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Consider the free boundary problem

Orp + div(pu)
p(Otu + u - Vu) — divS(u, p)
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where the stress tensor is
S(u, p) = 2uDu + p'divuid — P(p)id,

P is a smooth function of p with P’(p) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Gétz | 2



Compressible Navier-Stokes flow
with free boundary

TECHNISCHE
UNIVERSITAT
~ DARMSTADT

Consider the free boundary problem

O +div(pu) = 0, in(0,T)x Q(1),
p(Owu+u-Vu)—divS(u,p) = 0, in(0,T)x Q(f),
—S(u,p)v = 0, on(0,T)x 0Q(t),

where the stress tensor is
S(u, p) = 2uDu + p'divuid — P(p)id,

P is a smooth function of p with P’(p) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Gétz | 2



Compressible Navier-Stokes flow
with free boundary

TECHNISCHE
UNIVERSITAT
~ DARMSTADT

Consider the free boundary problem

O +div(pu) = 0, in(0,T)x Q(1),
p(Owu+u-Vu)—divS(u,p) = 0, in(0,T)x Q(f),
— S(u, p)v 0, on(0,T) x 9Q(t),
u-v = V, on(0,T)x9Q(t),

where the stress tensor is
S(u, p) = 2uDu + p'divuid — P(p)id,

P is a smooth function of p with P’(p) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Gétz | 2



C9mpre55|ble Navier-Stokes flow echniscre
with free boundary UNIVERSITAT

~ DARMSTADT

Consider the free boundary problem

Owp+divipu) = 0, in(0, T) x Qb),
p(Ou+u-Vu)—divS(u,p) = 0, in(0,T)x Q)
— S(u, p)v 0, on (0, T)x o),
u-v V, on (0, T) x 0Qt),
p0) = po, iNQ0),
u0) = w, in€0),
QO) = Q.

where the stress tensor is

S(u, p) = 2uDu + p'divuid — P(p)id,

P is a smooth function of p with P’(p) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Gétz | 2



Linearized model system TECHNISCHE

UNIVERSITAT
DARMSTADT

» transform to Lagrangian coordinates to receive problem on Q(0)

June 14, 2012 | TUD, IRTG 1529 | Dario Gétz | 3



Linearized model system TECHNISCHE

UNIVERSITAT
DARMSTADT

» transform to Lagrangian coordinates to receive problem on Q(0)

» linearize around u* = 0 and p* > 0 constant

June 14, 2012 | TUD, IRTG 1529 | Dario Gétz | 3



Linearized model system TECHNISCHE

UNIVERSITAT
DARMSTADT

» transform to Lagrangian coordinates to receive problem on Q(0)
» linearize around u* = 0 and p* > 0 constant

» consider half-space 2(0) = R”

June 14, 2012 | TUD, IRTG 1529 | Dario Gétz | 3



I
Linearized model system

TECHNISCHE
UNIVERSITAT
DARMSTADT

» transform to Lagrangian coordinates to receive problem on Q(0)
» linearize around u* = 0 and p* > 0 constant

» consider half-space 2(0) = R”

Op+~divu = f,, inR],
o — alAu — (a+ f)Vdivu+yVp = f,, inRJ,
(1) 2aDue, + fdivue, —vype, = g, onRMT,
u@) = 0, inR”
p(0) = 0, inR7
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Main result:
Maximal L,-regularity
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Theorem

Let1 < p,q <oo,a>0andj € R suchthat 5 + 3 > 0. Then for any number
6 > 0 such that

fo € Loos(R; HY(RY), £y € Lpos(R; Lg(RY)),
1
gc sz_oy(s(RQ Lq(RZ)) N Lp,o,é(R; H;(Rf)),
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Theorem

Let1 < p,q <oo,a>0andj € R suchthat 5 + 3 > 0. Then for any number
6 > 0 such that

fo € Loos(R; HY(RY), £y € Lpos(R; Lg(RY)),
1
gc sz_oy(s(RQ Lq(RZ)) N Lp,o,é(R; H;(Rf)),
there is exactly one solution (p, u) of system (1) in the spaces

p € Lpos(R; Hy(RY)),
u € Hyo5(R; Lg(RD) N Lp o s(R; H5(RD)).
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Ap+rdivu = f,, inR7,
AU —alAu— (a+p)Vdivu+~+yVp = f, inR],
2aDue, + Bdivue, —vype, = g, onR™'
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v

(formally) apply horizontal Fourier transform in x’, introduce v = U

v

consider the ansatz
V(€ xa) = PiE)e ™ + Qi€ e B
for A= \/(2a+m)~"A+[¢2and B=/a~TA+[¢]2

invert the resulting algebraic system for P; and Q;

v

_ 2(a+my)? BI{,E &

‘ (a+my) ((204+77,\)A2 +77)\Bz)i
"7 aB-AK

wB - AK §hn(€',0)

(€',0) -
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K = 13B% + (2a + ) )2 AB? + (2a + 1y ) (2a + 3y ) A2 B — (2a + 1y )P A®

> itis |[K| > Oforall A € X, satisfying |A\| > Ao >0
and

2 2 2 2 50550545008 vy
v 5 v :
Red+ —0—) +(ImMN2> (——
s
a/2+p a/2+ [
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K = 13B% + (2a + ) )2 AB? + (2a + 1y ) (2a + 3y ) A2 B — (2a + 1y )P A®

> itis |[K| > Oforall A € X, satisfying |A\| > Ao >0
and

2

)2 +(ImA2 > (a/;w)z

2

2
(Re)\+m

» for v = 0 it is with Taylor expansion

Kol = A2 +[¢'])°

» by a perturbation argument for large A and £’ and compactness one shows

K| > c(A]2 +€'))°
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TN, 9) = K1(Nf + K2(N)g

» K1 and K, consist of terms like
* rTa+ 2a + 0\ A% + 0, B? _
/0 ‘/—_'5/1 |: an)\ ( 77>\)K 77)\ e B(Xn+Yn) ff/ [g]] (X/, yn)dyn

/Oo F1 [a + 1 ((2a + M0 )A% + n,\Bz)A
0 ¢ « K

MOxo + Yo Fel9]] (', ya) s
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» R-boundedness by a multiplier result by Shibata and Shimizu
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Thank you for your attention.
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