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Introduction

The Navier-Stokes equations with the Coriolis force

ou
— —AU+Qesxu+U-Vu+Vp=f inR3xR,

divu=0 in R xRy,

where
u = (uX(x, t), u?(x t), L3(x, 1)) : velocity filed
p = p(x,t) : pressure
f = (f(x 1), f(x t), f3(x, 1)) : time periodic external force
Q € R : the Coriolis parameter
e :=(0,0,1)
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Known Results for Q =0

The Navier-Stokes equations in unbounded domain

ot

(NS) @—Au+(u-V)u+Vp:f in D xR,
divu=0 in D x R.

Existence of time periodic solutions

@ Maremonti ('91) : D = R® R?
@ Kozono-Nakao ("96) :

D =R"R] (n>3)or D cR": exterior domain (n > 4)
@ Yamazaki ('00) :

D =R"R? (n>3)or D cR": exterior domain (n > 3)
@ Kubo ('05) :

D c R": perturbed R", aperture domain (n > 3)
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Results of Kozono-Nakao ('96) in R"

Integral equations of (NS)

t

u(t) = I t e=94pf(s)ds — [ e=92p[(u(s) - V)u(s)ds

(o8]

Difficulty : Convergence of time integral on (-0, t) I

( & The external force f must satisfy decay property )
@ The caseR" (n > 4):
f € BC(R; LP(R®) N L'(R®)) for some 1 < p,| < o
@ The case R®:
f e BC(R; W P(R®) n L'(R%)) for some 1 < p,| < o0
(i.e. f =divF for some F = {Fjj}iqij<3 € LP(R®))

6P div F(s)| , < C(t - 9726732 IF(s)Le
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Integral equations for (NSC)

Integral equations for (NSC)

u) = f To(t — s)Pf(s)ds— f Tao(t — S)P[(u(s)- V)u(s)]ds
where

Lu:= -Au+PQe;xu, P:=(d6 +RR))xij<s
To®)f : = et f

= Z1 [cos Q%t) e kPt () + sin(Q%t) e ¥R T(f)]
1 0 53 _§2

R = E =& 0 & £eR*\ {0}
e -a o
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Main Result

Theorem (Main Theorem)

2 2. 85 L g 2 2 2.2
5°3 3r p 7 3g | q 3
= 14C =C(r,q,p,l) > 0 & IK = K(r,q, p,l) > 0 s.t.
VQ e R\ {0} & ¥V € BC(R; LP(R®) N L'(R®)) with
(1) AT >0 st. f)=f(t+T) VteR

(2) suplf@®llenu < Cmin{|Q|1+%—%,|Ql%+%—%}
teR

g<r<3, 2<Q<

Alu € X : time periodic mild sol. to (NSC)with
u® =ut+T) VteR
where

Xk = {u € BC(R; L' (R%) n W-I(R))

Sup”U(t)”Lmelq < K}
teR
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Main Result

In the case Q =0
(Maremonti ('91), Kozono-Nakao ('96), Yamazaki ('00))
@ INnR"(n>4):
f € BC(R; LP(R® n L'(R?)) for some 1 < p,| < o
@ InR3:
f e BC(R; W P(R®) n L'(R%)) for some 1 < p,| < o0
(i.e. f =divF for some F = {Fjj}icij<s € LP(R?)

In the case Q € R \ {0} (Today’s talk)

@ InR3 :
f € BC(R; LP(R® n L'(R?)) for some 1 < p,| < oo
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Main Result

Size condition on the external forece f

3 1 3 3

3
1+>-2.0 & = 0
T T op 2 2q 217

Hence our theorem means that

Vf e BC(R; LP(R®) n L'(R%), 3Q; > Osit.
Q] > Q¢ = 3Tlu € X : time periodic sol. to (NSC)

(Large data global existence )
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Linear Estimates

The operator ¥%.(7) (r € R) of oscillatory integral type

LR = 7 [ H 20|00 = 5 [ e F Tl

(2n)?

Decomposition of the semigroup  Tq(t)

€]
= %%(Qt) EREFAUE: %%_(Qt) e*(1 - )1

To(®)f [cos( §3)e'f“f(§)+sm( f;)e'f'ztR(.f)f(g)]

where

0 R R
Z = -R 0 Ri [, Rj:the Riesz transform
R -R O
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Linear Estimates

Disper sive estimate for ¥.(7)

Lemma (Dispersive estimate)
2<VYp< oo, AC=C(p) >0 s.t.

log(e+ |7]) 8(1-3)
B%,qgc{ 1+ } Il
- S+3(1-3)

forVTeR,VseR,1<Vq< oo, Vf € Bp’,q

| ()L F]

2
| . s+3(1—ﬁ)
p’.q

(R3).

[ Idea of the proof ]
@ L!- L~ estimates = stationary phase method
@ L?>-L? estimates < the Plancherel theorem
© the Riesz-Thorin real interpolation theorem

Ryo Takada (Kyoto Univ.) Time periodic solutions to NSC



Linear Estimates

Lemma (Estimate for the external force)

§<r<6, maxs 1 11,5 <l<min 1,g+}
2 p 3 r

3T
= 4C =C(r, p) > 0s.t.

f t Tolt - S)Pf(s)dﬁ}
. g

for VQ e R\ {0} & Vf € BC(R; LP(R?))

sup
teR

C
< WSUPHf(t)”LP
|Q| 2r 2p teR

[ Proof ]
It suffices to prove that

f t G, (Q(t - s))ét-sﬁpf(s)da}

sup
teR

C
< l—QSUpr(t)lle-

3
Lr Q|l+ﬁ_2p teR
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Linear Estimates

By B,(R%) < L'(R%) and the dispersive estimate
t
” f G, (Q(t - s))ét‘S)APf(s)d%
t
<c [ [et- 96 PErs)y, ds
—00 r2

t (log(e+|Q(t - s))|2* 7
< (tfs)APf s)| ds
CI { 1+1Qt-s) } e ()IIBE,(;_;)

By the smoothing effect of * and L" (R?) — B, ,(R?)

Lr

(o)

|ﬂe“*s)APf(S)’|-Bs<k%) <C(t- sy 37| e%SAPf(S)”'B%
.2 "

L
< C(t—s) 27 D360 Pt (),
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Linear Estimates

Hence we have that

| f t 4. (Q(t - s))e“-S)APf(s)da}
. g

t %(l_F)
<Cf {Iog(e+IQI(t—S))} (t— sy H-D P9I, ds

1+1Q(t-s)
log(e+ |Q7) 3.1
\Cf{ 1+ 198 } o supli Ol

Our assumption : 1/3+5/(3r) < 1/p < 2/3+ 1/r yields that

. 11-2)
f log(e+ Q) |2 r) 3G-Dy
_ T rar
0 1+ |Q|T

1
1 “ (log(e+ s 20-9)
= 3 3[ {—g( )} s26dr < 0o
|Q|1+z*2*p 0 1+s
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