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Q: Exterior domain in R? with smooth boundary 9%

(_Au+u-Vu+Vp=divF inQ,
divu=0 in 2,
(NSt) |
u=20 on 0f2,
\ u(x) — 0 as |x| — oo.

u = (u1,u2,u3): unknown velocity vector
p: unknown pressure
div F': given external force



Kozono-Yamazaki (1998)
(1)F € Lyz 00(9), |IFllz,, () < 30

= 3 solution {u,p} € H?}/%OO(Q) X L3 /2 00(€2) Of (NSt)

(2){u,p}, {v,q} € H:%/z (@) X L3 /5 1, (2): solutions of (NSt)

el g (s 10l g o) < 36 = {u, 0} = {v, 0}
(F1} 1y o (Q) C L3,00())

Question
Either u or v is not small in L3 (2) = Uniqueness?



Function spaces: 1 <p<ooand 1< qg< o
e L, q(2): Lorentz space with norm || - ||p.q

(Lp,q(2) = (Lpy(§2); Lp(2))e,q (1/p=(1—-06)/po+6/p1))
e H}(Q): the completion of C§°(Q2) in the norm ||V - ||,

o Hj (Q):= (H, (), H, (2))g,q With norm [V -|p4
0<6<1, 1/p=(1-0)/po+0/p1)

e H (Q):= H;,’q,(ﬂ)*



Ly theory
e Nonlinearity of (NSt) = Seek a solution u € 3/Z(Q)

o uc Hl/z(ﬂ) is a solution
= [ (Tlupl + F)-vds =0
o2
(T[ua p] — (aiuj + 8]"“'73 — z]p)gg 1)

e Best decay rates: |u(z)| = O(|z|™1), |Vu(z)| = O(|z|~?)



Known results
e Galdi (1994), Miyakawa (1995), Kozono-Yamazaki (1999)
(in the Leray class H1(Q))

e Taniuchi (2009) (restricted to the stationary problem)
u,v € L3 5(£2): solutions of (NSt)
|u]|3,00 < 36 @and u,v € Lg2(2) = u =

e N. (2012)
{u,p}, {v, ql € H;/Z,oo(ﬂ) X L3 /5 50(2): solutions of (NSt)
|ul|3,00 < 36 and u,v € L,(2) for some r > 3
= {u,p} = {v,q}



Main result

Theorem. Suppose that {u,p}, {v,q} € H?}/%OO(Q) X L3 /9, 00(£2)
are solutions of (NSt). For every r > 3 there exists a constant
0 = 6(r) > 0 such that if

v € L,.(Q)

and
”u”?),oo S 67

then {u,p} = {v,q}.



For the proof, we consider

divw =0 1in €,

—Aw+w-Vu+v-Vw+Va=0 in Q,
(W){

(w:=wu—v,m:=p— q) and its dual equation

(D) 5

(

3

Ay — Y wVip; —v-Vp+Vx=f inQ,
=1

div ¢y =0 in €.

e T he relation
Solvability of (D) «—— Uniqueness of (W)



Take w € H} (©2) as a test function in

3
(V¢9 VQO) T (Z UiV%a 90) T (’U ’ V% 90) o (Xa div 90) — (.fa ‘70)
1=1

and v € Hg,,q,(ﬁ) in
3
(Vw, V@) — () uiVgi,w) — (v- V@, w) — (w,div ¢) =0
i=1
= (f,w)=0 for Vf € H;}q,(ﬂ)

e Difficulty
C5°(R2) is not dense in H§/2 ()



Outline of the proof
1. Establish the regularity theory for the perturbed Stokes
equations

(W’) —Aw+w-Vu+Va=f, divw=0

and

3
(D)) —A¢Yp—> w;Vep;+Vx=Ff, dive=0
1=1

2. (W): Show w € H} () (C§°(Q) is dense in H} (2))
(D): Employ the bootstrap argument for the solution
of (D) (obtained within the L»-framework)
= Deduce the desired regularity i € H;, q,(Q)



Lemma 1. Assume for each 1 = 0,1
(i) (Pi»q;) = (3/2,00) or (ii) 3/2<p; <3, 1< g; < oo.

(Q)NH_ 1 (Q);3unique solution

= V‘f E P1.,491

pO qo

{u,p} € (H) () NH, (2) X (Lpg,qo(2) N Lpy,q,(Q))
of the Stokes equation
—Au+Vp=Ff in(,
divu =0 in(Q,

with the estimate

IVl L, 00N Lpy.a TP Lpg g0nLp gy < Cpo,qo,mm||f||Hp—1qOme_11q1



Lemma 2. Let u € L3 o(2) and assume for each i = 0,1

(i) (pi,qz')=(3/2 OO) or (ii) 3/2 <p; <3, 1 < g; < oo.

Suppose {w,n} € H_  (£2) X Lpgq0(£2) is a solution of

panO
(W) —Aw+4+w-Vu+Var=Ff, dvw=0

—1 —1
for f € Hpo,qo(ﬂ) N le’q () and

||u||3,oo < 36 = d(po, 90, P15 91)

Tl
= w € HpO,qo(Q) NnH pl,q (Q) and m € LPO»QO(Q) M LPlan(Q)

e The same result holds for a solution of (D’) if we exclude
the condition (i) (p;,q;) = (3/2,00).



