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Compressible Navier-Stokes flow
with free boundary

Consider the free boundary problem

∂tρ + div(ρu) = 0, in (0, T )× Ω(t),

ρ(∂tu + u · ∇u)− divS(u, ρ) = 0, in (0, T )× Ω(t),
− S(u, ρ)ν = 0, on (0, T )× ∂Ω(t),

u · ν = V , on (0, T )× ∂Ω(t),
ρ(0) = ρ0, in Ω(0),
u(0) = u0, in Ω(0),
Ω(0) = Ω0.

where the stress tensor is

S(u, ρ) = 2µDu + µ′divu id− P(ρ)id,

P is a smooth function of ρ with P′(ρ) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 2



Compressible Navier-Stokes flow
with free boundary

Consider the free boundary problem

∂tρ + div(ρu) = 0, in (0, T )× Ω(t),
ρ(∂tu + u · ∇u)− divS(u, ρ) = 0, in (0, T )× Ω(t),

− S(u, ρ)ν = 0, on (0, T )× ∂Ω(t),
u · ν = V , on (0, T )× ∂Ω(t),
ρ(0) = ρ0, in Ω(0),
u(0) = u0, in Ω(0),
Ω(0) = Ω0.

where the stress tensor is

S(u, ρ) = 2µDu + µ′divu id− P(ρ)id,

P is a smooth function of ρ with P′(ρ) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 2



Compressible Navier-Stokes flow
with free boundary

Consider the free boundary problem

∂tρ + div(ρu) = 0, in (0, T )× Ω(t),
ρ(∂tu + u · ∇u)− divS(u, ρ) = 0, in (0, T )× Ω(t),

− S(u, ρ)ν = 0, on (0, T )× ∂Ω(t),

u · ν = V , on (0, T )× ∂Ω(t),
ρ(0) = ρ0, in Ω(0),
u(0) = u0, in Ω(0),
Ω(0) = Ω0.

where the stress tensor is

S(u, ρ) = 2µDu + µ′divu id− P(ρ)id,

P is a smooth function of ρ with P′(ρ) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 2



Compressible Navier-Stokes flow
with free boundary

Consider the free boundary problem

∂tρ + div(ρu) = 0, in (0, T )× Ω(t),
ρ(∂tu + u · ∇u)− divS(u, ρ) = 0, in (0, T )× Ω(t),

− S(u, ρ)ν = 0, on (0, T )× ∂Ω(t),
u · ν = V , on (0, T )× ∂Ω(t),

ρ(0) = ρ0, in Ω(0),
u(0) = u0, in Ω(0),
Ω(0) = Ω0.

where the stress tensor is

S(u, ρ) = 2µDu + µ′divu id− P(ρ)id,

P is a smooth function of ρ with P′(ρ) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 2



Compressible Navier-Stokes flow
with free boundary

Consider the free boundary problem

∂tρ + div(ρu) = 0, in (0, T )× Ω(t),
ρ(∂tu + u · ∇u)− divS(u, ρ) = 0, in (0, T )× Ω(t),

− S(u, ρ)ν = 0, on (0, T )× ∂Ω(t),
u · ν = V , on (0, T )× ∂Ω(t),
ρ(0) = ρ0, in Ω(0),
u(0) = u0, in Ω(0),
Ω(0) = Ω0.

where the stress tensor is

S(u, ρ) = 2µDu + µ′divu id− P(ρ)id,

P is a smooth function of ρ with P′(ρ) > 0

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 2



Linearized model system

I transform to Lagrangian coordinates to receive problem on Ω(0)

I linearize around u∗ = 0 and ρ∗ > 0 constant

I consider half-space Ω(0) = Rn
+

(1)


∂tρ + γdivu = fρ, in Rn

+,
∂tu − α∆u − (α + β)∇divu + γ∇ρ = fu , in Rn

+,
2αDu en + βdivu en − γρ en = g, on Rn−1,

u(0) = 0, in Rn
+

ρ(0) = 0, in Rn
+

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 3



Linearized model system

I transform to Lagrangian coordinates to receive problem on Ω(0)

I linearize around u∗ = 0 and ρ∗ > 0 constant

I consider half-space Ω(0) = Rn
+

(1)


∂tρ + γdivu = fρ, in Rn

+,
∂tu − α∆u − (α + β)∇divu + γ∇ρ = fu , in Rn

+,
2αDu en + βdivu en − γρ en = g, on Rn−1,

u(0) = 0, in Rn
+

ρ(0) = 0, in Rn
+

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 3



Linearized model system

I transform to Lagrangian coordinates to receive problem on Ω(0)

I linearize around u∗ = 0 and ρ∗ > 0 constant

I consider half-space Ω(0) = Rn
+

(1)


∂tρ + γdivu = fρ, in Rn

+,
∂tu − α∆u − (α + β)∇divu + γ∇ρ = fu , in Rn

+,
2αDu en + βdivu en − γρ en = g, on Rn−1,

u(0) = 0, in Rn
+

ρ(0) = 0, in Rn
+

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 3



Linearized model system

I transform to Lagrangian coordinates to receive problem on Ω(0)

I linearize around u∗ = 0 and ρ∗ > 0 constant

I consider half-space Ω(0) = Rn
+

(1)


∂tρ + γdivu = fρ, in Rn

+,
∂tu − α∆u − (α + β)∇divu + γ∇ρ = fu , in Rn

+,
2αDu en + βdivu en − γρ en = g, on Rn−1,

u(0) = 0, in Rn
+

ρ(0) = 0, in Rn
+

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 3



Main result:
Maximal Lp-regularity

Theorem
Let 1 < p, q <∞, α > 0 and β ∈ R such that α2 + β > 0. Then for any number
δ > 0 such that

fρ ∈ Lp,0,δ(R; H1
q (Rn

+)), fu ∈ Lp,0,δ(R; Lq(Rn
+)),

g ∈ H
1
2

p,0,δ(R; Lq(Rn
+)) ∩ Lp,0,δ(R; H1

q (Rn
+)),

there is exactly one solution (ρ, u) of system (1) in the spaces

ρ ∈ Lp,0,δ(R; H1
q (Rn

+)),

u ∈ H1
p,0,δ(R; Lq(Rn

+)) ∩ Lp,0,δ(R; H2
q (Rn

+)).
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Reduction of the system

I apply (formally) Laplace transform to receive λρ + γdivu = fρ, in Rn
+,

λu − α∆u − (α + β)∇divu + γ∇ρ = fu , in Rn
+,

2αDu en + βdivu en − γρ en = g, on Rn−1.

I substitute ρ = λ−1(fρ − γdivu),

ηλ = β + γ2

λ

{
λu − α∆u − (α + )∇divu = , in Rn

+,
2αDu en + divu en = , on Rn−1,

I solve whole-space problem to reduce to f = 0
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Derivation of the solution formula

I (formally) apply horizontal Fourier transform in x ′, introduce v = û

I consider the ansatz

vj (ξ′, xn) = Pj (ξ′)e−Axn + Qj (ξ′)e−Bxn

for A =
√

(2α + ηλ)−1λ + |ξ′|2 and B =
√
α−1λ + |ξ′|2

I invert the resulting algebraic system for Pj and Qj

I

Pj =
2(α + ηλ)2Biξj

α(B − A)K
iξ′ · ĥ′(ξ′, 0)−

(α + ηλ)
(
(2α + ηλ)A2 + ηλB2

)
α(B − A)K

iξj ĥn(ξ′, 0)
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iξj ĥn(ξ′, 0)

June 14, 2012 | TUD, IRTG 1529 | Dario Götz | 6



Derivation of the solution formula

I (formally) apply horizontal Fourier transform in x ′, introduce v = û
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Estimates on the polynomial K

K = η2
λB3 + (2α + ηλ)2AB2 + (2α + ηλ)(2α + 3ηλ)A2B − (2α + ηλ)2A3

I it is |K | > 0 for all λ ∈ Σε satisfying |λ| ≥ λ0 > 0
and(

Reλ +
γ2

α/2 + β

)2
+ (Imλ)2 ≥

( γ2

α/2 + β

)2

I for γ = 0 it is with Taylor expansion

|K0| ≥ c(|λ| 12 + |ξ′|)3

− γ2

α/2+β

I by a perturbation argument for large λ and ξ′ and compactness one shows

|K | ≥ c(|λ| 12 + |ξ′|)3
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R-boundedness by multiplier result

I the solution of the stationary problem is T (λ)(|λ| 12 h,∇h) for

T (λ)(f , g) = K1(λ)f +K2(λ)g

I K1 and K2 consist of terms like∫ ∞
0
F−1
ξ′

[α + ηλ
α

(2α + ηλ)A2 + ηλB2

K
e−B(xn+yn) Fξ′ [g]

]
(x ′, yn)dyn∫ ∞

0
F−1
ξ′

[α + ηλ
α

(
(2α + ηλ)A2 + ηλB2

)
A

K
M(xn + yn)Fξ′ [g]

]
(x ′, yn)dyn

I R-boundedness by a multiplier result by Shibata and Shimizu
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(2α + ηλ)A2 + ηλB2

K
e−B(xn+yn) Fξ′ [g]

]
(x ′, yn)dyn∫ ∞

0
F−1
ξ′

[α + ηλ
α

(
(2α + ηλ)A2 + ηλB2

)
A

K
M(xn + yn)Fξ′ [g]

]
(x ′, yn)dyn
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Thank you for your attention.
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