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1. Introduction & Mathematical formulation

System of equations for polytropic gas with radiative heat flow:

pt + (pu)z = 0, (R.a)
p(us + vwug) + pr = 0, (R.b)
pO (st + usz) + gz = O, (R.c)
p = pRO, (R.d)
A
0 = E/ﬂ_l exp((y — 1)s/R), (R.e)
— ez + 3029 + 4ac(6%); = 0. (R.T)
p . density S entropy
u . velocity q . radiative heat flux
p . pressure 0 absolute temperature

Expansion around (p,u,s,q) = (pg, 0, sg,0):

= s + £°5(%, T),

p=po+eptx), s K
u=ceu(l,z), q = 2q(%,7),
{: €t, r =2 — Cst, CS =RV ’YRHO

Retain O(e?) terms and neglect O(e3) terms to obtain - --



e Governing Equations [K. Hamer, 1971]

ut + uug + gz = 0, (E.a)
—qzz + q + ug = 0. (E.b)
u=u(t,x), g=q(t,x) e Rfort>0, xR
i = 0.
Jm_a() =0
e Initial data
u(0,z) = up(zx), (I.a)
im ug(x) = ug. (I.b)
r— 00

(Eb) = ¢g=K(~ug), gz = u— Ku
+00 q

where K :=(1-A)"L Kf(x)z/ e~ 1Tl £ () dy.

o 2

(E.a),(Eb) = w+uuz+u— Ku=0



e Comparison with Inviscid/Viscous Burgers Equation

Hamer’s Radiating Gas Model Viscous Burgers Equation
ur +uury +u— Ku=0 ut + vur —ugpy = 0
2 _ .
w— Ku=rF1(_% a(¢) —tgy = F (5%(5))
1+¢2

similar to viscosity, but weaker effect especially for [£] > 1 (short waves)

Degree of dissipation

Inviscid Burgers Eq. < Radiating Gas < Viscous Burgers Eq.



-

Proposition 1 (Kawashima, Nishibata '99) Suppose ug € B1(R).
i) Blow up criterion
If infup(z) < — (1 +/1+ 4k0) /2,

then sol. blows up :

T < 00 st lim infug(t,z) = —oco.
t—T-0 x

(kg = min{dg /2, Sl;p ug(z)} 6o = SngCp uo(x) — iraljfuo(ac))

Ii) Non-Blow up criterion
If b0 <1/2 and infup(z) > — (1 41— 250) /2,

then 31 global classical sol.
Moreover, 'maximum principle’ holds:

infug(z) < u(t,z) < supug(zx),
T X

min{ir;fulo(a:),v*} < ugz(t,x) < SngCp ug ().

(= (- vimm) )




Definition 2 by Kruzkov('70) (method of vanishing viscosity)

Admissible solution : (u,q) € L°([0,T) x R) which satisfies
T r+oc0
1

and

1

lu—k|pr+sign(u—k) { (%uz — 5]@2) bz — (u — Ku)qb}] dxdt > 0,

0< ¢ e CL0,T) xR), "k €R,

+o0 v
/ (—qtbos + g — uths) dz = 0, V4 € S(R),

— 00

with the initial condition

u(0,x2) = ug(x) a.e. z € R.

cf. For piecewise smooth data, (d(t): location of discontinuity)

l[q] =0, [u] = [gu],
d(t) = (u(t,d(t) — 0) + u(t,d(t) + 0))/2.

entropy condition : u(t,d(t) — 0) > u(¢,d(t) + 0)

Rankine-Hugoniot conditions : {



e [raveling Wave Solution
Def :

(w,q)(t,z) = (U,Q)(z —st), “seR, Ue B'(R), Q€ B*(R)
satisfying

—sU' +UU' + Q" =0, (T.a)

Q"+ Q+U' =0, (T.b)

lim U(x) = uxt. (T.c)
T—F00

E
Proposition 3 (Kawashima, Nishibata '98)

HITW = u_ >uy, 5= (u_+ug)/2, l@ Q(x) = 0.

i) 0 <u_ —uy <2v2n/(n+1) (n=1,2,3--")
= 3 TW (unique up to shift) s.t.

UecB", Qe B""! s=(u_+uy)/2, lim _Q(z) =0,

U0 - usl < goseo(-clib, |2 U<n>\<cn5“+1 s = u_ —uy
N )




2. Previous results on asymptotic analysis

Asymptotic stability of rarefaction wave, constant state, BV

e [Kawashima, Tanaka ’'04] stability of rarefaction wave

e [Ito ’'96] stability of BV data around const. or rarefaction wave

Asymptotic stability of traveling wave

e [Kawashima, Nishibata '98] ug: continuous, ég < @

e [Kawashima, Nishibata '99] ugp: Riemann data u— > uy, &g g%
* [Nishibata "00] ug € BY(R\ {0}), uo(—0) > ug(+0), dg <

N|—

initial perturabation ¢g :=ug—U € L1 . uniform converdence
anti-derivative &g(z) := ffoo do(y)dy € H3 J

+ &g € L1 = O(t~1/%) decay



e [Nishikawa, Nishibata '07]
up: Riemann data u— > ug, 6g < % = O(e~ ) decay

¢o € L', (2)°®g € H*(R) (a > 0), dg < ? = O((1+1t)72) decay

((2) = (1 +22)1/?)

e [Many more recent works]

H. Freistuhler, D.Serre, P. Marcati, C. Lattanzio, C. Mascia, C. Rhode,
T. Nguyen, R.Plaza, K.Zumbrun, R. Duan, K. Fellner, C. Zhu --.



3. Main results

We study the asymptotic stability of TW with discontinuous IV.
In particular, show that convergence rate reflects the spatial decay

structure of the initial perturbation.

[IM.O.]: Convergence rates towards the traveling waves for a model
system of radiating gas with discontinuities, submitted

3.1. Preliminaries

e Wecanset s=0 ide u_+uy =0 WLOG.
(u(t,z) = u(t,z 4 sot) — so, q(t,x) = q(t,z + sot), so = (u— 4+ ugt)/2)

e 'center of mass’ zq: (If ug —ug € L1, ug(z) :==us+ (z =0).)
1 oo
xo = / (uo(z) — U(x))dz, where U(0) = (u— +u4)/2=0.
U— — UL J -0

(<:> /_OO (ug(z) —U(x — x20))dxr = O)



s N
Proposition 4 (Behavoir of discontinuities) (Nishibata '00)

SUPPOSE ug e BYR\(0)),  ug(~0) > uo(+0),

ug —ug € Lt N L™,
50 <1/2, wvx <ug(x) for z # 0.

Then 31 global admissible solution
we BY ), ge B%(2), 2:=1[0,00) x R\ {z = d(t)},

where trajectory of jump {xz = d(t)} is Cl-curve in (t,z) space with

d(t) = (ur(t) +ug(t))/2, d(0)=0
d(t) -z ((t— ).

Gap at the jump verifies

- 0 <ur(®) —up®) < (uo(—0) —uo(+0)) exp(—ct), “e = c(ug) > 0.

/

ur(t) (= u(t,d(t) —0), up(t) ;= u(t,d(t) + 0)
oo = Sl;p uo(x) — ir;fuo(a:), Vg 1= — (1 + 1 — 250) /2.



Define perturbation (¢, ¢)(1,£) (r >0, £ € Rg:= R\ {0}) by
(9, ) (7, &) == (u, ) (7,§ +d(7)) — (U,Q)(§ + d(7) — z0).
Then (¢,) (1, &) satisfies

dr+ 0 |(U(E+ d(r) = 0) —d(7)) ¢ + 32| + ¢ = 0, } (P)

with initial and boundary data to (P)
¢(0,&) = ¢0(§) 1= uop(§) —U(§ —z0), (PD
5 lim W(t, &) =0, Yt>0. (PB)

If ¢(7,-) € L1, define anti-derivative & of ¢ by

§
(r,€) 1= / b (r,m)dn,
— 00
Equation for & :

: 1
7+ (U — d(7)Pe + SPF + 9 =0.



3.2.a. Decay rate for exponentially decaying I.V.

/Theorem 5 Suppose
O<u_ —uy <V6/2,
[uo] 1= ug(—=0) — ug(+0) > 0,
¢o € L',
eMel/ 2wy e H3(Rp) for A € (0,)0g), (Mg < V2 : const.)
|20 s < 1.

Then 31 time global solution (¢,v) to (P) satisfying

2 2
Nel2g e M ¢ ([o,oo); Hz_i(Ro)) N2y e M ¢ ([o,oo); H37(R)

1=0 1=0

and 3C,v >0 s.t.

(172 + 19 (D) 1I53

< C{11eN200(6) 125 + [uol (1 + luollze + U oe) | e
\_ J

SNS—>



3.2.b. Decay rate for algebraically decaying I.V.

/Theorem 6 Suppose
O<u_ —uy <V6/2,
[uo] := ug(—0) — up(+0) > O,
¢o € L',
(€)?wy € H3(Ry) for a > 0,
1(6)*/2Wo| g < 1.
Then 31 time global solution (¢,v) to (P) satisfying

2 2
¢ € () 0" (10,000 H>7(R0) ) , {6)*/% € () 7 ([0, 00); >~ (Ro)

1=0 1=0

and 3C,v >0 s.t.

6122 + ()]
< c{I©20(&)1%2 + [uol (1 + lluollzee + U1Iz=) } (1 + )7

J

N —



3.3. Outline of the proof
(Local existence) + (A-priori estimate) = (Global existence)

.
Lemma 7 (Local existence) W = Ml or (¢).

If Wl/2¢5 € H2(Ryp),
then 3T > 0 and 31 solution (¢,v) to (P) over [0,T]

satisfying

wi/2g c cO(H?) nctab),
w2y ¢ cO(H3) N Ccr(H?).

Moreover, if ¢g€ LY and W1/2¢y5 e L2 (if W =eMél X< 2),

then b0 € COLY) and W1/2¢ e cO(HY) nC1(L?).




Construction of local solution (without weight)
Rewrite (P) to 7+ (U (§+d(r) — o) +¢—d(r) ) b+ Ugs+ 6~ Ko = 0.

For £ >0, set  ¢1(7,&) 1= ¢(7,8),  ¢2(7,8) 1= ¢(7,=8).
System of governing eqs. for (¢1,¢2)(7,&) (€ Ry) is
Ord1 + (Ul(T, §) + 1 — d(T))3§¢1 + 0cUr¢1 + ¢1 — K191 — Kogo = 0O,
Or o — (UQ(Ta §) + ¢ — d(7)>3g¢2 — 0:Us¢po + ¢2 — Ko — K192 = 0,
where Ui(7,&) :=U(d(7) + & —x0), Ua(r,&) :=U(d(7) — & — z0)
and Kif(&):= [ K(E—n)f(n)dn, Kof(€) = [o° K(&+n)f(n)dn.

Entropy condition: up > up =

(Uy 4 ¢1)(1,04+0) —d(7), —(Uz 4 ¢2)(7,0 4 0) —d(r) < 0.

We can extend the space to R. = Kato’'s theory does apply.



-
Proposition 8 (A-priori estimate)

If
N(T) := sup [WY20(t)| 43 < 1
0<t<T
then
HC,W > 0 indep. of T
S.t.

) eV 20(t,6))12,5 + 1M (2, £)112 5
< C{1N200(6) 125 + g0(1 + Iluolloe + U1 oe) | e,

for A € (0,0), Mo < V2,

i) &P 2a(t, )25 + 11620t ©))12,5
< {1 2@0(&)1Z5 + 90(1 + lluoll oo + U o) | (1 + 1)~ (=F)

for o > 0 and B € [0, «].




A-priori estimate (Basic estimate for exponential weight)

1 > . 1 2 1 3
0 (562) + 0 { W = d() 562+ 56° ~ v - )}

+ Uet” +42 492 = 0. (1)

0 (59%) + 3 { (U~ (7)) 582+ @+ ) (e~ ) |

_%U§¢2+ (1 — %ﬁb) ¢° — (p* 4+ ¢F) = 0. (2)

(1) x 2 + (2) yields

Or (%@2 + ¢2) +0; {(U —d(7)) (%@2 + qbQ) + §¢3 + (@ — ) (e — cb)}

1 1
— §U§@2—|— (1 + 5@ + U§> §b2 + ¢2 + wgz = 0. (3)




[l Mel % (3)de (W := M

- 4 / T w @@2 + ¢2) (7, €)de

dr |_
n % /_ O:O W (~Ue( + d(r) — w0) + P(7,) + Q(r, €) ) 2(r, €)de

P(7, )
2

+ /_ OOW(l + P(7,€) + Q(1,€) + Ug(€ + d(r)) + )¢2<n£>d€

h 1
+ [oo W(¢2 + ¢§2)(7, £)d£+g(uL(7) _ UR(T))3

= [~ sion@w { (@~ )(we - )+ 30° | (r o). (a)

o, + PR

TR ().

P = xsign(&) (~U (€4+d(r)—z0)+U (d(r)—20) ) > 0, Q := Asign(€)

Note ~Ue(§ +d(7)) + P(1,6) > eX, Te>0, ¢,
ur,(t) —ug(rt) >0, ||U|p~ < 3/8.
If N(T) + A+ ~/A < 1, then [le?™ x (4)dr yields

t
D)3, + /O OT(NB()I2 + [$(r) 2 + [$(1)]2 1) dr < Clol2 ;.



Summary

1. Introduction
e Mathematical formulation of the radiating gas model
e Dissipative properties, blow up criterion
e Kruzkov's weak solution

e [raveling waves

2. Review on previous results

Asymptotic stability of traveling waves & convergence rates

3. Main results
ODbtain convergence rates subject to decay structure of initial data



