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Boussinesq Equations
ug — Au+u-Vu+ Vp
0y — A0 +u-Vo
divu

0(0) = 0o, u(0)

uo

in R™ x (0,7)
in R™ x (0,7)
in R" x (0,7)

att =20

where the gravitational field g(z) decays as kv\%



e Existence and uniqueness of mild solutions (u, 6):

t
u(t) = By — / e(t*T)AP(u - Vu)(r) dr
0

t
+ / eU=MAP(g0) (1) dr
0
t
0(t) = 20, — / et=T)A (. V) (7) dr
0

@ Strong solutions

@ Spatial asymptotic behavior (for fixed t)

@ Concentration-diffusion phenomena




Definition (Weighted L>°-spaces)

Ly ={ue€ L (R") : ”uHLff = ess Seu]RE) (1 + |z|)#|u(z)| < oo}
€T n

v

Theorem (Mild Solutions)

Let ug € L3S, 0o € Ly° where i € (0,n], v > max(0,u —n + 1)
and g € Ly° . Then

Al (u,0) € Cw*([O,T];ij’) X Cyu= ([0, T]; L)
where

C(VT+TH"/?) ((HuoHLgo + H90\|L3°)1/2

+ (Iluollzze + 6ollzze + lgllzze ,) ) <1

A\



Ideas of proof

@ semigroup €', ¢ > 0 is only weakly-* continuous on Ly

@ analyze the bilinear integral operator
t
B(u,v) = —/ e(t_T)AP(u - Vo) (r)dr
0
on G- ([0, T]; Li?) x Coo ([0, TT; L) — Cu ([0, TT; L)
e By analogy, D(u,0) = — fg et="A(y - V) dr

o Analyze on Cy«([0,T7]; L3°) — Co=([0,T7]; L?)

co) = /0 eE="AP(g0) () dr
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@ Technical tool: estimate of convolution integrals

/t/ dyds
o Jrr (|2 =yl + Vit — )" (1 + |y)¥

@ Banach’s fixed point theorem for small data T" or (ug, o)




Theorem (Strong Solutions)

Let up € Lffa, 0o € L° where € (0,n], v > max(0,u —n+ 1)

and g € W 1. Then additionally

(u,0) € C1((0,T); BUC) N C((0,T); W?)




Theorem (Strong Solutions)

Let up € Ll“,, 0o € L° where € (0,n], v > max(0,u —n+ 1)
and g € W a 1. Then additionally

(u,0) € C1((0,T); BUC) N C((0,T); W?)

| A

deas of proof

Analysis of the analytic semigroup 2, t > 0 on BUC and boot
strapping argument in homogeneous Besov spaces B 1 and B#

s > 0, with norm Z]‘ez 15 * ulloo

00,1




Theorem (Spatial asymptotic behavior)

Let p> "2, v >3, up € L, 6 € L° and g € W Then the
strong solution (u, §) satisfies for |z| > \/t

e ( !a:I" =2 / /n g9) dyds)
( !asl”2 //nu®“+y®93)dyds>
O (|

—n 2+€

(z,t) = P8y + O(|z|#7Y)

where ¢ > 0, w, = |0B1| for By C R".




Comparison with Navier-Stokes

@ For Navier-Stokes (cf. Brandolese-Vigneron JMPA 2007)

A 1 !
u(a:,t):et ’LLO—V V2<(,L)|,C[,‘H>// u R U +,
n 0 n

e, u(t,x) ~ ePug + O(|z| "7 1).




Comparison with Navier-Stokes

@ For Navier-Stokes (cf. Brandolese-Vigneron JMPA 2007)

A 1 !
u(a:,t):et ’LLO—V V2<(,L)|,C[,‘H>// u R U +,
n 0 n

e, u(t,x) ~ ePug + O(|z| "7 1).

@ In our case,

w(,) = et — V(V(%,j‘n_g) - t [ woay ds>
_v<v2<wn’;n_2) :/Ot/n(u®u—|—;l/®99)dyds> +...

e, ult,z) ~ ePug+O(|z|™)
@ Is there a chance to let vanish the leading terms for all times
or from time to time?




Ideas of proof

@ The Stokes semigroup €' P has due to the Helmholtz
correction term 9;0;(—A)"!e!® the kernel

1

wn|x‘n—2

E(a:,t):V2< )—i—...for x| > Vit




Ideas of proof

@ The Stokes semigroup €' P has due to the Helmholtz
correction term 9;0;(—A)"!e!® the kernel

1

wn|x‘n—2

E(a:,t):V2< )—i—...for x| > Vit

@ Taylor's formula for convolutions (for smooth decaying

functions)
Frh(z) = /h(y)( 3 (_O[y!)(l@af(:v)nt...)dy
la<m
= (_;3a|(/y“h(y)dy)aaf(m)—l—...

|| <m

applied to f(x) = E(z,t), f(z) = VE(z,t) and h(z) = g0,
h(z) =u®u




Theorem (Concentration-Diffusion)
Let 0 # g€ W%, Ag e L' N L? and ug € L2, satisfy certain
parity/symmetry assumptions. Choose N arbitrary epochs

O<ti <...ty<T.

Then there exists a temperature 6y € S(R™) and epochs t, t!
arbitrarily close to t; such that (more or less)

lu(z, )] < Cla| ™7, Ju(, t])] > cla] ™

Here (u,0) is the solution of the Boussinesq system with initial
data (nuo,nby) with a sufficiently small 7).

Parity: g is in x odd (or even (unphysical)),
“—symmetry: g(Z) = g(x), uo(Z) = uop(x) where
Z = (z9,x3,...,%n,T1)

(Choose 6y odd (or even) in x and ~-symmetric)




Ideas of proof (1)

e Find 6y -symmetric such that fR" gibody # 0 is
j-independent, but

t
/ / g1 - (eSAGO) dyds has a simple zero at each t;
0 n

@ Choose 7 > 0 so small that for the solution (u, ) with initial
value (nug, nbp)

// 919dyd8~// 91 ( 7]90 dy ds

changes sign nearby each t;




Ideas of proof (I)

@ Plancherel’s Theorem =

t
/0 /n g1 (eSAHO) dy ds
Agl(f) 0

= F(t) := /n (1- e*tile)W 0o (€) de

° Ghoose éo as a linear combination of "almost” d-distributions:
00(&) ~ 320 Ajda, (€) where R" 5 o = /T +3j g # 0

e Find S\j such that

(T(t) := e~120l*t) changes sign at t;:
F(t;) =0 but F'(t1) # 0




Ideas of proof (IlI)

e Find A € RVt solving the linear system M (6)A = ey

L= A= A=
M(6) = : : i :
1-Th 1-T7x° .. 17N

1-TF (140)T° ... (14 35N)THN




Ideas of proof (IlI)

e Find A € RVt solving the linear system M (6)A = ey

L= A= A=
S 1 —-TI{, 1— T}Vﬂs - T}V+5N
1-TF (140)T° ... (14 35N)THN

o Actually, det M (1) # 0, see Brandolese (Indiana UMJ 2009).
Since det M (0) is analytic, we find small 6 > 0 such that
det M (5) # 0

o We find A € RN*! solving F(t;) = 0 for all i, but F'(t;) = 1.
Changing t; with t;, we also get F'(t;) # 0.
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