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Navier-Stokes equations in Rn
+ (xn > 0)

Let n ≥ 2.

(N-S)



∂u

∂t
−∆u + u · ∇u +∇p = 0 in Rn

+ × (0,∞)

div u = 0 in Rn
+ × (0,∞)

u = 0 on ∂Rn
+ × (0,∞)

u(0) = a in Rn
+,

u(x , t) = (u1(x , t), . . . , un(x , t)): unknown velocity vector
p(x , t): unknown pressure
a(x) = (a1(x), . . . , an(x)): given initial data

u · ∇ :=
n∑

j=1

uj ∂

∂xj
= u1 ∂

∂x1
+ · · ·+ un ∂

∂xn
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Leray’s problem: energy decay (1934)

∥u(t)∥L2 :=
(∫

Rn

|u(x , t)|2 dx
)1/2

→ 0 ? t → ∞

Masuda first proved this problem lim
t→∞

∥u(t)∥L2 = 0 (1984),

provided

(SE) ∥u(t)∥2L2 + 2

∫ t

s

∥∇u(τ)∥2L2 dτ ≤ ∥u(s)∥2L2

for a.e. s > 0, s = 0, for all t ≥ s ≥ 0.

Fujigaki - Miyakawa (2001, 2002) showed decay rate

∥u(t)∥L2 = O(t−
n+2
4 ) as t → ∞ in Rn, Rn

+.
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Aim of this talk

Behavior of nonlinear Duhamel term
.
Kajikiya-Miyakawa ’86 Rn; Borchers-Miyakawa ’88 Rn

+..

.

. ..

.

.

If a ∈ L2σ(Rn) ∩ Lr (Rn) with r ≈ 1, then

∥u(t)− e−tAa∥2 = O(t−
n+2
4 ), t → ∞.

.
Aim
..

.

. ..

.

.

Find initial profile for a so that

∥u(t)∥2 ≥ Ct−α,
n

4
≤ α <

n + 2

4

The linear stokes flow e−tAa is dominant.
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Known results; lower bound (Rn)

.
Schonbek, 1986
..

.

. ..

.

.

∥u(t)∥L(R3) ≥ Ct−
3
4 , if a ∈ Lr (R3) ∩ L2(R3) with |â(ξ)| ≥ C near

ξ = 0

.
Miyakawa–Schonbek, 2001
..

.

. ..

.

.

∥u(t)∥L(Rn) ≥ Ct−
n
4 , if lim infr→0

∫
Sn−1 |â(r , ω)|2 dω > 0

.
O., 2009, 2010
..

.

. ..

.

.

∥u(t)∥L2(Rn) ≥ Ct−
n+2γ

4 , n
4
≤ n+2γ

4
< n+2

4

if a ∈ Lr (Rn) ∩ L2(Rn) with |â(ξ)| ≥ C |ξn|γ near ξ = 0
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Half-space Rn
+: By Ukai’s solution formula

(A1) a(x) = (a1(x), . . . , an−1(x), 0) x = (x1, . . . , xn−1, xn)

(A2) a′(x) = (a1(x), . . . , an−1(x)) = a′′(x1, . . . , xn−1)η(xn)

(A3) η(−xn) = −η(xn) with |η̂(ξn)| ≥ C > 0 near ξn = 0

(A4) |â′′(ξ1, . . . , ξn−1)| ≥ C |ξn−1|γ near (ξ1, . . . , ξn−1) = 0, γ > 0

.
Prop. (the Stokes flow in Rn

+)..

.

. ..

.

.

Let n ≥ 3. If a ∈ L2σ satisfies from (A1) to (A4), then

∥e−tAa∥2 ≥ Ct−
n+2γ

4 , t ≥ 1.

.
Problem
..

.

. ..

.

.

n = 2? (since (a1, a2) = (0, 0))

Profile of perturbations to n-th component?
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Main result

(P1) an(x) = ãn(x ′)φ(xn) with | ̂̃an(ξ′)| ≤ C |ξ′|β near a.e. ξ′ = 0, and
φ ∈ H1(R) ∩ L1(R) odd function such that∫

R
(1 + |xn|)|∂nφ(xn)| dxn < ∞.

(P2) 1 ≤ ∃i0 ≤ n − 1 s.t. ai0(x) = ãi0(x ′)η(xn) with

|̂̃ai0(ξ′)| ≥ C |ξn−1|γ and |η̂(ξn)| ≥ C near a.e. ξ = 0.
.
Theorem (Navier-Stokes flow)
..

.

. ..

.

.

Let n ≥ 2. Let a ∈ L2σ ∩ Lr satisfy (P1) and (P2) for

(i) 1 < r ≤ 2n/(n + 2), 0 ≤ γ < 1,

(ii) 2n/(n + 2) < r < 2n/(n + 1), 0 ≤ γ < 2n/r − n − 1.

If γ < β then, ∥u(t)∥2 ≥ Ct−
n+2γ

4 , t ≫ 1.
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Remark

(A1),. . . ,(A4) is essential for the lower bound in our method.

a(x ′, xn) = (a′′(x ′)η(xn), 0), |â′′(ξ′)| ≥ C |ξ′|γ, |η̂(ξn)| > C .

Another perturbation (Fujigaki-Miyakawa profile)∫
Rn
+

(1 + |yn|)|a(y)|dy < ∞

is available for n ≥ 3, but not for n = 2.

If C1|ξn−1|γ ≤ |âi0(ξ′)| ≤ C2|ξ′|γ, C1 ≤ |η̂(ξn)| ≤ C2 near a.e.
ξ = 0, then

C1t
− n+2γ

4 ≤ ∥u(t)∥2 ≤ C2t
− n+2γ

4

The proof of our theorem is consist of two part:
the lower bound part + the perturbation part
T. Okabe (Hirosaki University) The slow decay of the Navier-Stokes flow 11–15. 6. 2012 8 / 15



Stokes flow e−tAa = v(t) = (v ′(t), vn(t)) in Rn
+

.
Ukai’s formula 1987
..

.

. ..

.

.

Let v(t) = (v ′(t), vn(t)) = e−tAa be the Stokes flow in Rn
+.

vn(t) = Ue−tB [an + S · a′] v ′(t) = e−tB [a′ − San] + Svn(t).

U ∈ B(Lr ),

S = (S1, . . . , Sn−1):Riesz transform over Rn−1 σ(Sj) =
−iξj
|ξ′|

e−tB f = et∆f ∗|Rn
+
, where f ∗ : odd extension w.r.t. xn

f ∗(x ′, xn) =

{
f (x ′, xn) xn > 0

−f (x ′,−xn) xn < 0.

x ′, ξ′ ∈ Rn−1.
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The lower bound part:

(A1) a(x) = (a1(x), . . . , an−1(x), 0) x = (x1, . . . , xn−1, xn)

(A2) a′(x) = (a1(x), . . . , an−1(x)) = a′′(x1, . . . , xn−1)η(xn)

(A3) η(−xn) = −η(xn) with |η̂(ξn)| ≥ C > 0 near ξn = 0

(A4) |â′′(ξ1, . . . , ξn−1)| ≥ C |ξn−1|γ near (ξ1, . . . , ξn−1) = 0

.
Lemma (the Stokes flow in Rn

+)..

.

. ..

.

.

Let n ≥ 3. If a ∈ L2σ satisfies from (A1) to (A4), then

∥v(t)∥2 ≥ Ct−
n+2γ

4 , t ≥ 1.

.
Remark
..

.

. ..

.

.

Conditions (A1),. . . ,(A4) can be generalized as (P2) in the main
theorem.
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Outline of proof:the lower bound part
.

.

. ..

.

.

vn(t) = Ue−tB [an + S · a′] v ′(t) = e−tB [a′ − San] + Svn(t).

vn(t) ≡ 0. Since an = 0 (A1) and div a = 0,

d̂iv a(ξ′, xn) =
n−1∑
j=1

∂̂jaj(ξ
′, xn) =

n−1∑
j=1

iξj âj(ξ
′, xn) = 0

Ŝ · a′(ξ′, xn) =
n−1∑
j=1

−iξj
|ξ′|

âj(ξ′, xn) = 0

v ′(t) = e−tBa′ = et∆(a′)∗|Rn
+

Recall a′(x ′, xn) = a′′(x ′)η(xn) (A2), η(−xn) = −η(xn) (A3)

(a′)∗ = a′′η∗ = a′′η
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v ′(t) = et∆[a′′η] : odd w.r.t xn.Then we have

∥v(t)∥2L2(Rn
+)

= ∥v ′(t)∥2L2(Rn
+)

=
1

2
∥v ′(t)∥2L2(Rn)

=
1

2

∫
Rn

e−2t|ξ|2|â′′(ξ′)η̂(ξn)|2 dξ

=
1

2

(∫
Rn−1

e−2t|ξ′|2|â′′(ξ′)|2dξ′
)(∫ ∞

−∞
e−2tξ2n |η̂(ξn)|2dξn

)
=:

1

2
J1 · J2

J1: Since |â′′(ξ′)| ≥ C1|ξn−1|γ near ξ = 0 by (A4)

J1 ≥ Ct−
(n−1)+2γ

2 t ≥ 1.
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Estimate of J2

|η̂(ξn)| > C near ξn = 0 (A3).

J2 ≥
∫
|ξn|≤δ

e−2tξ2n |η̂(ξn)|2 dξn

≥ C 2

∫
|ξn|≤δ

e−2tξ2n dξn

=

∫ √
tδ

0

e−2ρ2 dρ√
t
≥ Ct−

1
2

for t ≥ 1.
Therefore

∥v(t)∥22 ≥ CJ1 · J2 ≥ Ct−
(n−1)+2γ

2 t−
1
2 = Ct−

n+2γ
2 , t ≥ 1
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Key idea: perturbation part

In previous result, for (a1, . . . , an−1, 0),

vn(t) ≡ 0,

v ′(t) = e−tBa′

Regard vn(t) as a perturbation, i.e., rapid decay.

However, by Ukai’s formula,

vn(t) = Ue−tB [an + S · a′]
v ′(t) = e−tB [a′ − San] + Svn(t).

Note that since div a = 0

Ŝ · a′(ξ′, xn) =
− ̂̃an(ξ′)∂nφ(xn)

|ξ′|
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vn(t) = Ue−tB [an + S · a′] v ′(t) = e−tB [a′ − San] + Svn(t).
Since an(x) = ãn(x ′)φ(xn) and φ ∈ L1: odd

∥e−tBan∥L2(Rn
+)

=
1

2
∥et∆ãnφ∥L2(Rn) =

1

2
∥e−t|ξ|2 ̂̃anφ̂∥L2(Rn)

Since | ̂̃an(ξ′)| ≤ C |ξ′|β near ξ′ = 0 and φ̂(0) = 0,

∴ ∥e−tBan∥ ≤ Ct−
n+2β

4 . The same way valid for e−tBSan.

Since Ŝ · a′ =
̂̃an∂nφ
|ξ′|

,

̂e−tBS · a′(ξ) = e−t|ξ|2
̂̃an(ξ′)(̂∂nφ)∗(ξn)

|ξ′|

Since (̂∂nφ)∗(0) = 0 and differentiable at ξn = 0, i.e.,

|(̂∂nφ)∗(ξn)| ≤ C |ξn| near ξn = 0. ∥e−tBS · a′∥L2(Rn
+)

≤ Ct−
n+2β

4 .
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