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Integro-Diff. Equation

Elliptic Integro-Differential Operator

Let ne N, n>2, b& R" and v a Borel measure defined on

B(R™\{0})

v(R"™\Bj) < o0, ly[2v(dy) < oo.
B:\{0}

We consider the Elliptic Integro-Differential Operator

(Lu)(x) = b-Vu—/ u(x +y) — u—xpy <1y - Vu)v(dy).
R™\{0}

—~
—
\

Example

If b=0 and v(dy) = Wdy then

L u(x+y) — u(x)
(Lu)o) = /]R"\{O} |y |2 a4

A\



Integro-Diff. Equation

Let 1 < p < n, w CR"P open with bounded diameter and for
>0

Qp = (—0, 0P x w.

Example
Forn=2,p=1and w=(-1,1)

X2

4 { X1




Integro-Diff. Equation

Dirichlet Problem in the Cylinder

fg S Lz(Qg)
LUg = fg in Qg,
ug =0 in R™\Q,.

Spatial Decay Estimate

In the case of usual Dirichlet problem we have for some
a=aw)>0

IVugPe dx < C/ |f2e Pl dx.
Qy Q,

In the case of Integro-Differential equations our aim is for suitable
p(x) = pu(x) >0

L[l wboPostania < € [ i2po
 Jeo Jrevgo)

Q,




Background

Levy Processes

Let X = X(t,w), t > 0 be a stochastic process defined on a
probability space (A, F, P).
X is a Levy Process if

O X(0)=0as,

© X has independent and stationary increments,

© X is stochastically continuous, i.e. X(t) — X(s) in measure
ast —s.




Background

The Semigroup Associated with X

Let us define the operators T; : Co(R") — Co(R") as follows

(Tee() = Elu(x +X(0)] = [+ Y)oxio ()

then T, satisfies the contraction semigroup conditions

0 Ts+t: TSTtr
Q To=1,
Q [T <1,

Q limi 4o || Teu— u|| =0, for all u e G(R").



Background

Generator of T;

The generator of Ty, that is

Tiu—u

Gu = |im
t—+0 t

for u € C°(R") has the form

(Gu)(x) = %diV(QVU)(X) —b-Vu(x)

+ / {u(x + y) — 6(x) — xpyjery - Vu()}o(dy).
R™\{0}



Weak Solutions

HH(R™)
Let u be a symmetric Borel measure defined on B(R"\{0}) such
that

[ min, lyP)udy) < .
RmM\{0}

Let us denote by H*(IR") the set of functions in L?(R") such that

L L (e ) = w0ty < .
" JR™M{0}

For short notation let us denote

Ou)(x,y) = ulx +y) = u(x).



Weak Solutions

Inner product in H#(R")
H*(R"™) is a Hilbert space with the inner product

(U, V) Hu(rey = (U, V) 2@y + (8, 0V) 2R xR\ {0}) A2)

C(R") is dense in HH(R").

Example

If pu(dy) = Mﬁdy then HH(R") = H5(R").

(@)
We denote

HY(Q) = {v e H¥(R") | v=0in R"\Q}.




Weak Solutions

Let vs and v, denote respectively the symmetric and antisymmetric
parts of v.

Let us define for u,v € C°(R"), B(u,v) = (Lu,v).

Lemma

Let there be a1, a> € R and € R" such that

Qc{xeR" | a1 <x-(<a},

vs({xeR" | x-(#0})>0

and for some C >0
|Ba(u, v)| < Cllull yosm |V] s ey, Yu,v € C°(R")

then for f € (HY*(Q))* and g € H"s(R") there exists a unique
u € H"(R") such that u — g € Hy*(2) and

B(u,v) = (f,v), Vve /:Igs(Q).




Let p be a nonnegative, bounded and Lipschitz function on R". J

Let us define

SN0 = [ (AT ) = o) )

(Ap)(x) = b- Vp(x)
- /]R"\{O}{p(x ) = plx = y) = 21y - Volvaldy).

Let f, € L2() and uy the solution to

Lug = fp in (Fge(Q))",
up € F¥ ().




Theorem

If0 < vs(RP x (R"P\{0n—p})) then there exist positive constants
C,~ > 0 such that if

S(p) <vp, Ap < p
then

L[t y) = ulfu(dypde < € [ g2po
R7 JR™\{0}

Q,




n=2,p=1let 0 < vs(R x (R\{0})) and there exists a C >0
such that for A € B(R) we have

v(AxR)< C %
A

For A > 0 define

then we have

G
< =2
S(pa) < 3

So for large enough A the condition of the previous theorem are
satisfied and we have

L L Gl ) = w) Pyl < [ o
R? JR?\{0} Q

G
P [Apal < 3P
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