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1. Physical background of the problem
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Plasma with structures

Externally applied voltage Insulated wall
~ (particles accumulate)
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cathode ‘ anode

Voltage difference accelerates ! Wall is negatively charged due
ions toward cathode, and ‘to the flux difference, causing
electrons toward anode. ' potential gradient in the space



Process of Sheath Formation
Density distribution Potential distribution
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On the wall, electrons gather. Lower potential on the wall.
Elsewhere, ions dominate. "'
In the end, both flux to the wall Toward the wall,
coincide and a steady state s = ions are accelerated
attained. - electrons are decelerated.

This stationary boundary layer is called a SHEATH.




Bohm'’s Sheath Criterion

For the sheath formation, physical observation requires
the Bohm sheath criterion (BSC):

u?l > K+1, uq <0, (BSQC)

u4 . Ion’s velocity at the interface between boundary layer and inner region
K : Const. proportional to abs. temperature (= (Acoustic Velocity)?)

(p(p) = Kp, K >0, Isothermal)

Remark : (BSC) = Supersonic condition : u3 > K.

We aim to validate BSC from the mathematical point of view. I



2. Mathematical formulation of the problem

e Governing equations

Pt + (pu)x =0, (Ea)
(pu) + (pu), + p(p)s + pos = O, (E.b)
—Qxz = P — Pe- (E-C)

xr & R_l_
p . Ion density , w :Ion velocity, ¢ : Electrostatic potential

p(p) =Kp (K >0) (Isothermal) : Pressure
pe =€e? >0 (Boltzmann relation) : Electron density

e Initial values

(p,w)(0,2) = (po,uo)(x), (La)
inf po(x) > O,
$€R+
xli_)moo po(x) = p4 > 0O, xILmOO up(x) = ug < 0. (I.b)

e Reference value of potential

lim ¢(t,z) = 0, (R)

T—> 00



e Boundary Conditions (No need for p,u due to supersonic outflow)
Either one of the following two types of BCs.

(1) Dirichlet BC

¢(t,0) = ¢, (DBC)
where ¢ IS a given constant.

(2) Fluid-Boundary Interactive BC

’m,z-

Dt (t,0) = [pu + eqbue} (t,0), 1ue:= (IBC)

2TMe

(m;, me : mass of ion, electron, wue : thermal velocity of electrons)
(—¢+(t,0) ox quantity of charged particles on the wall)

& Additional Initial Value
(IBC) = either one of gog = ¢(0,0) or pg = ¢(0,0) is required.



Related problems include ...

e Free boundary problems

The Balmoral was hit by 50 ft (15 meter) waves in the Bay of
Biscay on January 2¥¢, 2009 s




3. Known results under Dirichlet BC

[IM.Suzuki(KRM '11)] & [S.Nishibata, M.O., M.Suzuki (SIAM '12)]
validated (BSC) mathematically:
They prove the existece of stationary sol. under (BSC) and its stability.

Stationary problem

We define sheath by a stationary solution (5, %, ¢)(z) to (E)

(5ii)x = O, (S.2)
(532 +p(p)) + 7, =0, (S.b)
_ng:c = p— 6657 (S.c)

with conditions (I.b), (R) and (DBC)

zviEr]]l{+ pz) >0, lim (5,1, ¢)(z) = (p4,u4,0), &(0) = ¢,



Conditions for the existence of stationary solutions --- [M.Suzuki, '11]

Theorem 1
Stationary solution exist < ¢, < f(juy|/VK) and V(¢p) > 0
SO g I o © "I\ potential

= uﬁ_ > K + 1 (nondegenerate Bohm’'s criterion) and |¢p| < 1
or uﬁ_ =K+1 (degenerate Bohm's criterion) and ¢, < O

are sufficient for the existence of monotone stationary solution.

‘le 0 " X
0 VK

_ p. density
potential L m




Asymptotic stability under Dirichlet BC (1D with exp weight)

[S.Nishibata, M.O., M.Suzuki, '12]
Perturbation (v, n,0)(t,z) := (log p,u, $)(t,z) — (log p, @, ) ().

a N
Theorem 2 Assume uy < —vK + 1, K > 0. (nondegenerate case)

If (eM/24)g, M/ 279) € H2(Ry), A > 0 and

A+ (10l + (X240, X 20| 12) /A < 1,

then 31 time global solution (v, n,c) s.t.

2
A2y AT/2p ¢ ﬂ Ci<[o7oo>;H2—i(R+)>7
i=0
2

/25 ¢ ﬂ ok ([O,oo); H4_i(R+)> .
1=0

0y >0 st |22, 20 (@) || 2 + €M 20 (8)]] 4

K < ||/, 6/\$/2?70)HH2 e . )




Difficulty to show asymptotic stability

System of linearized equations of (P) (governing eqgs. for perturbation)
around asymptotic state (p,u,¢) = (p4,u4,0) is

<¢§¢ )ﬁ(j% f) (@);(2);0, ~owe =Y — 0.
(L)

Spectrums of (L) are given by

: : 1
u(i€) =i (—mi |§|\/K+ - |€|2> . £€R

Real parts of all spectrums are ZERO.

To resolve this difficulty, we employ weighted energy method.

& All characteristics go into boundary. A=uxt VK <O0)

& Decay of (¢¥g,m9) asS x — o0 =
convergence of solution towards stationary solution as ¢t — oo.



Weighted energy method

Introduce new variables (W, H,Y) := (ePt/2y, 5%/2y 52/24) .
Rewrite systems of equation (P) w.r.t. (W, H,X) = (P).
Linearize (P’) around asymptotic state (p,u,¢) = (p4,u4,0) = (L).

Spectrums of (L') are given by

uie) = P i (—euy e - T+ 1- k).

2
where C=1+|§\2—%+i5§ for £ € R.

Linearly Stable < sup Re (u(i€)) <0 & u3 > K +
EeR

1
524 B> 0. (§)

<. 2211% Re (u(i€)) = max Re (u(0)) = 5 <u+\/K + 1 — 62/4 ) )

S If wg > K41, setting 0 < 8 < 1 ensures  (h).




4. Main result 1 (Asympt. stability of sheath under IBC) [M.O.]

IBC : ¢zt(t,0) = [pu + e®ue] (t,0) = ¢(0) = log (|uy|/ue)

-

-

Theorem 3 Assume uy < —vK +1

and set dp =109 (Jug|/ue), 710 = ¢2(0,0) — $2(0).
If (e /24hg, M/%ng) € H2(Ry), A >0

and A+ (168l + 1ol + [1(X/ 250, X%/ 2n0) | 12 ) /A < 1,

then 31 time global solution (¢, n,c) s.t.

2
eAa:/2¢7 exx/zn c ﬂ O ([O7OO>;H2—i(R+)>7
i=0
2
/25 ¢ ﬂ ok ([O,oo); H4_i(R+)) :
i=0
30,7 >0 s.t.

|G, MOl + lo®lige < € (11220, 2n0) | 2 + Irol) €7

J




Outline of proof of Main results (for exp. weight case)
(Local existence) + (A-priori estimate) = (Global existence)

-
Lemma 4 (Local existence)
(eX/ 240, eM/2n0) € H?(Ry) with

(no + ©)(0) + VK <0, inf po(x) > 0.
$€R+

= 37 > 0, s.t., 31 solution (¢, n, o) as

(PP e O([0,T) H?), 20 € C([0,T); HY).

KLemma 5 (A-priori estimate)
N(T) = sup (II(X/2,eX/20) ()| g2 + lo (2, 0)])

o<t<T
A (N(TD) + o)/ A< 1= ,C>0 s.t.

1%/ 24p, X/ 20) () || g2 + 1220 (£)]] 14
< Ce™ (11X 20, X/ 2n0) | g2 + ol )




Local existence (without weight functions)

() G ) O ) o (E )+ () =o

~

1
—0oxr + e¢/ exp(fo) dfo = p — p,
0

O-tm(ta O) — [pu o ﬁﬁ' + |u+|(60' o 1)} (t7 0)7 :Ell—>mooo-(t, CE) = 0.

t Construct solutions s.t. ¢,n € H2,0 € H*.

Solvability of hyperbolic equation

No boundary data (.- supersonic outflow)
= Extend problem over Ry to that over R and apply Kato's theory.



Solvability of elliptic equation

For given p and oz|y,—0 (Or o|y,—0),

solve  — ¢gpxr = p — e¢, ¢2(0) = g,

around — ¢ypr = p — e¢, $:(0) = g,

(stationary solution)

-

Lemma 6 If p € L™ satisfies infp(x) >0 & p—p € L?
T
(i.e. ¢ € L? N L™ satisfies infiy(x) > —o0),
T

—orz+e?(e?—1) =p—p, 02(0)=g—3g

is uniquely solvable for o € H?. (6=¢+ o)

o(xz) - 0 (x — o0) (EO)

(Apply Schauder’s fixed point theorem
using Stampacchia’s method of truncation)

Remark We can define the Neumann-Dirichlet map F' s.t.

U|m=0 — F(0$|m=07¢)




e Construction of approximate sequence (w,n,a)(”)
First step (¢,1)©@=(¢o,m0). Iteration (1, 7)™ — o,|" — o™ — (,n)C+D:

(1) ODE for BC (0.[{2o(t))

d L ~
Solve aaﬂx:o(t) = (pu)™|,—0(t) — (510)|sm0 + uee® D (exp o|,—o(t) — 1)
= (pu)™]a=0(t) — (5)|a=0 + [ut|(eXp F(04|s=0, ) (t) — 1)
= G(og|s=0(t),t)
for oz|z=0(t) (t > 0) with o4|,=0(0) = ro. G is Lipschitz continuous!

(2) Elliptic eq.

ol
Solve — o™ 4 ¢? / exp(0o(™) doo™ = p™ — 5
0

with lim o (t,2) = 0 and 0., (t) determined in (1) for o,

T—00

(3) Hyperbolic eq.

() (5 (3 i () () -

with (3, 7)" (0, 2) = (Yo, n0) (2).

(¢, n,0)™ makes a Cauchy sequence for [0,7T]. (Energy method)



e A-Priori Estimates for IBC (0-th and first order derivatives)

0 3
% ( / Wip [Z(sz +1%) + %(Kw.% +07) + pe’ — ¢ - 1)] dcc)
0

+ c/ Wy {w2+n2—|—¢§—l—n§+0§} dx + cW1 [¢2+7}2+¢§+7792:}
0

x=0
< CWiowlP_o. (1)
a /OO Wo [p(K¢2 +n?) + (%02 + 02)} d:z:) + Ci {W/ (e —o—1)] —O}
i\ - 2 [V2 r=

+ C/OOOwé 0%+ 02+ 0| du + W [92 + 12 + 02+ o]

=0
oo

< o[ Wi 4P+ do (2)
0

Let Wy = €17 and Wy = ~vef2% with v > 1 >> 81, 8> and By > v55.

= W1 < W2 on z = 0 while W] > WJ for > 0.



(1)4(2) for Wy = €P17 and Wh = yeP2? =

d d

@ [Ewl (wa n, Y, 77:13) + EW2(¢7 n,0, O-x)} + C% [Wé (60 — 0= 1) |:E=O

+ c/ Wi |02 412 + 92 + 02 + 0% + 02| do
0
+ cW>s [¢2+772+¢§+?7§—|—02—|—J£} < 0 (3)

=0

fg eV7(3)dr with v < 81 =: 8 and Borv <« 1 and elliptic estimates =

1772, P7/20) ()12, + (17720 (1) |21
< Ce (1P 20, €77/ 2n0) |21 + 02| ,_o(0)) .

elliptic estimates

VW3 < CIVWH|2: + CWa?|, .
2 2
02|, < ClIF + Co?| g,
2 2
02| _o < Clll[31 +Co2| g



Main result 2 (Asympt. stability of sheath under IBC) [M.O.]
Wy g(x) := (1 + Bx)* for a, 8 >0

Theorem 7 Assume uy < —V/K +1
and set ¢p =109 (Juy|/ue), ro= ¢2(0,0) — ¢2(0).
Suppose (W) 2 gtho, Wy 2 gm0) € H2(Ry), A >2, 3> 0.
= Ya € (0,)], 36 =6(a) >0 s.t. if
8+ (160l + Irol + (W 2,60, Way2,6m0)ll g2 ) /8 < 6,

then 31 time global solution (¢, n,c) s.t.

2

Woy2,5%: Wappgn € (] CHI0,00); H*T'(RY)),
i=0
2

Wo250 € [ C'([0,00); H* ' (Ry)).
1=0

3C(0) > 0 st |(Wyo 59, We j2.8m) (D122 + 1We 2,50 ()12
< C([[(Wy2.5%0, Wa 281001574 +78) (1 + )~ A7),

%




Main result 3 (Asympt.

stability of sheath under IBC) [M.O.]

(degenerate case)
p
Theorem 8 Assume uyp = —VK + 1
and set ¢p = l0g (\u_|_|/ue> ,  ro = ¢2(0,0) — ¢2(0).

Suppose (WA/2,5¢O7WA/2,ﬁnO) S HQ(R—F)a El)‘ S [47 >‘O)7 5> 0.
= Ya € (0,)], Y0€(0,1], 3 =6(a,0) >0 s.t. if

¢y € [—6,0), B/T|¢p|*? € [6,1], (Wy/2,%0, Wa/2.,m0)lm/B> <6,
then 31 time global solution (¢, n,c) s.t.

2

Woy2,5%s Wapgn € (] CHI0,00); H*T'(RY)),
i=0
2

Wo250 € [ C'([0,00); H* ' (Ry)).
1=0

1C(0) > 0 st [(Wo o589 Wy sm) (152 + Wy 2 50 ()12,
< C([|(Wy j2,5%0: Wa j2.8m0) 154 +73) (1 + pt)~PA=)/3,

%




Concluding remarks

e Boundary layer is stable also under Interactive BC.

e Convergence rate reflects decay structure of the initial perturbation

e Up to const., decay rate is the same as that under Dirichlet BC.

e Neumann or Dirichlet data on the boundary goes to zero (— DBCQC).

e Stabilized by repulsion? Time delay by hysteresis?



Thank you very much for your kind attention !



Elliptic Equation

e Uniqgueness in H1 is easy.

e EXistence is shown in two steps.

Ry 1 if x| <1
v _ 00 , _ — =
i) Vi e N, set x; € C5°(R) s.t. 0<x; <1 and Xz(a:)—{o if |z > 20

Then solve~
~070; + e?(e% = 1) = xi(p = §), 9x0;(0) =g —3, lim o;(z) =0. (E1)

i) Show {o;};en is a Cauchy seq. in H? and it actually solves (EO).



Step i) : Leray-Schauder’s fixed point theorem
Linearize (E1) =

1
—8%0 + e¢/ e’?dso = xi(p—p), 9z0(0) =g—g, limo(x) =0. (E2)
0 T— 00

Solving for o for given o, we define T': 0 — o.

Show the following a)—d), and we have a sol. to (E1).
a) T is well-defined as a map on BO(R,).

b) T is continuous.

c) T is compact.

d) 3C > 0 s.t. if 0 = \T'o is satisfied for certain A € (0,1] and o € BO,
then ||o|go < C.



e Proof of d)
Suppose 0 = \To, A€ (0,1] &
—Ozz + e? fol e*?dsoc = Axi(p—p), 0z(0) =g—g=Xg—39). (E3)

Add —@zz + €® = 5 and —agy to (E3).  (a(z) := e lge %)
—~(¢+ a)zz +e? =Ax;(p—P) + 7 — aza, (¢ + a)z(0) =0. (E4)

Let e < 1s.t. mo = infAxi(p — ) + 5 — llazall > O.

29|

Ve > 0, m1 1= min{log mg, —|¢p| — '}, mo :=m1 — 2|lallcc = mq1 — =L

claim : ¢(z) > mo, Yz €Ry.




proof pf the claim

— ||A 2 T a
Set G(r) = { (r ”O loo) ! ; Hanz and F(z) = G(é(x)+a(z) —ms).

Note F(z) has compact support and Fe HIn L1

/OOO ((E4) — ') F(x)dx

= /Oow +a)2G' (¢ + a — mp)dz + /OO G(¢+a—m2)(e? — ™ )dz
0] 0

= /O Do — B) + 7 — azw — €™} G(é + a — mp)da

LHS; < 0 and RHS >0 = LHS, > 0.

=0 if o >my
While G(¢+a—ms)(e? —e™){ <0 ifma<op<my. . od)>mo.
<0 if o <mo



Graph of V
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O f(M+)¢ /) \_/‘-/(qb) O \
(i) ui <K (i) K <ui <K+1 (z'z'z')ugr:K-HE
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M+ ) s
© N O FOMLL)
(iv) K+1<ui <w (v) w < u?

potential

u? b
f(p) == —+(1—~i2)—K|og 5, V(P ;:/ [e"— =L (m)] dn. ( Sagdeev )
2 F 0

b’ =2V(P), BO)=ap, lim d(e1) =0,



Prop
2
u_|_ >

2
ug =

osition 9 (Decay rate of stationary solution)
K+1=

(104,(5 = )| + 164, (@ = w )l +164,81) (21) < Clgpleo1.

K+1=
V69 > 0, ?C = C(86g) > 0 s.t. V¢ € [6g,0)

‘ 0L ¢(x1) x G(x1)" T2 — ¢;| < Olgyl,

0L, (A(a1) — py) X G2 = ;] < Clay),

‘ 0L (@(x1) — uq) Juy x G(z1)"T2 —¢;| < Clyl,

fori=0,1,2,3... and "z1 > 0,
where G(z1) := Iy + |¢p| /2, I':=/(K+1)/6

and

co .= —1, ¢ :=21I cp = —(K—l—l), C3 I:4F(K—|—1),...




e Physical ansatz of the Bohm criterion
Rewrite (E.a) and (E.b) by deviding by p. (v :=logp, 1D)

vt + uvg + ugp = 0, (E.a")
ut + uuy + Kvg + ¢ = 0, (E.b")
—pr = e — 2. (E.c))

Under " quasi-neutrality’” assumption, drop ¢z, in (E.c’) to have ¢ = v
and

vt + wvg + ur = 0, (E.a")
ut + vuy + (K 4+ 1)v, = 0. (E.b")

Characteristic of this system are v+ K -+ 1.

vVK -+ 1 is the phase velocity of the wave supported in the linearized
system of (E.a’) and (E.b”). This wave is called the ion acoustic wave.



Wellposedness of the problem

If perturbation is small enough, characteristics in 1 direction are

A = u; — VK <O,
A = u1+ VK <O,
N, = up <0 (i=3,..., N+1).

(cur =ugp+(@—ugp)+m, (BSC):uy <—VK+1)

e For hyperbolic equation (P.a), t
no boundary condition is ! NGE=3,...,N+1)
necessary. \ Ao
o VP
e For elliptic equation (P.b),
one boundary condition is
necessary. - gy
1 |= 0

= Well-posed with 1 boundary condition (PB),

o(t,0,7)) =0, Vi’ eRrRNL



e A-Priori Estimates for DBC (N=1,2,3) (0-th & first order derivatives)

d

(a) %

(/ W (K + 1) ¢? 4+ n° + K (V¥)® + (divy)?] dw)
Ry

+ o W[ +07+ (V) + (divn)? + (Vo)?] do + W [¢° +n* + (Vi)* + (divn)®],

R}

< C§5 | W'(V'n)idax.
RY

d

)

( / W (K + 1) +7° + K (V)* + (Vn)“] das)
RY

+ / TW (92 4 (V) + (F0)?)] do + W [42 + 1% + (V) + (V)7
0

$1=O

IA

C / W'(Vo)?de + CWos | _,.
0 o

(c) % (/OO W [K4? +n* + 0 + (Vo)?] dx)
0
+ ¢ / W' [ + 1?40+ (Vo)?| do + W [9° +1n° +02],
0

< O[T W)+ (dva)? + o] do
0

(@A) +ex((c)+ex(b)& e+ <1 completes a-priori estimates up to first order.



e Take constants e < 1 and set 6§ = Ny (1) + |éy| + 82 < 8 =

Ieg, - ,e7 >0 st. (a)+ex ((c)+ex (b)) =

il

dxW [cl¢2 + con? 4 e3(V)? 4+ ¢c4(Vn)? + es(divn)? + cgo? + C7(VJ)2]>

+CO</R

e For exp. weight W = P71, fg dr[e¥™ -] (y<B) =73C>0s.t.

N
+

dzW' [ +1° + (V¥)* + (Vn)? + (divn)® + 0® + <Va>2]> <0

N
+

t
VW (W, ) (D121 + /O TIVW (o, ) (P31 dr < CIVIW (40, m0) 131

o For alg. weight W = (1 + fz1)®, [ydr[(1+87)Y -] =7C>0s.t.
t
(1 + B VW (. ) (D)2 + /O (1 + B VW (i, ) (1) 21 dr

t
< CIVW (g, m0) 131 + 057/0 (14 BT HIVW (b, n) (D)1 dr



Asymptotic stability under Dirichlet BC (nondegenerate case)
(with algebraic weight) .- [S.Nishibata, M.O., M.Suzuki, "12]

Wyep =1+ pz)* for a>0, >0

\

KTheorem 10 (N,m)=(1,2),(2,3),(3,3). up < —vVK+1, K>0.
Suppose (W), 2 g0, Wy /2 gm0) € H™(RY) for Ix >2, 8> 0.
= Ya € (0,)], 36 =6(a) >0 s.t. if
B+ (I¢s| + [[(Wy 2,890, W2 gnodllgm) /B < 6

then 31 time global solution (i, n,o) s.t.
m
We2.8% Wapgn € [ C[0,00); H"'(RY)),
-
/Lm . .
Wapp0 € (] C'([0,00); HMT27YRY)).
i=0
1C(a) > 0 st [|[(Wy 259, We o.5m) O Fm + Wy 2 50 012 mo
< O (W j2,5%0, Wi /2510 | 5m (1 + pt) = A=),




Asymptotic stability under Dirichlet BC (degenerate case)
... [S.Nishibata, M.O., M.Suzuki, "12]

[Theorem 11 (N,m)=(1,2),(2,3),(3,3). uy =—vVK+1, K>0. \
Suppose (W) /2 310, Wy 2 gm0) € H™(RY), I\ €[4, X0),
where \g = 5.56--- € R satisfy A\g(Ag —1)(Xg —2) — 12(\g+ 2) = 0.
= Ya € (0,)], "0€(0,1], 3 =6(a,0) >0 s.t. if

¢y € [=6,0), B/T|¢p| /2 € [0,1], (W) )2.,%0, Wy 2.,m0)llm /B3 < 6,
then 31 time global solution (v, n,c) s.t.
We2.5% Wapgn € [)C[0,00); H"'(RY)),
i=0
Wapp0 € () C'([0,00); HMT2TYRY)).
i=0
ElC(Oé,O) >0 s.t. ||(Wo¢/2”8¢7 Wa/Q,ﬁn)(t)H%—[m + ||Woz/2,ﬁo-(t)||12'{m—|—2
< O (W 2, 5%0, Wy j2,810) |1 Fm (1 + pt) ~A=)/3,

%



e Derivation of the basic estimate (a) (w = ( ‘g ) e RVt D=8+ (u V))
N 0 ~
(Y
wt+ZMjw$j+(vg>+n1<a) =0 (P.a)
]:1 I
—Ag = VTV eV 0P 4 P (P.b)

/d:L' [eﬁxl tw-(P.a)} =

(8 := Nosuy (T) + 3] + 52)

2

2
4 (/ dxeﬁx1K¢ L )—I—B/ dzePr1 [w%w—nlal

—I—/ dx’ [w—w] —/Nd:veﬁwl [odivn] < C’(5||65x1/2w||%.
R

(P.b) =
div ((P.a)y - (P.a)yi1) =

_|_

— Do — (Y —0)| <C| (p,0)]|
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e Derivation of supplementary inequality (b)

N
/d:c {eﬁaﬁl b (P.a)} +i:§:1/dx /3:131 to;w - 8; (P. a)]

s N
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e Derivation of supplementary inequality (c¢)
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e Take constants e < 1 and set 6 = N s, (T) + |¢p| + 82 < 1 =
Ieg, - ,e7 >0 sit. (a)+ex ((c)+ex (b)) =

i
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For higher order derivatives,
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