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Convection-diffusion problems & | WIAS
Find ¢:Q2x(0,7) =R s.t.

%+M’V¢—VA¢=]F,

ot
p(0)=¢"

Material derivative

[0 T(=0Q)

u:2x(0,T) =R’ f:Q2x(0,T)—R, and ¢’ : 2 —R, are given.
u‘r =0.
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A basic idea of characteristics schemes & | WiIAS

QCRY(d=2,3).u:2x(0,T) —=R?:given, ¢:2x(0,T) =R :unknown, t" = nAt.

D 0
Material derivative : F(f = (5 +u V)qb
n d
is discretized as follows. &= X(t") R

Let X(-;x):(0,7) =R be the sol. of the ODE; y

{‘V’/f\ —ad YV £\ in (#1140

1. Upwind technique is naturally included. 24 .

2. The coefficient matrix is symmetric.

The idea can be Corﬁbiﬁed W}th FDI\/I 1I\:EI\/I,

— FVM, and so on. ()4,
A I L W A ) I €0 bl D, S €D
At At
— non-symmetric
— part goes to RHS > >
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o maximum pf‘“c‘p\e — Nume, 'Cal inte
r r
Based O Analysis Jation jg
Metho — 2/ Qireq
Characteristic\\l Pironneau and 5/
FEM Tabata, 2010
Characteristics
FDM . ° ) X0

« For FDM the L[~-analysis based on the maximum principle
is usually employed.

- Can we give a discrete L?-estimate for a characteristics
FD scheme ?

« Combining the method of characteristics with FDM, we do
not need integration.
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Definition of discrete L2-norm for FD functions@\ WIAS

For oY, EV,, (¢h’wh)[§h zfg¢h1/}hdx.
(991) Y ¢,(x)y,(x):discrete L’ -inner product.
' xEQ,
_ 2 g )
6,5, = (94, ), :discrete L*-norm.
o o—o—o—o—o0 V,={y,:Q, >R
G—o—@ &Q > o o O
Q2 ¢ Q
b—o—0—0——0—0—0 0
x O
h
G o o o o o o O H _
G o o o o o o O
O JA O O JAAY N M O

|/
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A discrete L2-estimate of a composite function® | WiAS

Proposition.

wE C'(Q), w|F =0.0<0< 1/||w
4C, >0 s.t. W,0=<Ch.
X(x)=x-0w(x).

=

dc,(w)>0s.t. ||(ITv,)oX 2@
I, :V, = C°(Q), the bilinear interpolation operator,
W, = max{l w.(x),xEQ, i=1, 2}.

I1,v, €EC°(Q) ﬁ/ )

[ ) Q
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whe (@)

< (1+¢,0)|v, (Vv, EV,)

*(Q,)
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A first order characteristics FD scheme & | WiIAS

o
Find {th} CV s.t. Vo= 6O

[;_(HhAt L (x% VA, (x) = f1(x), VxEL,
~ﬁ—+u Vo

¢, (x)=0,Vxer,, 1
500 =" () (€ D)), }

where X/"(x)=x-u"(x)At, J
Xn /x
x,, =(ih, jh)', 1 \A)
Wh(x 1,) Y, (X, 1,)"‘1/};;(36 i, j+ 2) (X, i, j- )= 4%(36 )
hq}h( i,j)_ h2

Symmetric matrix

AX=b
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An application of the discrete L2-estimate to the CFDM @\ WIAS

Lemma.
Let v, be FD func. defined on Q,. {5e At
some assumptions including Ar<Ch.| (W< " (X<= X/).

=

[(T,v,) 0 X7

Q)"

@) <1+ cAt)th

Remark. This yields stability and convergence: O(h+4r)
results in a sense of the discrete L2-norm.
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Stability of the characteristics FD scheme & | WIAS

- Wz;\f/;f'])‘)Xf ()= VA ()= f" (). VX EQ,,

Multiplying »’¢/(x), and summing for all x€£2,, we have

¢”_(H ¢n_1)oXn n n n n n
( : A 1 , O ) _V(Ah¢h’¢h )Qh =(f » D )‘éh (a—b)a=%(a2—b2)+%(a—b)2
Q)

At
( Hq)h Hl 2(3,) m(nh%l_l)oxln ‘lzz(gJ ( h¢h hth) ( " ( PS5 ( Hf Hl 2@, “¢h Hz 28, ))
By H(Hhvh)onle(Qh)s(1+cAt)th o@, (VL EV,)

2 At (Hq)h Hz 2(@,) H¢h Hl 2@, )) H h¢h Hh ey (Hq)h Hz 2(@,) qu)h Hz 2@, )) _Hf Hl 2(3,)

By discrete Gronwall’s lemma, p

12 N, ]
YIRS RO T {Afzf";@h)} JE
N n=1 y H{[

A12(12)
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A second order characteristics FD scheme €| WIAS

Find {%} CV,, s.t. N-Rui-Tabata, submitted

¢, -1, 9, )OXS

14 n n-1 n
(x)_E{Ah¢h T ~ AP o X[ (x)

At
- E{(Diu;’ )Ah’i} * (Dzuln +D'u (x) A second order FEM:
i=1 f Rui-Tabata [2002]
=%{f”+f”‘1oX1”}(x), VxeQ, t" T (x.17)
. n n-1/2
B (0)=9"(x) (xE Q). (F'@.177%) o 4
Y”(x)=x+X1n(x) n-1 | ./
1 M= 7 r— *——>
Ea/axi' B (Xn(.X) tn—l) (x,tn )
I, :V, — C°(Q), the bilinear interpolation operator. P

Key: AgoX!(x)= V(V(/) on)(x) + At{z D'uD"¢+ 2 D'u jD"f¢}(x)+ O(Ar).

i,j=1, i=]
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Stability and convergence results

Theorem1 (stability).
At < C,(u)h
=

ray T VAt ‘th ron \/;‘th 2ty S c(u, f,0").

Theorem?2 (error estimate).
At<C (u)h

=

H¢h - ¢

Err

+M‘¢h ~ Pl +\/_‘¢h

<c'(u,0)(At” +h)
=c"(u,0)h.
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A characteristics FD scheme of .
second order in both time and space @‘ WIAS

0
Find {gbh} cVv, s.t Y T v=5x10';' '
[ . v=10
-3
—(H ”'l)oX” v L= o —&— v=2x10
¢h h.¢h 2 (x)__{Ah¢h+A}(z )¢h 1}()6) _
At 10 b i
VAt : i n ] n n-1
2{(1) U )4, b+ (D%u) + DUV 0,V oo |17 ()
n n— n = 10-2 B 7
=§{f +fo X H), VXEQ, 5
o (0)=¢"(x) (xEQ,), Consistency: O(At* + 1)
10° .
v, — "), the Q2 (polynomial of degree two) : :
interpolation operator. 2
{j;ln)}(x) _ Vhl [{H}(ll/lo)(vhlq))} o Xln] (x) o _ 1 |
WV I:{H}(lo,l/Z)(Vh2¢)}oX1”:|(x)_ -1/2|56 1/1|28 1/|64 1/I32 1/I16 -
h
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Tools for convergence analysis & WiIAS

Lemma: f:[-1,1]—R.
(1) %{f(l)"'f(_l)}_f(()) = %folds1filf”(sz)dsz (f €C?[-L1D).
(2) %{f(l)—f(—l)}—f’(O) - % [ods, [ ds, [ fr(s)ds, (f ECU-LI.

(3) {f()-2£(0)+ f(-D)}- f"(0)
=f;dslf:dszf;2ds3f_sz FOs)ds, (f EC-11)).

t
| o=
|
= (¥ (x), £ ’/:
F=F(x, 1), f(-1)=F(x-u"(x)Ar, "),
At 12 tn_l / .n—l > X
f(0)=F(x-u"(x)? £ ) -(Xln(x) tn—l)(X,f )
June 11, 2012 5th J-G Int. WS on MathFD 14

Waseda Institute for Advanced Study € Waseda University



L?-estimate in FEM and discrete L?-estimate in FDM for the

& | WiIAS

V-

FEI\/I:[

<(1+cAt)|g,

material derivative.
I? (QJ’

‘th © Xl 72 (Q)
Exact integration is assumed.

where X"(x) =x —u"(x)At.

Lemma (CFDM): Let ¢, be FD func. defined on Q,.
some assumptions including At < Ch.

= _
Qh
[(th/)h) o X| b S (1+cAr)|g, . ]
No integration.
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Integral of a composite function & | WIAS
(¢;f‘1 o X/, wh) = EfK o (x — u”(x)At) Y, (x) dx
K

or (x - (x) At A1
Generally, the function ¢ (x _ u”(x)At) is

not smooth (polynomial) on K.

— | | 1 |

It is difficult to exactly compute the integral.

T /RN

In the computation of the integral, an error
of numerical integration is included.

RNV,
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Rotating hill problem (Pe=2,000)

Exact solution:

{(-17/2,-1/72>

’./000000,txt”

u(x, t)=(-x,, xl)T.

»
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Characteristics FEM (Numerical Integration: deg.=2) ‘ WIAS

Ar=1/32 ~ o At=1/64" o

h=1/128
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Characteristics FEM (Numerical Integration: deg.=1) ‘ WIAS

Ar=1/32 ~ o At=1/64" o

h=1/128
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Characteristics FDM & WiAS
At=1/64 PR

At=1/32

h=1/128
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Conclusions & | WiIAS

- A characteristics FD scheme of second order in time for
convection-diffusion problems.

- We have established a discrete L>-theory.
- We have applied it to the second order characteristics FD scheme.
- Stability and error estimate.

In the case of FDM, there is no numerical integration.

For a preprint on the talk, please visit my webpage: http://scheme.hn/
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Thank you for your attention.
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