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Navier-Stokes equations in R’ (x, > 0)

Let n > 2.
( Ou o
E—Au+u-Vu+Vp:0 in R} x (0, 00)
(N-S) divu=0 inR] x(0,00)
u=0 onJdR] x (0,00)
L u(0)=2a inR],
u(x,t) = (ut(x,t),...,u"(x,t)): unknown velocity vector
p(x, t): unknown pressure

a(x5 = (a'(x),...,a"(x)): given initial data

T. Okabe (Hirosaki University) The slow decay of the Navier-Stokes flow 11-15. 6. 2012



Leray's problem: energy decay (1934)

1/2
|u(x,t)|2dx> —-0?7 t— o

ool = (

Rn

e Masuda first proved this problem tlim |u(t)||2 =0 (1984),
—00
provided

5B) a2 [ IV dr < lu(s)E

forae. s>0,s=0, forall t >s>0.
e Fujigaki - Miyakawa (2001, 2002) showed decay rate

n

u(t)]|2 = O(t~ ") as t — oo in R, R7.
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Aim of this talk

Behavior of nonlinear Duhamel term

Kajikiya-Miyakawa '86 R"; Borchers-Miyakawa '88 R

If a € L2(R") N L"(R") with r ~ 1, then

|u(t) — e ™ all, = O(t™ %), t— oo.

The linear stokes flow e~**a is dominant.
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Known results; lower bound (R")

Schonbek, 1986

lu(t)|l ey > CE3, if a € L7(R3) N L2(R3) with |3()| > C near
£=0

Miyakawa—Schonbek, 2001
u(t)|emn = Ct™%, if liminf,o [s,1 3(r,w)|? dw >0

0., 2009, 2010

lu(®)| 2@y > CE5, 4
if a € L7(R™) N L2(R") with |a(&

n+2y

n+2

<
C|§n|7 near £ =0

STV
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Half-space R" : By Ukai's solution formula

(A1) a(x) = (a'(x),...,a" 1(x),0) x = (X1, .- -, Xo_1, Xn)
(A2) a'(x) = (a*(x),...,a" 1 (x)) = a"(x1, .-, Xo—1)(Xn)
(A3) n/(\—x ) = —n(x,) with |7(&,)] > C > 0 near £, =0
(A4) |a"(&ry- - €nm1)| = Clén—1|? near (&1,...,60-1) =0, v >0

Prop. (the Stokes flow in R")

Let n > 3. If a € L2 satisfies from (A1) to (A4), then

n+2’y

le~Pall, > Ct > 1.

Problem
e n=27 (since (a',a%) = (0,0))
@ Profile of perturbations to n-th component?
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Main result

(P1) a"(x) = 3"(x')p(x,) with |37(¢")| < C|¢|® near a.e. € =0, and
¢ € HY(R) N L}(R) odd function such that

/(1 + 15a]) |9 (36| o < 0.
R

(P2) 1 <Jip < n—1st. a%(x)=3°x")n(x,) with
|3(&")] > C|&n-1|" and |7(€,)] > C near a.e. £ =0.

Theorem (Navier-Stokes flow)
Let n>2. Let a € L2 N L" satisfy (P1) and (P2) for

(i) 1<r<2n/(n+2),0<~v<1,
(i) 2n/(n+2)<r<2n/(n+1),0<~vy<2n/r—n-—1.

n42y

u(t)|p>Ct— =+, t> 1.

If v < [ then,
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o (Al),...,(A4) is essential for the lower bound in our method.

a(x', xa) = (3" (<In(xa), 0), 1&"(€) = CE'T, ()l > C.

@ Another perturbation (Fujigaki-Miyakawa profile)

| e nbiatidy < oo
R
is available for n > 3, but not for n = 2.
o If Gil§n1" < [3°(&)| < G, G < [(én)] < G near ace.
£ =0, then
n+2 n+2
Gt~ < u(t)]2 < Gt~
The proof of our theorem is consist of two part:
the lower bound part + the perturbation part

T. Okabe (Hirosaki University) The slow decay of the Navier-Stokes flow 11-15. 6. 2012 8/15



Stokes flow e~ *a = v(t) =

Ukai's formula 1987

Let v(t) = (V/(t), v"(t)) = e *a be the Stokes flow in R".
Vi(t) = Ue B[a" + S -a] V(t) = e B[d — Sa"] + Sv'(t).

U e B(L"),
S =(S1,...,S,_1):Riesz transform over R"™! 5(S;)

efth _ etAf*

_ g
€'l

R7 where * : odd extension w.r.t. x,

F(x' xy) = f(x', x,) X, >0
o —f(x,—x,) x, <O0.

x' & e R
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The lower bound part:

(A1) a(x) = (a'(x), .. “H(x),0) x = (x1, -, Xn_1, Xn)
(A2) &(x) = (a'(x),...,a"" 1( ) =a"(x, .- Xa1)n(xn)
(A3) ( Xp) = —n(x,,) W|th 11(€n)] > C > 0near &, =0
(A4) ‘ (517---7£n—1)’ > C|§n—1‘w near (fb---afn—l) -

Lemma (the Stokes flow in R )

Let n > 3. If a € L2 satisfies from (A1) to (A4), then

n+2w

lv(t)]]. > Ct™ t > 1.

Conditions (Al),...,(A4) can be generalized as (P2) in the main
theorem.

T. Okabe (Hirosaki University) The slow decay of the Navier-Stokes flow 11-15. 6. 2012 10 /15



Qutline of proof:the lower bound part

VI(t) = Ue B[a" + S -a] V/(t) = e B[d — Sa"] + Sv'(t). J
v"(t) = 0. Since a” =0 (Al) and div a = 0,

n—1

dlvaf Xn) Z@aff Xn —Z’@ (€ %) =0

j=1
— n-1 —
5 a/(é’/’xn)zz ’
j=1

1€~
/|Jaj(€/’xn) =0

V/(t) — eftBa/ — etA(a/)*
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V/(t) = et?[a"n] : odd w.r.t x,.Then we have

1
V(O Ea@r) = IV (Dllzgeny = 511V ()l

—5 | e de

= %(/R,,_l e—2f|§'\2|57/(§/)|2d§/) (/_Z -2t

1
=: §J1 b

(€a)I2de )

Ji: Since [3"(&)| > Gi|€n—1]" near € =0 by (A4)

(n—1)4+2v 1 )+2y

J > Ct™ t>1
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Estimate of U

()| > C near &, =0 (A3).

b > / 2 (e de,
|€n|<8

> C2/ e—2t£3 dgn
|€nl <6
Vs
— [ er Lot
0

for t > 1.
Therefore

(n=1)+2y 2y

V(B3> Ch-h>Ct 2 ti=C""2, t>1
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Key idea: perturbation part

@ In previous result, for (at,...,a" 1 0),

@ Regard v"(t) as a perturbation, i.e., rapid decay.

However, by Ukai's formula,
V'(t) = Ue B[a" + S - 4]
V/(t) = e Bla — Sa"] + Sv'(t).

Note that since div a=10
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vi(t) = Ue ®B[a" + S - 3] V/(t) = e B[a' — Sa"] + Sv(t).
Since a"(x) = 3"(x")p(x,) and ¢ € L': odd

—tB an

1 ~n 1 _epan
le™"a" || 2mn) = EHetAa Plleen = lle 153 2y

Since |37(¢)| < C|€'|? near & =0 and 3(0) = 0,
clemtBan| < Ct="%". The same way valid for e~*85a",

. = a"Oyp
Since S -a' =
€]
E ey aetler 3(€)(On) (n)

e BS.d(¢)=e

€]

Since (0,¢)*(0) = 0 and differentiable at £, =0, i.e.,
[(0n0)* ()] < ClEn| near &, = 0. €7®S - 2|l 2(gy) < Ct~ 4"
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