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§1 Problem

ou—uAu+Vve =1, V.u=0 in Qx(0,0),

U,Q n= on r X 09 ’
P) Su.6n =g nx (0,00)
u=0 on Ty x (0, ),

Uk=o =0 in Q.

u > 0: a coefficient of viscosity, f,g: given functions.

U= (Ug,...,UyN): velocity, 6: pressure: unknown.

u, 8) = -0 + u[{Vu + (Vu)™}]: stress tensor, I: N x N identity
matrix. Q ¢ RN (N > 2):

h: height T'yL: sea level
2: domain %
(o) I'g: bottom
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§1 Problem

ou+Uu-Vu—uAu+ve=0, V-u=0 in Q) t>0,

om+Uu -Vnp—uy=0 on I'(t) t>0,
(NS) Su,0)n + (cgp —c,H)N =0 on I'(t) t>0,
u=0 on I,

1m0 =10(X),  Uo = Uo(X).

n =n(X,t), X € RN"1: the height from the bottom to sea level.
cy > 0: the gravity constant, c, > 0: a surface tension constant,
H: mean curvature of I'(t).

/////

domain

I'(t): sea level

)

n(x’,t): height

%/////4

T'p: bottom
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§2 Known results

Results in L,-L, framework:

Results in Lp-L4 framework:
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§2 Known results

Results in L,-L, framework:
@ Beale (1980) = The existence of a unique local time solution
in (NS) with ¢, = 0.
@ Beale (1984) = The existence of a unique global time solution
in (NS) with ¢, # 0.
@ Beale and Nishida (1985) = Decay properties for global time
solution in (NS) with ¢, # O.
@ Hataya (2009) = The existence of a unique global time
solution in (NS) with ¢, = 0.
Results in Lp-L4 framework:
@ Abe (2004) = Resolvent problem corresponding to (SP).

@ Denk, Geissert, Hieber, Saal and Sawada (2011) = The spin
coating process
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§2 Known results

Results in L,-L, framework:
@ Beale (1980) = The existence of a unique local time solution
in (NS) with ¢, = 0.
@ Beale (1984) = The existence of a unique global time solution
in (NS) with ¢, # 0.
@ Beale and Nishida (1985) = Decay properties for global time
solution in (NS) with ¢, # O.
@ Hataya (2009) = The existence of a unique global time
solution in (NS) with ¢, = 0.
Results in Lp-L4 framework:
@ Abe (2004) = Resolvent problem corresponding to (SP).
@ Denk, Geissert, Hieber, Saal and Sawada (2011) = The spin
coating process
= The goal of this talk is to show the L,-Lq maximal regularity for
(SP) by using resolvent analysis.
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§3 Main result

Theorem (Lp-Lq maximal regularity)

Let 1 < p,g < oo and yo > 0. Then, for any f € Ly, 0(R, Lq(2))",

9 € Lpyoo(R WG Q)N n H;,/YZO,O(R, Ly(2))N (SP) admits a unique

solution (u, ) such that
U € Lpyoo(R WEE@Q)N N W (R, Lg(Q))",

0 € Lpyoo(R, W3(Q))

satisfying with the estimate:

1 1
€7 (U, YU, A2VU, V2U, 6, VO)lIL R Ly < CllE”'(F, A20, V)L, R Ly(@)

for any y > yo with some constant C independent of y.
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§3 Main result

Theorem (Lp-Lq maximal regularity)

Let 1 < p,g < oo and yo > 0. Then, for any f € Ly, 0(R, Lq(2))",
9 € Lpyoo(R WHQ)N N H;,/;,O(R, Lq(Q)N (SP) admits a unique
solution (u, ) such that

U € Lpyoo(R WEE@Q)N N W (R, Lg(Q))",
0 € Lpyoo(R, W3(Q))

satisfying with the estimate:

1 1
€7 (U, YU, A2VU, V2U, 6, VO)lIL R Ly < CllE”'(F, A20, V)L, R Ly(@)

for any y > yo with some constant C independent of y.

|

Remark
Lpyoo(R. X) = { 1R = X | e (D)lx € Ly(R), f(t) = 0 (t < O)}.

o’
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§3 Main result

Laplace transform £ and its inverse £;*

Let u(t) and v(r) be functions defined on R. Then, for A =y + it
(v, 7 € R) Laplace transform and its inverse are defined by

00

LU = f

—00

etu@)dt,  LAv()](t) = %r f " eMy(r)dr.
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§3 Main result
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Let u(t) and v(r) be functions defined on R. Then, for A =y + it
(v, 7 € R) Laplace transform and its inverse are defined by

00

LU = f

—00

etu@)dt,  LAv()](t) = %r f " eMy(r)dr.

We set: L )
(AZF)(t) = L 12 LIFID](E).
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§3 Main result

Laplace transform £ and its inverse £;*

Let u(t) and v(r) be functions defined on R. Then, for A =y + it
(v, 7 € R) Laplace transform and its inverse are defined by

00

LU = f

—00

etudt, LMv(@)](t) = =— f e''v(r)dr.

We set: . .
(AT = LM 112 LIFIDI(E).

Bessel potential space Hl/ 2 0(R X)

Let1l < p< coandyy> 0. We deflne the following function space:

HY2 ((R.X) = {f € Lpyoo(R. X) | l€7'(A?F))lx € Lo(R) (v = y0)}.
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§4 Outline of proof

First, we consider the resolvent Stokes equations:
AV—uAv+Vp=1f, V.v=0 in Q,
(RP) Sv.p)n=g on I,
u=0 on I,

where p and §v, p) are same symbols of (SP).

/ e, 0

Yo
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§4 Outline of proof

Lemma (cf. T.Abe (2004))
Letl<g<oo,0<e<nm/2andy,>0. ForanyAae€ X, there exist
the operators S(1) in B(Lq(Q)2*N, Ly(Q)N) and 77(4) in
B(Lg(Q)MNN, Ly(Q)) such that

v =S, [2g,Vg), p =T () I129,Vg),

solve (RP) for any f € Ly(Q)N and g € W3(Q)".

o’

We can obtain the solution formula for (SP) by using S(1) and 7 (1).
We set

u(t) = LS LE. AZg.Va)l). 6(t) = LT (D) L(E. Alg, Va)(D).

Then, (u, 8) solve (SP). Next, we estimate the solution (u, ) to
complete our proof.
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§4 Outline of proof

We give some important lemmas and ideas to estimate the solution.
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§4 Outline of proof
We give some important lemmas and ideas to estimate the solution.

Key lemma (To estimate the solution of (SP))

Let 1< p,g<o0,0<e<nm/2andy > 0. Let ®, be a C! function of
7 € R\ {0}, where A = y + i, with its value in 8(L4(€2)). Assume that
the sets {0, |1 € X, ,,} and {70, D, | 1 € £, ,,} are R-bounded
families in B(L4(Q)). For f € C7 (R, Ly(€2)), we define the following

operator: (PH)() = L@ LIFIDIL).

Then, there exists a constant C, 4 depending on p, ¢ such that
eIl R Lo@) < CoaMIlE " fliLri@) (€ Lp(R:, Lg(€2)))

for any y > yo and M is the R-bound of {®,} P and {Tard)ﬁ}ﬂezwo.

v
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§4 Outline of proof

Definition (R-boundedness)

Let X and Y be Banach spaces, and || - ||x and || - ||y denote their
norms, respectively. A family of operators 7 c B(X,Y) is called
R-bounded, if there exist a constant C > 0 and p € [1, o) such that
forme N, {'I',-}jrz1 cT, {x,-}j'ﬂ1 c X and for all sequences {rj(u)}j”:‘1 of
independent symmetric, {1,—1}-valued random variables on [0, 1]
there holds the inequality:

' 1
{f(; ”J_le’,(U)TJ(XJ)”Ydu <C f ||er(u))q”xdup

The smallest C is called R-bound of 7.
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§4 Outline of proof

We give a sufficient condition to prove R-boundedness.

Lemma (Sufficient condition of R-boundedness)

Letl1<Qg<,0<e<n/2andyy > 0. Consider a family
T ={T,| A € X,,,}, which belongs to B(L4(€2)), of kernel operators:

(BW@=LM@WMMV@€Q16&M,

which are dominated by a kernel ko, i.e.,

|k,1(X, y)l < kO(X’ Y) (a.e.X, ye Q’ A€ 28,70)'
We set
amw:mewmw (xe Q).

If To is bounded in Ly(€2), then 7~ is R-bounded in B(L4(2)) whose
R-bound is bounded by || Tol.
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§4 Outline of proof

Letl<Qg<o,0<e<n/2andyy > 0. Let S(1) and 7 () be the

solution operators defined for (RP). Then, for any d = 0,1 and
k=1,...,N

{(70:)°(AS(2)) | A € Zs.p}, {(70:) (yS()) | A € Zsp},
{(0)(AUEDS(D) | A € Ze o)y ((70:)A(DIDS()) | A € X )
are R-bounded in B(Lq(Q)2N*V, Ly(Q)N) and
(T T () [ A €20y}, {(T0) (DT () | A € X}
are R-bounded in B(Ly(Q)™N*N, Ly(Q)).
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Lemma
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{(0)(AUEDS(D) | A € Ze o)y ((70:)A(DIDS()) | A € X )
are R-bounded in B(Lq(Q)2N*V, Ly(Q)N) and
(T T () [ A €20y}, {(T0) (DT () | A € X}
are R-bounded in B(Ly(Q)™N*N, Ly(Q)).

Example
u= LS L(E. Alg. V)] =

H.Saito (Waseda University) The Stokes problem in an infinite layer 2012/6/11 13/15



§4 Outline of proof

Lemma

Letl<Qg<o,0<e<n/2andyy > 0. Let S(1) and 7 () be the
solution operators defined for (RP). Then, for any d = 0,1 and
k=1,...,N

{(70:)°(AS(2)) | A € Zs.p}, {(70:)(rS(D) | A € Zepe ),
{(0)(AUEDS(D) | A € Ze o)y ((70:)A(DIDS()) | A € X )
are R-bounded in B(Lq(Q)2N*V, Ly(Q)N) and
(T T () [ A €20y}, {(T0) (DT () | A € X}
are R-bounded in B(Ly(Q)™N*N, Ly(Q)).

Example

u= LS L(E. Alg. V)] =
au = LIS L(F, A;9.V9)], V2u = LVES()L(F, A9, Vg)].
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§4 Outline of proof

Theorem (Lp-Lq maximal regularity)

Let 1 < p,q < o and yo > 0. Then, for any f € Ly, 0(R, Lo(Q))N,
9 € Lpyoo(R, WAHQ)N N H2 (R, Lo(Q))N (SP) admits a unique
solution (u, 6) such that

U € LpyooR WE@Q)N nWo_ o(R, Lg(Q)",

6 € Lp,oo(R, W;(Q))

satisfying with the estimate:

1 1
e (u, yu, AZVu, V2u, 8, VO)lL,rL@) < ClE(F, A29, V)L, R Ly@)

for any y > yo with some constant C independent of v.
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§4 Outline of proof
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