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joint work with Prof. Masashi Misawa (Kumamoto Univ.)

Q = R? or an exterior domain in R?

L*((0, ) x Q) — boundedness for the solutions to the
@ 1. Semilinear heat equations in 2D exterior domains.
@ 2. Navier-Stokes equations in R?
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1.Heat equations in R?

1.1. Linear heat equations

Heat equations in R?

{ u,—Au=0 H)
u(O) = U

If uy € L'(R?), then

2

lim #||u(z)||
t—00

1
2 = — f uo(x)dx
T R2

L2=8

L*((0, 00) x R?) — boundedness does not hold in general
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Definition (Hardy space H'(R"))
The Hardy space consists of functions f in L'(R") such that

1Al ey = f sup |¢, * f(x)ldx
Rﬂ

r>0

is finite, where ¢,(x) = r"¢(r"'x) for ¥>0 and ¢ is a smooth function
on R" with compact support in an unit ball with center of the origin
B1(0) = {x € R"; |x|<1}.

Remark.
e f e H'(Q) if and only if the zero extension f € H'(R")
o H' cL!

@ fEH'RY= | f(x)dx=0
-
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Known Results.

@ T. Miyakawa 1996

_lod
IVu(®)llen g2y < Ct 2 lluollen w2y

@ T. Ogawa and S. Shimizu 2008

f
2 2
‘fov ”Vu(t)”r]_[l(RZ)ds < C”u()”«}.[l(RZ)
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Proposition 1(L>-boundedness)

f
2 2
L ”u(t)”LZ(RZ)dS < C||u0||r]_(l(R2)

Proof.

! f
fllu(t)llizds < CfIIVu(t)Ililds o whlcL?)
0 0

IA

!
C f IVulapds - H' <L)
0
Cllugll;, (- T.Ogawa and S. Shimizu)

<
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Our method:
Definition (BMO(R"))
Let f € L' (R"). We say that f is of bounded mean oscillation

loc

(abbreviated as BMO) if

1
| llsvomn = Sup — f f = (F)sldx<co,
B

BcR" |B|
where the supremum ranges over all finite ball B c R”, |B| is the
n-dimensional Lebesgue measure of B, and (f)z denotes the
integral mean of f over B, namely (f)p = ﬁ fo(x)dx.

The class of functions of BM O, modulo constants, is a Banach
space with the norm || - ||zy0 defined above.
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Lemma 1 (Poincaré inequality in R?)

A lzmor2) < CIV fll2®2)

Lemma 2 (Fefferman-Stein inequality)

fgdx

R}‘l

< Cllfllg ®2)llgll o2

< Cllflleo @) IVl 2wy
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Lemma 3 (Hardy type inequality)

Let Q be an exterior domain with smooth boundary in R2. Then, for
f € Q)

< ClIVfllze

I

L2(Q)

where

W(x) = |x|log(B|x]).
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1.2. Nonlinear heat equations:

Let Q be an exterior domain in R? with smooth boundary 0Q. We
consider

the semilinear 2D Heat equations

u, — Au = """
t - W) (NH)
ulao =0,  u(0) = u

where
W(x) = |x[log(Bx]).
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Theorem 1 (T.K. and M.M.)

Assume that p > 2 and the initial data uy € H'(Q) N H'(Q) is
sufficiently small. Then the solutions of (NH) satisfy

!
f lu(s)lads < C
0

where C is independent of .

Remark.

2
@ |ufP~'u---p>2=1+ =: Fujita exponent
n

p—1
'”'W X . p>3/2(cf. R.G. Pinsky 1997, 2009 etc)
= p=1+

n+?2

Takayuki KOBAYASHI (Saga Univ.) L2 boundedness for the solutions to the 2D sem! November, 2012

11/24



Sketch of Proof.)

Setting;

lu@®ll, < K1, (1 + 1)1,
IVu(t)ll, < KIp (1 +1)7"

Iy = |luollm @) + lluolle (@)

F(u(®) = lu@®l" u()/W(x)
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(i-1) Energy methods;

%%”u(t}”% + Va3 = (Fu(@)), u(t)

[l (D113 + ——IIVu(t)Ilz = (F(u(1)), u(1)

1=

1 t
ol + | 19uColids =
0

1+

—II u(n)ll; +

[ o||2

2
lluolly

= f (1 + $)(F(u(s)), u(s))ds
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+ f (F(u(s)), u(s))ds
0

f(1+S)|IVu(S)II§dS——f lu(s)ll3ds
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2) =

1+ t)2

IVu(s)llz ~ fo(l + 5)|[Vu(s)|l5ds

_1Iv uoll2

f(l + 5)llus(s)ll3dls +
0

f (1 + 92(F(u(s)), us())ds.  (5)
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(i-2) Morawetz ° s methods;

w(t) = w(t, x) = f u(s, x)ds.
0

—
wy(t, x) — Aw(t, x) = ug(x) + f F(u(s))ds,
0
w(t, X)|so =0, w(0,x) =0,
—
, 1d 2 t
llw (D5 + EEIIVw(I)Ilz = (uo, wi(1)) + (f F(u(s))ds, w(1)).
0
= (w; = u)

! 1 t s
f IIM(S)H%dS+§IIVw(t)II§=(uo,w(t))+ fo ( f (F(u(r))dt, ws(s))ds.

0 0
(6)
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(i) Estimates; (ug, w(t))
- Fefferman-Stein inequality

=
|(uo, w(D)| = |(ito, W(D))| < Clliollgs @)l BmOER?)
-Poincaré inequality

=
loDllsrow2) < ClIVw(®)ll»

Then

|(uto, w(D)] < Clluollp @ IVw(D)ll2- (7)
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(ii-2) Estimates for the nonlinear terms F(u(s));
- Gagliardo-Nirenberg inq., Hardy type inq.

=

L p+l
oy w27

[ weas

Q

leel”lalee/ Wl

ey, lee/ Wil

CLCHIVu@I (@)l
CPCKP I (1 + 772,

IAN 1A

IA
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[ awsrmswazias @

| fo (1+ 9" (F(u(s)), u(s))ds]

IA

!
CrC K" 7! f (1+5)* 77" 2ds.
0
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- f (1 + 92(F(u(s)), uy(5)ds ©)
- —f (1+5) —||u<s)/Wp+1||"“ds

1 L
=+ )/ WHTI  lao/ W)
p+

__f (1 + 9)llu(s)/ W22 ds.

IA

1||M0/ Gl
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. f ( f ) Fu(t))dr, wy(s))ds
0 Jo

= ( f F(u(s))ds, w(t)) - f (F(u(s)),w(s)ds =1 + I
0 0

!
o= | f f |u(s>|”-1u<s>ds-vuv’§2)dxl (10)
w(t
< f (I8, ds - 15
< CPCyK"IY f (1 + 9)">Pds||[Vw(t)ll»
0
!
IL| < CPCLK"1Y f (1 + 5)"*Pds sup ||Vw(s)|l» (11)
0 O<s<t
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By (3) — (6), (7) = (11), if p > 3/2, then

X(1) < €,(Io) + CX(0)?, (g=4q(p)>1)

where ¢,(Ip) — 0 as I, — 0 and

X(2) = sup{(1 + 9)lu(); + (1 + s’ IVuls)Il; + IIVfO u(r)drl)

O<s<t
! t !

+ f (1 + 9)|[Vu(s)|3ds + f (1 + 5)*|lus(s)l3ds + f llu(s)|3ds.
0 0 0

O

Takayuki KOBAYASHI (Saga Univ.) L2 boundedness for the solutions to the 2D sem! November, 2012 21/24



2.Navier Stokes equations in R?

Navier Stokes equation

Ou—Au+w-Vu+Vr=0, in(0,oc0)xR?,
V-u=0 in (0, o) x R?, (NS)
u(0, x) = up(x) in R?

where

u(x,t) : Velocity field (unknown),
n(x,t) : Scalar pressure (unknown),
up(x) : agiven vector function.
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Theorem 4 (T.K. and M.M.)
Assume that uy € L2 N H', then the solutions of (NS) satisfy

!
f lu(s)lads < C
0

where C is independent of .

Takayuki KOBAYASHI (Saga Univ.) L2 boundedness for the solutions to the 2D sem! November, 2012

23/24



Known Results:
@ Leray, Serrin, Kato, Masuda, Borchers, Miyakawa etc
@ M. Wiegner 1987 - |lu(?)||;2 < C(1 + t)~'/? for weak solutions
@ H. Kozono and T. Ogawa 1993 - - - Large data global
o T. Miyakawa 1996 - - - |[V2u(®)llsn < Ct=5 lluollsn

Key Lemma:

Lemma 5 (R.Coifman, P.L.Lions, Y. Meyer and
S.Semmes 1993)

G - Vullger < Cllul| 2[[Viel| 2
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