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Equation of motion

@ Motion of a fluid is described by

p(Oru+ u.Vu) =divS (conservation of momentum)
divu=0 (conservation of mass)

(p: constant density, u: velocity field, S: stress tensor)
o Newtonian fluid
® S(u,m)=2aEu—mxl, a>0, Eu=}(Vu+vuT)
(m: pressure)
@ ~ Navier-Stokes equations

p(Otu+ u.Vu) = aAu—Vm, divu=0

@ Examples: water, air, ...
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Examples of non-Newtonian fluids

@ Generalized Newtonian fluids:

o S(u,m) =2a(|Eul*)Eu — =i,
a:[0,00) = [0,00), |Eu)® = Z;fk:1(Eu)ﬁk
@ ~ generalized Navier-Stokes equations

p(deu + u.Vu) = div2a(|Eu?)Eu — Vr, divu=0

o Example: ketchup, toothpaste, ...

@ Generalized viscoelastic fluids:
o S(u,m,7) = 2a(|Eu?)Eu—nl+pu(7),a: [0,00) — [0,00), pu: R™" — R™"
7 is given by

o+ uNT =g(Vu,7), g:R™" x R™" _ R™"

p(8u + u.Vu) = div2a(|Eu®)Eu — Vr +divu(r), divu=0,
ot +uNT=g(Vu,T)

o Examples: paints, blood ...
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One phase-flow without surface tension

S(u, 7, 7) = 2a(|Eu|?)Eu — ml + pu(7),

ot +uNT =9(Vu,T)

@ Q(t) is a unknown domain with outer normal v(t)
@ V(t) is the normal velocity of 9Q(t)

Considered problem:

p(Oru + u.Vu)
divu

o+ uNVT
S(u,m,)v

vV

u(0)

Aim:

div S(u,m, 1)
0

9(Vu, )

0

u-v

Uop

70

Qo

@ Find unique solution Q(t) and (u, 7, 7)(t) of (1)
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Lagrangian coordinates

@ x € Q(t): Eulerian coordinate
& € Qp: Lagrangian coordinate

@ Transformation between x and &:

t
x:X(t,g):{er/o v(s,§)ds, '

where v(t,&) = u(t, X(t,€)) ‘
@ Diffeomorphism X(t,-): Qo — Q(t)

@ Some properties
o (G +u.vVu)(t, X(t,£)) = wv(t, )
e JB e C™(R™",R"™") with B(0) = 0 and

(Vo) X(t.9) = V(6.6 + B( [ Vu(s.a8)vu(t. o
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Formulation in Lagrangian coordinates

S(v,0,n) = 2a(|EV?)Ev — 01 + p(n)
@ Transformed unknowns: (v, 6, 7n)(t,&) = (u, 7, 7)(t, X(t,£))
@ Transformed system:

thv

divv

om

S(v, 0,7y
v(0)

n(0)

divS(v,6,n) + F(v,0,n)

Fa(v)

9(

Vv,n)+ G(v,n)

H(v.,0,n)

Up
70

@ Advantages of the Lagrangian formulation:

@ Problem is on the time independent domain Qg

@ The transport term u.V 7 vanishes due to
(8 + u.VT)(t, X(1, ) = Om(t, €)
o The boundary of Q(t) is given via
90t) = {X(t,€): € € 9}
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Formulation in Lagrangian coordinates

o Nonlinearities:
F(v,0.1) = Div2[(a(|8(v)\2) - a(\Ev|2))Ev} 1 Div [a(\s(v)|2)vg(/0thds>Vv]
+Div [Vs(/othds)u(n)] + V4</0thds>V7r
Fa(v) = —Vs(/othds)Vv = —div [VG(/Othds) v]
G(v.n) = g(Vv+ Vy(/othds>,n) —g(Vv,n)
H(v,0,n) =2 [(a(\é’(v)|2) - a(|Ev|2))Ev] vo + [a(\s(v)ﬁ)vg(/ot des)vV] vo

+ [Vg(/OIVVdS)u(n)] v + V4(/OthdS>7rVo

where

E(v)=Ev+ V1(/Othds)Vv with  E(v)(1,€) = (Eu)(t, X(t,£))

and V; are smooth functions with V;(0) =0
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Let
@eneN,N>2,n+2<p<x
@ Qo C R" a domain with a compact boundary
@ «, i, and g sufficiently smooth with

a(s) >0, «(s)+2sa’(s)>0, s>0 wund p(0)=g(0,0)=0
o (up,m0) € W5 2/P(Q) x H} (%), satisfy the compatibility conditions

diviup =0 and [2a(|Euo|?)Euovo + 1(70)v0]tan = 0
Then
@ there exists T > 0 and a unique solution of (2) in

v € Hy(0, T; Lp(Q)) N Lp(0, T; H5(Q0))

n € WL(0,T; Lp(Q)) N La (0, T; HY ()

6 € Lo(0, T; H} ()

Olr, € W/271/BP)(0, T; Ly(To)) N Lp(0, T; W, ~"/P(Ip))
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Sketch of the proof

@ Introduce a quasilinear operator A (generalized Stokes operator) and
coressponding Neumann boundary operator B via

A(vi)v = )I,VmA"m(Ev*)a,amv
B(v.)(v,0) = X; m A" (EV. ) v 10mv — O
with
A(v)v = 2Diva(|Ev|?)Ev
B(v)(v,0) = 2a(|Ev|?)Evig + 4o/ (|EV|?)|EV|2Evig — Oug

@ Rewrite (2) equivalently:

potv + A(V)v +VO = Divu(r)+ F(v,0,n) (0, T) x Qo

divv = F4(v) (0, T) x Qo
om = g(Vv,n)+ G(v,n) (0,7) x Qo 3)
B(v)(v,0) = H(v,0,n)+ Hi(v) —u(t)vo (0, T) x Q0
V(O) = U Q0
n0) = 7o Qo
where

Hi(v) = 4a/(|Ev|?)|Ev[2Evrg
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Sketch of the proof
@ Introduce (Vi, 0., n.) with (v,,7.)(0) = (up, 70)
@ Set (WMP, C) = (Vu 0, 77) - (V*7 9*777*)
@ Rewrite (3) equivalently as fixed point problem of the map
d(w, 1, C) = (w, 1, ¢), where (w, 1, ¢) is solution of

pow + A(v)w +Vy = F(w,4,¢) (0,T)xQ
divw = d(V_V) (O, T) X Qo
¢ = _(V_Vv C_) _ (07 T) x o (4)
B(v.)(w,¢) = H(w,¢,¢) (0,T) x5
W(O) =0 Qo
¢0) = 0 2o

¢ is well defined:
e Problem is not coupled
@ Maximal regularity of generalized Stokes eq. (BOTHE, PRUSS ('07))

° ((t) = Jy G(W,{)(s)ds
e Mapping properties of F, F,, G, H
@ Unique fixed point by the contraction mapping principle
e Key: (F,Fy4, G, H) and D(F, F4, G, H) are small, provided T is small
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Sketch of the proof

o := oEy X oEr x oE+
0By := oH}(0, T; Lp(Q0)) N Lp(0, T; H5())

o = {10 € Lp(0, T ANQ0)): $lon, € oWg (0, T; Lp(89)) 11 Ly(0, T; Wy
0B := H} (0, T; Lp(Q)) N Lo (0, T; HH(R))
oF :=TF¢ x oFFg x G x oH
Fr:= Lp(0, T; Lp(S))
oFq = oH3(0, T; Hy " (2)) N Lp(0, T; H}(2))
oG = L(0, T; Lp(Q0)) N L1(0, T; Hy(Q)), r>p

oH = oW ®(0, T; Lp(990)) N Lp(0, T; W) *(9))

For Ry, Ty > 0, there exists R: R, — R, and C > 0 such that for all
0<R<Ry,0<T<Ty, (w,9,() e Bg(0,R) with

IN(2)llor < CR? +R(T) and || DN(2)||c(oz0r) < CR + R(T)
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