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1. Introduction
Q c R%d > 2);bdd domain with smooth 0L,

Ve >0, p e C*(0Q),
0Q, :={X=x+ep(x)v,; x€0Q]




2. Known Results(1)

-P.R.Garabedian — M.Schiffer(’52-53) : Laplace eq.

AG. =6, 1nQ),
G, =0, on 0€2..

I Theorem A I Let G, be the Green function for the Laplace equation.

Then there exists (Go =G)
Gs(ya Z) _ G(y7 Z) /
€

0G(y, z) := lim

e—0

for all y, z € Q with an expression

0G
0G(y,2) = | (=, y) (SU z)p(z) do,
oq OVg
where v, = (V1,--- ,v2) is the unit outer normal to 9N at x € N and o,

denotes the surface element of Of).

-D.Fujiwara-S.0zawa ('78) : m-th order elliptic eq.




3. Known Results(2)

Laplace eq. > [ General(single) m-th order elliptic eq. ]

P.R.Garabedian — M.Schiffer @ D.Fujiwara — S.0zawa

[ Elliptic system ]
H.Kozono —-E.U.(2011 submitted)

Stokes equations

rA%.G’E,m(:z:, 2) = ViRe m(2,2) = ez — 2), in €1,
div G, (2, 2) =0, in ),

\Gem(z,2) =0, on 0,

for m=1,---,d where {G.n}me,.. 4 : velocity, {Rem}me, 4 : pressure,

"\

{€™}n=1... 4 i & canonical basis of R%.



4.Perturbation
(a) Laplace eq. (b) Stokes eq.

Ye >0, pe CT(0Q), Q1= (I)E(Q)a

(1) D) € C(L), Dolx) = x,

0Qc = {x=x+ep(x)y, ; x €00 (2) O.(x) = x+€S(x)+0(&),

(§ € Cw(ﬁ)d), as € — ( uniformly 1n Q,

®) det(52) =1 forvre vex0
I 11<i,j<d
O
0O €
)

volume €) = volume €,



Stokes eq.(H.Kozono- E.U.)

I Theorem B | {GZ 1 }mm=1,- 4 be the Green matriz of the boundary
value problem of the Stokes equmwm& Then there exists

Gy 9 =G% 9
5G™ (4, 7) = lim Zem® A ~Gnw2)

e—0 g ’ ’

for all y, z € Q) with an expression

o @Gﬁ oG B
oG (y,2) = /éﬂz A (z,y) . 2 (x,2)S(x) - vpydo,, mn=1,---,d,

where v, = (V},--- ,v%) is the unit outer normal to 0Q at ¢ € OQ and o,

denotes the surface element of OS).

D.(x)=x+eS(x)+ O0) ase — 0.
(S € C*(Q)



Laplace ed.(P.R.Garabedian-M.Schiffer)
Theorem A Let G. be the Green function for the Laplace equation.

Then there exists

§G(y, z) := lim Ge(y,2) — Gy, 2)

e—0 £
for all y, z € QQ with an expression

oG oG
66w ) = [ 5@ )5 (@ 2)p(@) do,

where v, = (V1,--- ,v2) is the unit outer normal to 0 at x € 8N and o,
denotes the surface element of O%).

Stokes eq.(H.Kozono — E.U.)

Theorem B | Let {G?% i }mn=1,-,a be the Green matriz of the boundary
value problem of the Stokes equations. Then there exists

G2 (4, 2) — G2 (,
G (y, z) := lim em (s 2) m (Y z),
e—0 E

m,n=1,---,d.
for all y, z € Q with an expression

d . .
. 8GL, . 8GE, _
0G (y,2) = /éﬂZ . (z,y) . (z,2)S(x) - vy doy,, m,n=1, , d,

where v, = (v}, .- ,v2) is the unit outer normal to Q at x € OQ and o,
denotes the surface element of OX2.




Aim To refine the proof of Theorem B

5. Background

(1) explicit representation of 6G := (ddGEG)

(2) existence of 0G =0

(D Green Integral formula

/Q {Lv(z)w(z) — L'w(z)v(z)} do = / {Bv(z)w(z) — B*w(x)v(z)} doy,

00
where £ : elliptic op. (ex. £=A)

(Lu=Ff inQ,
(E)+
u =0, on 0Q.
Green function \
Sol. of (E) u(y) = (G * f)(y) = f GOy, 2)f ) dz
Q

LG =06, 1nQ,
G =0, on 0Q.




@ Parametrix (/2 :approximation of the Green function (7)

ex.deg L =2
(DLG - P) =0 (=), asx—y,
(2)P = 0, on 0Q.

L = A (P.R.Garabedian)
P(x,y) = a(x, )I'(x,y)

1 ~ 5 .
where I'(z,y) = IO d|a: —yI*% a(-,y) € C(N) with aly,y) =1

@) A priori estimate [?lczom < C (|1£0lloom + [Vlczoon )

30> 088 [|ge(, )l 2o S C for 0<e <1,
where G.(z,y) :=T(z,y) — qg(x,y).

There exists 4G(y, z) := lim Ge(y,2) - G(y, 2) ~




Stokes eq. (H.Kozono-E.U.)

Green Integral formula
Parametrix

Stokes op. (1) £(G-P) = pa—E
2)divP =0, inQ,
(3)P =0, ondQ.

L is Stokes op. (H.Kozono-U.)

P(x,y) = a(x, y)I'(x,y) ‘divx P(x,y) = V,a(x,y) - I'(x,y) # 0,

=) - =, o) €GP witholg) <

Bogovskii formula
div, Q(x,y) = Via(x,y) -T'(x,y), mnQ,

Q(x,y) =0, on OC). anéiile =0
P(x,y) i= P(x,y) - Q(x,y) (1) )

@ a priori estimate [v]|czre@ + VTl < C (||£(’Ua7T)||ce(§) + ||”||C2+0(asz)>
30 > 0 8.8, ||@em(,y)llgero@ < € for 0 <e <1,
where G, =1 — ge .

),%x%y

where " (z,y) =




~~

Gt (Y, 2) =G (y, 2
There exists 0G,, (y, 2) := liII(l] enl )5 v );
e

Laplace eq. and Stokes ed.
P.R.Garabedian — M.Schiffer H.Kozono —E.U. E

lg explicit representation of 4G
@ Green Integral formula 2) existence of 0G

@ Parametrix Hadamard variational formula
@) A priori estimate

Aim To refine the proof of Theorem B

-D.Fujiwara-S.0zawa (’78) : m-th order elliptic eq.
6. Key Lemma

Lemma 0.1. For any fizxed z in (), there exist {0Gn(y, 2) }m=1,..4 and
{6Rn(y, 2) hne1,..a for all y € Q with y # 2.

$Guly,2) = lim Cenl$:2) = Gnly,7) Rofy,2) = lin Rem(t,2) - Ru(y,2)

e—0 € e—=0 €




7. Results(1)

Theorem 0.1. Let {G%,, }mn=1,. 4 be the Green matriz of the boundary
value problem of the Stokes @quam«mgo Then there exists
G?m((ya Z)) = G%(ya Z))

0G™ (v, 2) := lim — m.n=1,---.d.
m (Y, 2) = lim - , Myn=1,---,

for all y, z € Q) with an expression

- @G@ @G”‘ B
0G (y, 2 A@Z 7 (z,v) B, “(z,2)S(x) - vydog, mn=1,---,d,

where v, = (VL,--- , %) is the unit outer normal to 0Q at x € 00 and o,

denotes the surface element of 0S).




8. Results(2)

Theorem 0.1. Let {R. mm}mn=1,.4 be the Green function of the boundary
value problem for the Stokes equations. Then there exists
Rsm 3 _ Rm )
R, (Y, 2) := lim — :2) y z)’ m=1,---,d.

e—0 g

for all y, z € Q with an expression

0Rm(y, 2)
/39 Zk:l{ ( aRa(xyé )Vi + Zf,i (:v)Rj(y,:v)vi“) T (G, R (2, 2)

5 @) (R, )52 2k = Bl ) G2 0, + Ral) 2,20t b,

form=1,--- d, where {T"}; ;1 .. q4 is the stress tensor for the velocity
v and the pressure m defined by

g g o' o’
] — AU )1 =1.---
T'(v,m)(z) = ~69m(z) + ( () + 5 <x>) ai=1 4

v, = (vL,---,v%) is the unit outer normal to 8 at z € 0N and o,

denotes the surface element of Of).




9.Remark
(a) Laplace eq.

5G(y, ) lim G (y7 Z) B G(y,Z)

e—0 €
0G 0G
%0 8_1/9;(:):, y)a_ym(xa Z)p(il?) dam-

« 0G(y, 2) = 0G(z,y)

0 € C7(0Q)

(b) Stokes eq.
Gemy,2) — Gr(y:2)
€

0Gl 8G‘
v, @95, 81/30

0Gy (y,2) = lim

e—0

gh
0Ra(y,7)

] /m;:; {( m )aRa(Qi )

L) ik o) 06!
01 Ok

,2)S(z) - v, do.
.09’
4 R

T

)i

(&(yw) n(, b Ry

- 0G)' (v, 2) = 6G), (2, y)
- P.(x)=x+eS(x)+ O(ez)
(S € C°(Q)) as € — 0.

mm) divS =0 1nQ



10.How to Construct Hadamard variational formula

(H.Kozono - E.U.) (D.Fujiwara — S.0zawa)
%1% explicit representation of 6G (1) explicit representation of 4G
2 existence of 0G (D Green Integral formula

@ Whitney extension theorem
D Green Integral formula

2 Parametrix
@) A priori estimate

(2) existence of 4G
(D A priori estimate

Lemma 0.1. For any fixed z in §, there exist {0Gn (Y, 2) }m=1,...4 and
{0R(y, 2) b=, a for all y € Q with y # 2.




11.ldea of the Proof |Inoue — Wakimoto(‘77)

(Moving boundary problem

for the Navier-Stokes eq.)

(Gepn, R ) 0L of the Stokes eg,

d ~
Cum) = o (ki’“> -

ok OzP = Oxt
. (]:17...7d)
L. Z—Gk, Rs,m\’ (z,2) =0 for x € Q




10. Outline of the Proof (£2.) o o) . (o ) =0

L Bl D 0= 6, € fre &)
SEX Dy A O=0, *€fen,
méw%r_a_ v € PRoa,m Til= 1,4 4

0 (0% Oz oL oz
ks k
where LI (u,T) = Z 5k { " (&cl )} 670,” —al* e g Im T Z BTG Gems

i,k,l,s,p

(Gma Rm) + EO (5Gm7 5Rm) =0
e=0

ot _Za_xkai I=0(r)=1x4+¢eS(x)+0(?), ase — 0.(5 € C*(0Q))

vﬂdG aIld 35R (By key Lemma)

AdGp(z,2) — VOR, (2, 2) = fulz,2), T € €L,
ISEX div 6G (2, 2) = 0, T € (),
0G ., (z,2) =0, z € 01, =1,---,d.

d

where f* (z,2) == — Z 62’“ ((50, %C; (z, z)) ZA (gS an> T, %) ZZiAGJ (z,2), da* d;lg
7=1

k,s=1




(N6G(,2) — VORW(2,2) = ful2,2), € Q,

(ISE)q div G (z, 2) =0, z € Q,
| 0G (T, 2) =0, z € 01), mzl,---,d,
where f* (z,2) .= —ksil 8(3;’“ ( ks%% (z,2 ) ZA( ) gi” AG (z,2), 6a™ = d;z_gs 3
Green function
(AGn(a;,y) — VR, (z,9) =ed(x —y), z€,
{ div Gy (z,y) =0, z€f),
| Gulz,9) =0, zed), n=1--d
Green integral formula (v, W)( ) = —09n(z) + (%@H %(ﬂﬂ))a ,j=1-,d
d
/Q Y {Liv,m)(zhw'(z) - £ (w, -7 } o= /a N Z {T% (v, m) (2w (z) — T (w, —7) ()0 (z) } ! dor,
i=1 i,j=1

(

Sol. of (ISE) 0Grm(y fn Ez 1GZ 7,9) fm Z (2, 2) dz,
\ fn i=1 azyfz(a:z)d:z:

A




Theorem 0.1. Let {G%,, }mn=1,. 4 be the Green matriz of the boundary
value problem of the St(okes @quam«m& Then there exists
G?m((ya Z)) = G%(ya Z))

0G™ (v, 2) := lim — m.n=1,---.d.
m (Y, 2) = lim - , Myn=1,---,

for all y, z € Q) with an expression

- @G@ @G”‘ B
0G (y, 2 A@Z 7 (z,v) B, “(z,2)S(x) - vydog, mn=1,---,d,

where v, = (VL,--- , %) is the unit outer normal to 0Q at x € 00 and o,

denotes the surface element of 0S).




Theorem 0.1. Let { Rem}mn=1,- 4 be the Green function of the boundary
value problem for the Stokes equations. Then there exists
R m\Y» T Rm 9
6R(y, 2) := lim —= (4:2) ¢ Z>, m=1,---,d.

e—0 £

for all y, z € Q) with an expression

0Rm(y, 2)
/%Q %ﬂ{ < @R@% >%’i+ f;ff; (w)%(w)wﬁi) TG, R (2, 2)

+ gij (z) <=R( )%i;; (z, 2)v° — Ry(y, )%i;m (z, 2)V" + Ry (v, )@@i (z, 2)v) > }d@f%

form=1,---,d, where {T"}; ;.. 4 is the stress tensor for the velocity
v and the pressure w defined by

g g o't o’
tJ = —Y g =1.---
T (’Qja’ﬁ)@ﬁ) = —0 ’/T(ﬂ]f)) + <@%J (35} + @%é (gﬁ>> y )= 13 ada
v, = (VL,---,v%) is the unit outer normal to 80 at z € Q0 and o,

denotes the surface element of 0.




6. Outline of Proof

Yu,we C (QE divu = divw =0, ) i 9 (a’“iuf) @r,am ai;a_:r
Vr7eC¥Q) s oxp \ ° 0xg {%cp 0x;
d
[ {hwmiam - £on o) d
2 k=1
d
f Z Tel u, ) (x)wi(x)vg — TEl(w —7)(x )ul(x)vk] do,.
0 =1
d
ur(x) = %Gm (X,2), H-‘k(I) - G}?(L \)' (; ﬁ(IJ) t P' | -(L \):

N(X)—R?(-ffai), )3 Rn(l \) ( )H(”‘) mn=1d



5. Main TheoLem
(1) ®() € CT(Q), Do(x) = x,

(2) D(x) = x+ €S(x) + O(€), B
(S € C°(Q)%), as e — 0 uniformly in Q,

(3) det (aq)”'
b

o =1 forVx e Q, Ye > 0.

)1<_:f,j<_:d

-~
Fi




Application

Asymptotic formula of the eigenvalue of Laplacian (S.0zawa ’78)

0>y > pp > ---; eigenvalue of A,

T,.(t, €)= Z Mt
Jj=1
ST.(1) = lim T,.(t,€) — T(IO)

E—."rO €
N 1 @gbj i

o7, (1) = tZe‘“f f (81/ ) p(x)do.
j=1 *

0Q2

where

Y ; : function of eigenvalue y;




