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Introduction

Consider the stochastic fractal Burgers type equation

Owu(t, z) + div(f(u))(t, x)
=D (z, D)u(t, z) + o(x, u(t, z))w(t, z),z € RY, (1.1)

where v > 0, f: R — R?, i(t, ) denotes some kind of noises, D (z, D) in
(1.1) denotes a pseudo-differential operator (a generator of stable-like
process) including the non-local operator —(—A)a/2 as its example.

It is applied to fluid dynamics, hydrodynamics, statistical mechanics,
physiology, molecular biology, traffic jams, cellular detonations in gases(P.
Clavin et al. (2001, 2002)).

Many authors studied such equations, such as, Albeverio, Bertini, Da
Prato, Debussche, Flandoli, Gyongy, Nualart, Roeckner, Sinai, Brzezniak,
Jacob, Truman, ...

e KPZ equations(1986)(growing interface);

@ Scalar conservation law (y = 0);

@ 1-D Navier-Stokes equations.

B. Xie (Shinshu University) Fractal Burgers Equations June 14, 2012 3/22



Introduction

For each test function ¥ € S(RY), the operator D (x, D) is defined by the
following

x)

D(z, D)i(
I oy~ VU@ dyl
= /0 /Sd_l <¢(x+y) ¥(y) e > |y‘1+a(x)ﬂ( ,ds),

where o : R? — (0,2) is a continuous function, S%! is the unit sphere of
R, (-,-) stands for the inner product on R?, y is represented by its
magnitude |y| and the unit vector s := % € S91 in the direction y, and
[ is symmetric and is called spectral measure which is a finite measure on
B(S91) depending smoothly on x € R

If i is rotation invariant, then ©(z, D) = —(—A)*®)/2,

In particular, ®(z, D) = —(—A)®/? is a fractional Laplacian operator
whenever i and « are indenpent of x.

B. Xie (Shinshu University) Fractal Burgers Equations June 14, 2012 4/22



Introduction

The symbol of ®(x, D) has the form

i(€,y) dly| .
/ /Sd 1 ( e 1+ ’y‘2) ’y|1+a(x)ﬂ($,ds)

_ —/ €, )@ p(z, ds), (12)
Sd—1

with

p(x,ds) == I'(]1 — a(x)]) cos(%woz(x))ﬂ(x, ds) for a(x) # 1

a(r)

1
wu(x, ds) == iwﬂ(:n,ds) for a(x) = 1.

Such operator is studied by many authors, Bass, Komatsu, Kikuchi,
Negoro, Jacob, Kolokoltsov, Tsuchiya, ...
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Stochastic Mild solution

Let (F, &) be a measurable space and let v be a o-finite measure on
(E,E). Given a complete probability space (2, F, {F:}+>0,P). Let us

denote by 7 a Poisson random measure on [0, 00) x R? x E with intensity

measure dtdzv(dE), that is,

e 7([0,T] x A x B) has the Poisson distribution with parameter
T|Alv(B).

@ For any disjoint subsets I'y, - - - ,I',, the random variables
m(l'1), - ,m(Iy) are independent.

The compensated Poisson random measure is given by

7 (dt, dx,d§) = n(dt, dx,d§) — dtdzv(dE).
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Stochastic Mild solution

Proposition

The stochastic integral

/ [ (s, €)(ds, do, de)
0 Rd

is well defined in LP(Q), F,P) if ¢ : [0,00) x RY x E x Q — R satisfying

/Ot /Rd/EE[|¢(8,96,£)|p]dsd:w(dg) < o0

Furthermore, we have

[ Rd/(bsmf dsd:cdg)

<c [ [ [ Elots. 2. Pdsirnias)
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Stochastic Mild solution
Let p(¢,x,y) denote the solution of the following initial value problem

9p

5 = (tx,y) = D(x, D)p(t, z,y), lgjgp(t,x,y) = 02(y).

Definition

An F;-adapted LP(RY)-valued stochastic process u(t,z,w) is a mild
solution of (1.1) if the following integral equation is satisfied:

u(t, x) /ptxyuo)y

+Z/ /Rd ay; = 5,2,Y)f(y, uls, y))dyds

+/0 /Rd/Ep(t_S’f”’y)a(y,U(S,y);S)ff(dS,dy,dé) a.s. (2.1)
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Stochastic Mild solution

(A1) f satisfies the following polynomial growth and and Lipschitz
conditions: there exist positive functions a; € L'(R%), as € LP(R?) and
az € LY(R?) such that

d
Y Ifi(@,2)| < Clar(@) + az(@)P~|2] + |=f7)

=1

d
> i@ 2) = fi(x,2)| < Clas(@) + |2P~! + |72 — 2]
=0

(A2) The coefficient o fulfills the following linear growth and Lipschitz
conditions: there exists a positive function ay € L*(R?) such that

/E jo(z, 7 €)Pr(de) < Caa(z),
/E l0(z, 2€) — (e, 2/; E)Pu(dE) < Clz — P
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Stochastic Mild solution

Theorem (Main Theorem 1)

Assume oy, = inf cpa a(z) > 3/2.

(1) (Wu-Xie(2012)) If d > 1 and w(t,x) is a pure jump space time noise,
then there exists a unique mild solution in LP(RY) with

dp—1)+p < amp.

Furthermore, there exists a predictable modification for the solution wu(t)
of (1.1).

(2) (Truman-Wu (2006) Jacob et al. (2010)) If d =1 and w(t,z) is a
space time noise with Gaussian part, then there exists a unique mild
solution in L?(R).
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Stochastic Mild solution

Lemma

(1) The Chapman-Kolmogorov equation holds:
pe+s.2.9) = [ bt p(ss20)dz st € [0,00), oy € R
Rd

(2) Let B € (0,1/(d+ «)) and v € (0,1 — B(d + «)).

O(t7)
p— —_— /8 - g
p(t,x,y) pa(t,x y)(l—l—O(t ))+ 1+ ’x_y’a-l-d'

% o, 61 e o
at (t,ZE,y) ot (t x )+O(t )pa(t,l‘ y)+ 1+|x_y|a+d'
Op Mo, f-1/a gy o)
P, —(t,z,y) = oz, —(t,x—y)+O(t Wa(t,z —y) + 1+ |z — ylotd’
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Stochastic Mild solution

Lemma
For each p € (1,2], we have that
(3) sup / Ip(t, 2, y)[Pda < Ot 5
y€ER4
t
/ bt = ssp)uls,p)dsdy] <€ [ u(s) znds
R4 Lr 0
t _d(p=1)+p
s, y)u(s,y)dsdy| < C’/ (t—s) ar |u(s)|p1ds
R4 8% L 0

v
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Stochastic Entropy solution

From now, we will consider a special case of Equation (1.1)
Opu(t, ) + div(f(u))(t, z)
=—(=A)*2u(t, ) 4+ o(x, u(t, z))i(t), z € RY, (3.1)

If v =0,0 =0, f(u) =u?/2, (1.1) is the classical inviscid Burgers
equation.
According to «, this equation is called to be

° if a € (0,1),

@ critical if « =1,

@ subcritical if a € (1,2).

Hope-Cole transform can not be applied to this case.
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Remark (Some results for Fractal PDEs)

Stochastic Entropy solution

Biler, Funaki and Woyczynski(1998) established the existence and
uniqueness of weak solution for o € (3/2,2) and d = 1. However, for
small o, the well-posed question is open.
Droniou, Gallouet and Vovelle(2003) studied regularity of solution for
subcritical case in L space.
Alibaud (2007) introduced definition of for

in L space.
Kiselev et al(2008) proved the existence and uniqueness of weak

solution for critical. However, for , the uniqueness of weak
solution for fails, see Alibaud and Andreianov (2010).
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Stochastic Entropy solution

Lemma

For each a € (0, 2), there exists a positive constat k = r(«) such that for
any 1 € S(R%) and for any r > 0,

~(APPW)@ = [ P,
|2]>r o

Pz + 2) — () — (Vi(2), 2)

’Z|d+a

+K dz

|z|<r
=D (2) + Da,rh(z)

We also consider the entropy function € C?(R) is convex and for each 7
and the flux f, we denote by ¥ : R — R? a primitive function of 7’ f’,
where f' = (fi,---, f}).

The functions n and ¥ will be called entropy and entropy flux.
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Stochastic Entropy solution
Definition
(SE) (Stochastic entropy solution) An L?(R%)-valued F;-adapted
process u(t, -) is called a stochastic entropy solution of (3.1), if
(1) For each T > 0, IE[[OT ||lu(t)] LP(Rd)dt] < oo for any p € N;

(2) For any 0 < 1) € C°(R?) and (n, ¥) of entropy and entropy-flux such
that forany 0 < s <t <T

/ n(u(t, 2))b(x)dz
]Rd

</ n(u(s, = dx—i—/ / ), Vip())dadr
/ /R ) (z)Dhu(T, x)dzdr + / / )Dartp(x)dadr
- / /R " (7, )0 u(r, ) (@) dadr

—i—/s /Rd n (u(r, z))o(u(r, ) (x)dzdw(r) a.s.,

B. Xie (Shinshu University) Fractal Burgers Equations June 14, 2012 16 / 22




Stochastic Entropy solution

Definition

(SSE) (Strong stochastic entropy solution) We say u(t,x) is a strong
stochastic entropy solution of (3.1) if it is a stochastic entropy solution
and furthermore the following holds:

For any L*(R%)-valued F;-adapted process v(t) satisfying the properties in
(SE)-(1),

B[ [ ettt v)dviu(n)]
<e[ [ [ uetrutrs ). ), utr)dyir] +e(s.0)
where o(7,u,y) = [pan/ (v(7,x) — w)o (v(T,z))P(x,y)dz with

0 < ¢ € C.(R? x R?) and lima,, 50 Z?:_ol e(t;, ti+1) = 0 for each partition
0=ty <ty <ty <---<t,="tof|0,t] with mesh A,.
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Stochastic Entropy solution

Remark

(1) The stochastic entropy solution u(t,x) can be roughly explained as to
a solution of the inequality

o (u(t,z)) + divg ¥ (u)(t, z)
<Dyu(t,a) + Lo/ (ult )0 u(t, ) + of(ult, 2))oult, )i(r).

in distribution sense for any n and W.
(2) Stochastic entropy solution u(t,z) of (3.1) is a weak one, i.e., for any
test function 1) € C°(RY),

/ w(t, )b () da = / o () (z)dz + / t /R du(s,x)pa(¢(x))dxds
/ /Rd u(s,x)), Vio(x d$d8~|—/ /]Rd (x)dzdw(s) a
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Stochastic Entropy solution

Assumption:

We assume the following holds:
(i) The flux f € C?(R;R?) and there exist C > 0 and p € N such that

|f(u)] < C(1+ |ulP), ueR.

(ii) There exists a non-negative increasing function h with h(0) = 0 such
that

jo(u) = o(v)] < Ju—o]h(ju — v]).
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Stochastic Entropy solution
Theorem (Main theorem 2)

Assume u and v are stochastic entropy solution with initial data ug and
respectively stochastic strong entropy solution with initial data vy. Then,
the L'-contractive property holds, that is

Efllu(t, ) — v, )l o way] < Eflluo(-) — vo()ll 2 mey]-

In particular, we have that if ug = vg a.e. in x and a.s., then
u(t,x) = v(t,z) a.e. in z and a.s. for each t > 0.

Remark

@ It is proved by approximation and the doubling variables technique of
Kruzkhov.

o E[f|(u(t,) — v(t,)) "l ray] < Elll (uo() — v0(-)) "Il 2 may).
This implies the comparison principle holds: if ug < vg, then
u(t,z) < wv(t,x).
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Stochastic Entropy solution
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Thank you for your attention!
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