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§1 Problem

(SP)


∂tu− µ∆u+ ∇θ = f , ∇ · u = 0 in Ω × (0,∞),

S(u, θ)n = g on Γh × (0,∞),

u = 0 on Γ0 × (0,∞),

u|t=0 = 0 in Ω.

µ > 0: a coefficient of viscosity, f ,g: given functions.
u = (u1, . . . , uN): velocity, θ: pressure: unknown.
S(u, θ) = −θI + µ[{∇u + (∇u)T}]: stress tensor, I : N × N identity
matrix. Ω ⊂ RN (N ≥ 2):

O

Ω: domain

h: height Γh: sea level

Γ0: bottom
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§1 Problem

(NS)



∂tu+ u · ∇u− µ∆u+ ∇θ = 0, ∇ · u = 0 in Ω(t) t > 0,

∂tη + u′ · ∇′η − uN = 0 on Γ(t) t > 0,

S(u, θ)n + (cgη − cσH)n = 0 on Γ(t) t > 0,

u = 0 on Γ0,

η0 = η0(x
′), u0 = u0(x).

η = η(x′, t), x′ ∈ RN−1 : the height from the bottom to sea level.
cg > 0: the gravity constant, cσ > 0: a surface tension constant,
H: mean curvature of Γ(t)．

η(x′
, t): height

Γ0: bottom

Ω(t): domain

Γ(t): sea level

O
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§2 Known results
Results in L2-L2 framework:

Beale (1980)⇒ The existence of a unique local time solution
in (NS) with cσ = 0.

Beale (1984)⇒ The existence of a unique global time solution
in (NS) with cσ , 0.

Beale and Nishida (1985)⇒ Decay properties for global time
solution in (NS) with cσ , 0.

Hataya (2009)⇒ The existence of a unique global time
solution in (NS) with cσ = 0.

Results in Lp-Lq framework:

Abe (2004)⇒ Resolvent problem corresponding to (SP).

Denk, Geissert, Hieber, Saal and Sawada (2011)⇒ The spin
coating process

⇒ The goal of this talk is to show the Lp-Lq maximal regularity for
(SP) by using resolvent analysis.
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§3 Main result
.
Theorem (Lp-Lq maximal regularity)
..

.

. ..

.

.

Let 1 < p,q < ∞ and γ0 > 0. Then, for any f ∈ Lp,γ0,0(R, Lq(Ω))N,
g ∈ Lp,γ0,0(R,W

1
q(Ω))N ∩ H1/2

p,γ0,0
(R,Lq(Ω))N (SP) admits a unique

solution (u, θ) such that
u ∈ Lp,γ0,0(R,W

2
q(Ω))N ∩W1

p,γ0,0(R,Lq(Ω))N,

θ ∈ Lp,γ0,0(R,W
1
q(Ω))

satisfying with the estimate:

∥e−γt(ut, γu,Λ
1
2
γ∇u,∇2u, θ,∇θ)∥Lp(R,Lq(Ω)) ≤ C∥e−γt(f ,Λ

1
2
γg,∇g)∥Lp(R,Lq(Ω))

for any γ ≥ γ0 with some constant C independent of γ.
.
Remark..

.

. ..

.

.

Lp,γ0,0(R,X) =
{

f : R→ X
∣∣∣ ∥e−γ0tf (t)∥X ∈ Lp(R), f (t) = 0 (t < 0)

}
.
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§3 Main result
.
Laplace transform L and its inverse L−1

λ..

.

. ..

.

.

Let u(t) and v(τ) be functions defined on R. Then, for λ = γ + iτ
(γ, τ ∈ R) Laplace transform and its inverse are defined by

L[u(t)](λ) =
∫ ∞

−∞
e−λtu(t)dt, L−1

λ [v(τ)](t) =
1
2π

∫ ∞

−∞
eλtv(τ)dτ.

We set:
(Λ

1
2
γ f )(t) = L−1

λ [|λ| 12L[f ](λ)](t ).

.
Bessel potential space H1/2

p,γ0,0
(R,X)

..

.

. ..

.

.

Let 1 < p < ∞ and γ0 > 0. We define the following function space:
H1/2

p,γ0,0
(R,X) =

{
f ∈ Lp,γ0,0(R,X)

∣∣∣ ∥e−γt(Λ1/2
γ f )(t)∥X ∈ Lp(R) (γ ≥ γ0)

}
.
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§4 Outline of proof

First, we consider the resolvent Stokes equations:

(RP)


λv− µ∆v+ ∇p = f , ∇ · v = 0 in Ω,

S(v,p)n = g on Γh,

u = 0 on Γ0,

where µ and S(v,p) are same symbols of (SP).

ε

ε O

γ0

Σε,γ0
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§4 Outline of proof
.
Lemma (cf. T.Abe (2004))
..

.

. ..

.

.

Let 1 < q < ∞, 0 < ε < π/2 and γ0 > 0. For any λ ∈ Σε,γ0, there exist
the operators S(λ) in B(Lq(Ω)2N+N2

,Lq(Ω)N) and T (λ) in
B(Lq(Ω)2N+N2

,Lq(Ω)) such that

v = S(λ)(f , |λ| 12 g,∇g), p = T (λ)(f , |λ| 12 g,∇g),

solve (RP) for any f ∈ Lq(Ω)N and g ∈W1
q(Ω)N.

We can obtain the solution formula for (SP) by using S(λ) and T (λ).
We set

u(t) = L−1
λ [S(λ)L(f ,Λ

1
2
γg,∇g)](t), θ(t) = L−1

λ [T (λ)L(f ,Λ
1
2
γg,∇g)](t).

Then, (u, θ) solve (SP). Next, we estimate the solution (u, θ) to
complete our proof.
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§4 Outline of proof

We give some important lemmas and ideas to estimate the solution.
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§4 Outline of proof

We give some important lemmas and ideas to estimate the solution.

.
Key lemma (To estimate the solution of (SP))
..

.

. ..

.

.

Let 1 < p,q < ∞, 0 < ε < π/2 and γ0 > 0. LetΦλ be a C1 function of
τ ∈ R \ {0}, where λ = γ + iτ, with its value in B(Lq(Ω)). Assume that
the sets {Φλ | λ ∈ Σε,γ0} and {τ∂τΦλ | λ ∈ Σε,γ0} are R-bounded
families in B(Lq(Ω)). For f ∈ C∞0 (R+,Lq(Ω)), we define the following
operator:

(Ψf )(t) = L−1
λ [ΦλL[f ](λ)](t ).

Then, there exists a constant Cp,q depending on p, q such that

∥e−γtΨf ∥Lp(R,Lq(Ω)) ≤ Cp,qM∥e−γtf ∥Lp(R,Lq(Ω)) (f ∈ Lp(R+,Lq(Ω)))

for any γ ≥ γ0 and M is the R-bound of {Φλ}λ∈Σε,γ0 and {τ∂τΦλ}λ∈Σε,γ0 .
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§4 Outline of proof

.
Definition (R-boundedness)
..

.

. ..

.

.

Let X and Y be Banach spaces, and ∥ · ∥X and ∥ · ∥Y denote their
norms, respectively. A family of operators T ⊂ B(X,Y) is called
R-bounded, if there exist a constant C > 0 and p ∈ [1,∞) such that
for m ∈ N, {Tj}mj=1 ⊂ T , {xj}mj=1 ⊂ X and for all sequences {r j(u)}mj=1 of
independent symmetric, {1,−1}-valued random variables on [0,1]
there holds the inequality:

{ ∫ 1

0

∥∥∥ m∑
j=1

r j(u)Tj(xj)
∥∥∥p

Y
du
} 1

p ≤ C
{ ∫ 1

0

∥∥∥ m∑
j=1

r j(u)xj

∥∥∥p
X
du
} 1

p
.

The smallest C is called R-bound of T .
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§4 Outline of proof

We give a sufficient condition to prove R-boundedness.
.
Lemma (Sufficient condition of R-boundedness)
..

.

. ..

.

.

Let 1 ≤ q < ∞,0 < ε < π/2 and γ0 > 0. Consider a family
T = {Tλ | λ ∈ Σε,γ0}, which belongs to B(Lq(Ω)), of kernel operators:

(Tλf )(x) =
∫
Ω

kλ(x, y)f(y)dy (x ∈ Ω, λ ∈ Σε,γ0),

which are dominated by a kernel k0, i.e.,

|kλ(x, y)| ≤ k0(x, y) (a.e.x, y ∈ Ω, λ ∈ Σε,γ0).

We set

(T0f )(x) =
∫
Ω

k0(x, y)f(y)dy (x ∈ Ω).

If T0 is bounded in Lq(Ω), then T is R-bounded in B(Lq(Ω)) whose
R-bound is bounded by ∥T0∥.
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§4 Outline of proof
.
Lemma..

.

. ..

.

.

Let 1 < q < ∞,0 < ε < π/2 and γ0 > 0. Let S(λ) and T (λ) be the
solution operators defined for (RP). Then, for any d = 0,1 and
j, k = 1, . . . ,N
{(τ∂τ)d(λS(λ)) | λ ∈ Σε,γ0}, {(τ∂τ)d(γS(λ)) | λ ∈ Σε,γ0},
{(τ∂τ)d(|λ| 12 DjS(λ)) | λ ∈ Σε,γ0}, {(τ∂τ)d(DjDkS(λ)) | λ ∈ Σε,γ0}

are R-bounded in B(Lq(Ω)2N+N2
,Lq(Ω)N) and

{(τ∂τ)dT (λ) | λ ∈ Σε,γ0}, {(τ∂τ)d(DkT (λ)) | λ ∈ Σε,γ0}
are R-bounded in B(Lq(Ω)2N+N2

,Lq(Ω)).
.
Example
..

.

. ..

.

.

u = L−1
λ [S(λ)L(f ,Λ

1
2
γg,∇g)]⇒

∂tu = L−1
λ [λS(λ)L(f ,Λ

1
2
γg,∇g)], ∇2u = L−1

λ [∇2S(λ)L(f ,Λ
1
2
γg,∇g)].
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§4 Outline of proof

.
Theorem (Lp-Lq maximal regularity)
..

.

. ..

.

.

Let 1 < p,q < ∞ and γ0 > 0. Then, for any f ∈ Lp,γ0,0(R, Lq(Ω))N,
g ∈ Lp,γ0,0(R,W

1
q(Ω))N ∩ H1/2

p,γ0,0
(R,Lq(Ω))N (SP) admits a unique

solution (u, θ) such that
u ∈ Lp,γ0,0(R,W

2
q(Ω))N ∩W1

p,γ0,0(R,Lq(Ω))N,

θ ∈ Lp,γ0,0(R,W
1
q(Ω))

satisfying with the estimate:

∥e−γt(ut, γu,Λ
1
2
γ∇u,∇2u, θ,∇θ)∥Lp(R,Lq(Ω)) ≤ C∥e−γt(f ,Λ

1
2
γg,∇g)∥Lp(R,Lq(Ω))

for any γ ≥ γ0 with some constant C independent of γ.
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§4 Outline of proof

Vj
1,ℓ(t, x) = −

2∑
n=1

L−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

mj
1,ℓe
−Adn(0)

B2
)Ae−A(dℓ (xN )+dn(yN ))̂fN(λ, ξ′ , yN)

]
dyN
]

+

2∑
n=1

L−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

A
B

)(
mj

1,ℓe
−Bdn(0)

B2
)Ae−Adℓ (xN )e−Bdn(yN )̂ fN(λ, ξ′ , yN)

]
dyN
]

−
2∑

n=1

L−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

mj
1,ℓ+2e−Adn(0)

B2
)Ae−Bdℓ (xN )e−Adn(yN )̂ fN(λ, ξ′ , yN)

]
dyN
]

+

2∑
n=1

L−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

A
B

)(
mj

1,ℓ+2e−Bdn(0)

B2
)Ae−B(dℓ (xN )+dn(yN ))̂ fN(λ, ξ′ , yN)

]
dyN
]

−
2∑

n=1

(−1)nL−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

iξ′

A
)(

mj
1,ℓe
−Adn(0)

B2
)Ae−A(dℓ (xN )+dn(yN )) · f̂ ′(λ, ξ′ , yN)

]
dyN
]

+

2∑
n=1

(−1)nL−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

iξ′

A
)(

mj
1,ℓe
−Bdn(0)

B2
)Ae−Adℓ (xN )e−Bdn(yN ) · f̂ ′(λ, ξ′ , yN)

]
dyN
]

−
2∑

n=1

(−1)nL−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

iξ′

A
)(

mj
1,ℓ+2e−Adn(0)

B2
)Ae−Bdℓ (xN )e−Adn(yN ) · f̂ ′(λ, ξ′ , yN)

]
dyN
]

+

2∑
n=1

(−1)nL−1
λ

[ ∫ h

0
F −1
ξ′
[
φh(yN)(

iξ′

A
)(

mj
1,ℓ+2e−Bdn(0)

B2
)Ae−B(dℓ (xN )+dn(yN )) · f̂ ′(λ, ξ′ , yN)

]
dyN
]
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