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The Stochastic FitzHugh-Nagumo Model

du (t , ξ) =
[
∂ξ(c (ξ) ∂ξu (t , ξ) )− p (ξ) u (t , ξ) − v (t , ξ) + f (u (t , ξ))

]
dt + dβ1 (t , ξ) ,

dv (t , ξ) = (γu (t , ξ)) dt − αv (t , ξ) + dβ2 (t , ξ) , t ≥ 0, ξ ∈ [0, 1] .

or as stochastic semilinear evolution equation

dX (t) = (AX (t) + F (X (t))) dt +
√

Q dW (t),

X (0) = x ∈ H = L2(0, 1)× L2(0, 1)

with

A =
(

A0 − (p (ξ) − η) I − I
γI − αI

)
, F (u, v ) =

(
f (u)− ηu

0

)
=
(
− (u − ξ0)3 − ξ3

0
0

)
,
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Existence and Uniqueness of a Mild Solution

Invariant Measure: Existence and Uniqueness

Kolmogorov Operator
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Wiener Process
Definition

Let
I U separable Hilbert space,
I Q ∈ L(U) positive and symmetric, tr(Q) <∞.

A stochastic process (W (t))t∈[0,∞) of U valued random variables on a filtered
probability space

(
Ω, F , (Ft )t≥0 ,P

)
with normal filtration (Ft )t≥0 is called U

valued Wiener process with covariance operator Q, if

1. W (0) = 0 almost surely,

2. W (t)−W (s) ∼ N(0, (t − s)Q) for all 0 ≤ s ≤ t <∞,

3. W (t)−W (s) is independent of Fs for all 0 ≤ s ≤ t <∞.
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Wiener Integral:∫ t
0 ΦdW (s), Φ : ]0, t ]→ L(U, H)

1. Simple functions
0 = t0 < · · · < tn = t , Φi ∈ L(U, H), Φ(t) =

∑n
i=1 Φi1]ti−1,ti ](t),∫ t

0
ΦdW (s) :=

n∑
i=1

Φi (W (ti )−W (ti−1)).

2. Ito Isometry

E

∥∥∥∫ t

0
ΦdW (s)

∥∥∥2

H
=

n∑
i=1

E‖Φi (W (ti )−W (ti−1))‖2 =
n∑

i=1

(ti − ti−1)‖ΦiQ1/2‖2
HS

=
∫ t

0
‖Φ(s)Q1/2‖2

HSds.

3. Linear extension to L2(0, t ;L(U, H)).
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The Mild Solution
Definition

For T ≥ 0 a predictable H-valued process X is called a mild solution for the initial
value x ∈ H, if it satisfies

P

(∫ T

0
|X (s)|2H ds <∞

)
= 1

and P-a.s. the integral equation

X (t) = X (t , x) = S(t)x +
∫ t

0
S(t − s)F (X (s)) ds︸ ︷︷ ︸

=:Y (t)

+
∫ t

0
S(t − s)

√
Q dW (s)︸ ︷︷ ︸

=:WA(t)

, t ∈ [0, T ].

Thus

Y (t) = S(t)x +
∫ t

0
S(t − s)F [Y (s) + WA(s)] ds.
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Example

Since

Y ′(t) = AY (t) + F (Y (t) + WA(t)) ,

we can estimate
d
dt
|Y |2H = 2 〈AY , Y 〉H + 2 〈F (Y + WA) , Y 〉H

= 2 〈AY , Y 〉H + 2 〈F (Y + WA)− F (WA) , Y 〉H + 2 〈F (WA) , Y 〉H

≤ −ω1 |Y |2H +
1
ω1
|F (WA)|2H .

Taking E supt∈[0,T ] and Gronwall’s lemma lead to:

E sup
t∈[0,T ]

|Y (t)|2H ≤

(
|x |2H +

1
ω1
E

∫ T

0
|F (WA(s))|2H ds

)
e−ω1T ≤ C

(
1 + |x |2H

)
.

13. Juni 2012 | Rebekka Burkholz, Supervisor: Wilhelm Stannat | 7



Example

Since

Y ′(t) = AY (t) + F (Y (t) + WA(t)) ,

we can estimate
d
dt
|Y |2H = 2 〈AY , Y 〉H + 2 〈F (Y + WA) , Y 〉H

= 2 〈AY , Y 〉H + 2 〈F (Y + WA)− F (WA) , Y 〉H + 2 〈F (WA) , Y 〉H

≤ −ω1 |Y |2H +
1
ω1
|F (WA)|2H .

Taking E supt∈[0,T ] and Gronwall’s lemma lead to:

E sup
t∈[0,T ]

|Y (t)|2H ≤

(
|x |2H +

1
ω1
E

∫ T

0
|F (WA(s))|2H ds

)
e−ω1T ≤ C

(
1 + |x |2H

)
.

13. Juni 2012 | Rebekka Burkholz, Supervisor: Wilhelm Stannat | 7



Example

Since

Y ′(t) = AY (t) + F (Y (t) + WA(t)) ,

we can estimate
d
dt
|Y |2H = 2 〈AY , Y 〉H + 2 〈F (Y + WA) , Y 〉H

= 2 〈AY , Y 〉H + 2 〈F (Y + WA)− F (WA) , Y 〉H + 2 〈F (WA) , Y 〉H

≤ −ω1 |Y |2H +
1
ω1
|F (WA)|2H .

Taking E supt∈[0,T ] and Gronwall’s lemma lead to:

E sup
t∈[0,T ]

|Y (t)|2H ≤

(
|x |2H +

1
ω1
E

∫ T

0
|F (WA(s))|2H ds

)
e−ω1T ≤ C

(
1 + |x |2H

)
.

13. Juni 2012 | Rebekka Burkholz, Supervisor: Wilhelm Stannat | 7



Approximating System

Aim:

Existence and uniqueness result for a mild solution similar to
S. Bonaccorsi, E. Mastrogiacomo, 2008.

Existence:

I Approximation of X by a Cauchy-sequence (Xε)ε>0 which solves

dXε(t) = (AXε(t) + Fε (Xε(t))) dt +
√

Q dW (t),

Xε(0) = x ∈ H

in a mild sense with Fε(X ) =
(−ug(u)

1+εg(u)
0

)
.

I Fε Lipschitz continuous, D(Fε) = H.
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Essential Results for Existence and Uniqueness

I Uniformly Boundedness:

E

∫ T

0
|Fε (Xε(s, x))|2H ds ≤ C.

I Convergence of (Xε)ε>0 in L2
W (Ω; C ([0, T ], H)) for every x ∈ H.

I Continuous dependency on the initial data:

E |X (t , x)− X (t , x̃)|2H ≤ C |x − x̃ |2H , x , x̃ ∈ H.

I Uniqueness of the mild solution by C. Marinelli, M. Röckner, 2010.
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Invariant Measure

I Transition semigroup (Pt )t≥0 ⊂ L (Bb(H)):

Pt : Bb(H) → Bb(H), φ(·) 7→ Eφ (X (t , ·)) , t ≥ 0.

I Feller property: Pt (Cb(H)) ⊆ Cb(H).
I Existence and uniqueness of an invariant measure µ ∈ M+(H):∫

H
Ptφ(x) dµ(x) =

∫
H
φ(x) dµ(x), t ≥ 0, φ ∈ Bb(H).

I Strategy:

w– lim
t→∞

L (X (t , x)) = µ, x ∈ H.
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Kolmogorov Operator

I (Unique) extension of the transition semigroup (Pt )t≥0 to C0-semigroup of
contractions

(
P̃t
)

t≥0 on L1 (H, µ).

Infinitesimal generator:
(
L̃, D(L̃)

)
dissipative.

I Identification of
(
L̃, D(L̃)

)
on test space

FC2
b (D(A)) := {φ ∈ C2

b (H)
∣∣ ϕ(x) = ϕ̂n

(
〈x , e1〉H , ... , 〈x , en 〉H

)
,

ϕ̂n ∈ C2
b

(
R

n) , n ∈ N}

as
(
L, FC2

b (D(A))
)

with

Lϕ(x) = 〈x , ADϕ(x)〉H + 〈F (x), Dϕ(x)〉H +
1
2

TrH

(√
QD2ϕ(x)

√
Q
)

.

I L1-uniqueness of
(
L, D(L) = FC2

b (D(A))
)

as provided by A. Es-Sarhir, W.
Stannat, 2008.
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Thank you for your attention!
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