0o[ yz—1/ps() SMall €NOUGN.
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Thank you for your attention!
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