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. . . . . .

Problem

{
λu −Div S(u, p) = f , div u = g in Ω,

S(u, p)n|Γ = h|Γ u|Γ0 = 0.
(1)

S(u, p) = −pI + µD(u), D(u) = ∇u + T∇u

Ω: uniform C 1,1 domain in RN with boundaries Γ and Γ0.

dist (Γ, Γ0) > 0, n : unit outer normal to Γ

If the surface tension is taken into account, then the bc. on Γ is:{
λη − u · n = d on Γ,

S(u, p)n+ (cg − cσ∆Γ)ηn = h on Γ.
(2)

η: corresponding height function, ∆Γ: Laplace-Beltrami op. on Γ.
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Background of my talk: analytic semigroup

u′(t)− Au(t) = 0 (t > 0), u(0) = u0 on some Banach space X . (3)

If A has a resolvent estimate:

∥λ(λI − A)−1∥ ≤ C

for λ ∈ Σϵ,λ0 with some 0 < ϵ < π/2 and λ0 ≥ 0, where

Σϵ,λ0 = {λ ∈ C | | arg λ| ≤ π − ϵ, |λ| > λ0},

then

eAt =
1

2πi

∫
Γ
eλt(λI − A)−1 dλ

gives an analytic semigroup associated with (3).
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Backgroud of my talk: maximal regularity

u′(t)− Au(t) = f (t) (t > 0), u(0) = 0. (4)

Letting f0(t) be 0 extension of f (t) to t < 0,

u(t) =
1

2π

∫ ∞

−∞
eλt(λI − A)−1 f̂0(λ) dτ (λ = γ + iτ)

must be a solution to (4). Since

u′(t) =
1

2π

∫ ∞

−∞
eλtλ(λI − A)−1 f̂0(λ) dτ

If λ(λI − A)−1 is R-bounded, then Weis’s operator valued Fourier
multiplier thoerem yields the maximal Lp regularity:

∥eγtu′∥Lp(R,X ) + ∥eγtAu∥Lp(R,X ) ≤ C∥eγt f0∥Lp(R,X ).

R-sectoriality is the notion that yields the generation of analyticity and the
maximal Lp regularity at the same time.
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Weis’ operator valued Fourier multiplier theorem

.
R-boundedness
..

......

p ∈ [1,∞), {γj}j∈N are sequences of independent, symmetric {−1, 1}-valued random
variables on [0, 1]. A ⊂ B(X ,Y ) is R-bounded ⇐⇒∫ 1

0

∥
N∑
j=1

γj(u)Tj fj∥pY du ≦ C

∫ 1

0

∥
N∑
j=1

γj(u)fj∥pX du for all Tj ∈ A, fj ∈ X , N ∈ N.

.
Theorem (Weis)
..

......

Let X and Y be two UMD Banach spaces and 1 < p <∞. Let M be a function in
C 1(R \ {0},L(X ,Y )) such that

R({M(ρ) | ρ ∈ R \ {0}}) = κ0 <∞, R({ρM ′(ρ) | ρ ∈ R \ {0}}) = κ1 <∞.

Set TMϕ = F−1[MF [ϕ]] (F [ϕ] ∈ D(R,X )). Then, we have

∥TM∥L(Lp(R,X ),Lp(R,Y )) ≤ C(κ0 + κ1)

for some positive constant C depending on p, X and Y .
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Assumption 1 for domains

.
Assumption 1
..
......Let Ω be a uniform C 1,1 domain.

⇐⇒
def.

∃α, β > 0 and K > 0 s.t.

∀x0 ∈ Γ ∪ Γ0, ∃h(x ′) ∈ C 1,1 on Bα(x
′
0) with ∥h∥Cℓ0,1(Bα(x′

0))
≤ K

Ω ∩ Bβ(x0) = {x ∈ RN | xj > h(x ′)} ∩ Bβ(x0),

∂Ω ∩ Bβ(x0) = {x ∈ RN | xj = h(x ′)} ∩ Bβ(x0).

C 1,1(Bα′(x ′0)) denotes the set of all h ∈ C 1(Bα′(x ′0)) s.t.∑
|α′|=1

sup
x ̸=y

x,y∈B
α′ (x′0)

|∂α′

x′ h(x ′)− ∂α′

y ′ h(y ′)|
|x ′ − y ′|
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. . . . . .

Assumption 2 for domains:

Let

W 1
q,Γ(Ω) = {θ ∈ W 1

q (Ω) | θ|Γ = 0},

Ŵ 1
q,Γ(Ω) = {θ ∈ Lq,loc(Ω) | ∇θ ∈ Lq(Ω)

N , θ|Γ = 0}.
.
Definition of the space for the pressure
..

......Let W
1
q (Ω) be a closed subspace of Ŵ 1

q,Γ(Ω) that contains W
1
q,Γ(Ω).

For any f ∈ Lq(Ω)
N , we consider the weak Dirichlet-Neumann problem:

(∇θ,∇φ) = (f ,∇φ) ∀φ ∈ W1
r ′(Ω). (5)

.
Assumption 1
..

......

Let 1 < q < ∞ and let q′ = q/(q − 1). Then, there exist an operator
Kr ∈ L(Lr (Ω)N ,W1

r (Ω)) with r = q and r = q′ such that for any f ∈ Lq(Ω)
N ,

K(f ) is a unique solution to (5).
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The space for the divergence data

g ∈ W 1
q,Γ(Ω) ∩W−1

q,Γ (Ω) means that there exists a constant Cg > 0 such

that for any φ ∈ W 1
q′,Γ(Ω)

|(g , φ)| ≤ Cg∥∇φ∥Lq′ (Ω).

By the Hahn-Banach theorem, there exists a G(g) ∈ Lq(Ω)
N such that

∥G(g)∥Lq(Ω) ≤ sup{|(g , φ)| | φ ∈ W 1
q′,Γ(Ω), ∥∇φ∥Lq′ (Ω) = 1},

(G(g),∇φ) = (g , φ) ∀φ ∈ W 1
q′,Γ(Ω).
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. . . . . .

Main Theorem

1 < q < ∞, 0 < ϵ < π/2. Ω satisfies Assumptions 1 and 2.

Yq(Ω) = Lq(Ω)× (W 1
q (Ω) ∩W−1

q,Γ (Ω))×W 1
q (Ω),

Xq(Ω) = Lq(Ω)
N × Lq(Ω)

N × Lq(Ω)× Lq(Ω)× Lq(Ω)
N2

× Lq(Ω)
N ,

Fλ(f , g , h) = (f ,∇g , λ1/2g , λG(g),∇h, λ1/2h) ∈ Xq(Ω)

∃γ0 ≥ 1 and Φ(λ) ∈ L(Yq(Ω),W
2
q (Ω)

N) (λ ∈ Σϵ,γ0) such that
∀λ ∈ Σϵ,γ0 , ∀(f , g , h) ∈ Yq(Ω), u = Φ(λ)(f , g , h) is a unique solution to (1)
with some p ∈ W 1

q (Ω) +W1
q (Ω).

Moreover, there exists an operator Ψ(λ) ∈ L(Xq(Ω), Lq(Ω)
Ñ) (λ ∈ Σϵ,γ0) with

Ñ = 2N + N2 such that

(λu, |λ|1/2∇u,∇2u) = Ψ(λ)Fλ(f , g , h),

RL(X 2
q (Ω),Lq(Ω)Ñ )({

(
λ
d

dλ

)κ

Ψ(λ) | λ ∈ Σϵ,γ0}) ≤ ∃ σ1, (κ = 0, 1).
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. . . . . .

Reduced Stokes equation

Let K (u) = µ < D(u)n,n > −div u + θu ∈ W 1
q (Ω) +W1

q(Ω) , where
θu ∈ W1

q(Ω) is a unique solution to

(∇θu,∇φ) = µ(DivD(u)−∇ < D(u)n,n >,∇φ) ∀ φ ∈ W1
q′(Ω).

K (u) satisfies:

(∇K (u),∇φ) = (µDivD(u)−∇div u,∇φ) ∀ φ ∈ W1
q′(Ω),

subject to K (u)|Γ = (µ < D(u)n,n > −div u)|Γ.

The reduced Stokes equation:{
λu −Div S(u,K (u)) = f in Ω,

S(u,K (u))n = h on Γ, u|Γ0 = 0.
(6)
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Equivalence between (1) and (6)

Let λ ∈ Σϵ,λ0 with very large λ0. Then, we have

(1) If W 1
q,Γ(Ω) is dense in W1

q (Ω), then (1) =⇒ (6)

(2) (6) =⇒ (1).

(=⇒) Let g ∈ W 1
q (Ω) ∩W−1

q (Ω) be a solution to

−(f ,∇φ) = λ(g , φ) + µ(∇g ,∇φ) ∀φ ∈ W 1
q,Γ(Ω)

subject to g |Γ =< h, n > |Γ. Let u ∈ W 2
q (Ω)

N and p ∈ W 1
q (Ω) +W1

q (Ω) be a solution
to (1). Since div u = g , for any φ ∈ W 1

q,Γ(Ω) we have

(f ,∇φ) = λ(u,∇φ)− µ(DivD(u)−∇K(u),∇φ) + (∇(p − K(u)),∇φ)
= −{λ(div u, φ) + µ(∇div u,∇φ)}+ (∇(p − K(u)),∇φ).

=⇒ (∇(p − K(u)),∇φ) = 0 ∀φ ∈ W 1
q,Γ(Ω). Since

p − K (u) = µ < D(u)n, n > − < h, n > −(µ < D(u)n, n > −div u)

= − < h, n > +g = 0

on Γ, the denseness of W 1
q,Γ(Ω) in W1

q (Ω) yields that p = K(u).
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. . . . . .

(6) =⇒ (1)

Let Jq(Ω) be the solenoidal space defined by

Jq(Ω) = {f ∈ Lq(Ω)
N | (f ,∇φ) = 0 ∀ φ ∈ W1

q′(Ω)}.
To solve (1), let θf ,h ∈ W 1

q (Ω) +W1
q (Ω) be a solution to

(∇θf ,h,∇φ) = (f ,∇φ) ∀ φ ∈ W1
q′(Ω)

subject to θ|Γ =< h, n > |Γ. Then, we have{
λu −Div S(u, p − θf ,g ) = f −∇θf ,g , div u = g in Ω,

S(u, p − θf ,g )n|Γ = (h− < h, n > n)|Γ, u|Γ0 = 0.

Thus, we may assume that f ∈ Jq(Ω) and < h, n >= 0 on Γ. Let
K(λ, g) ∈ W 1

q (Ω) +W1
q (Ω) be a solution to

(∇K(λ, g),∇φ) = −(λG(g) +∇g ,∇φ) ∀φ ∈ W1
q (Ω) (7)

subject to K(λ, g) = g on Γ. Let u ∈ W 2
q (Ω)

N be a solution to{
λu −Div S(u,K (u)) = f +∇K(λ, g) in Ω,

S(u,K(u))n|Γ = (h + K(λ, g))n|Γ, u|Γ0 = 0.
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Continuation

(∇K(λ, g),∇φ) = (λu −Div S(u,K(u)),∇φ)

= (λu,∇φ)− µ(∇div u,∇φ) ∀φ ∈ W1
q (Ω).

(8)

Let φ ∈ W 1
q,Γ(Ω), and then

(∇K(λ, g),∇φ) = −(λG(g) +∇g ,∇φ) = −{λ(g , φ) + (∇g ,∇φ)}
(7), (8) =⇒ = −{λ(div u, φ) + µ(∇div u,∇φ)}.

(9)

And, div u = µ < D(u)n, n > −K(u) = K(λ, g) = g on Γ
=⇒ div u = g =⇒ u and p = K(u)− K(λ, g) solve (1).
.

......

Especially, if u ∈ W 2
q (Ω) solves{

λu −Div S(u,K(u)) = f in Ω,

S(u,K(u))n|Γ = h|Γ, u|Γ0 = 0,

with f ∈ Jq(Ω) and < h, n >= 0 on Γ, then K(λ, g) = 0, (8), (9) =⇒

div u = 0 and u ∈ Jq(Ω). (10)
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. . . . . .

Example of Domains

Ω is a bounded domain ⇒ W1
q (Ω) = Ŵ 1

q,Γ(Ω),

Ω is an exterior domain with Γ0 = 0 ⇒
W1

q (Ω) = the closure of W 1
q,Γ(Ω) with seminorm: ∥∇ · ∥Lq(Ω).

Let φi ∈ C 1,1(RN−1) (i = 1, 2) with φ1(x
′) < a1 < a2 < φ2(x

′) (x ′ ∈ RN−1),
where ai (i = 1, 2) are constants. Let

Ω = {x ∈ RN | φ1(x
′) < xN < φ(x ′) (x ′ ∈ RN−1)},

Γ0 = {x ∈ RN | xN = φ1(x
′) (x ′ ∈ RN−1},

Γ = {x ∈ RN | xN = φ2(x
′) (x ′ ∈ RN−1}.

Set Ha1,a2 = {x ∈ RN | xN < a1} ∪ {x ∈ RN | xN > a2}. Let Ω be an aperture
domain such that BR ∩ Ω = BR ∩ Ha1,a2 for some R > 0 with
BR = {x ∈ RN | |x | > R}.

(1) Γ = ∅ =⇒ W1
q (Ω) = Ŵ 1

q (Ω).

(2) Γ0 = ∅ =⇒ W1
q (Ω) = W 1

q,Γ(Ω)
∥∇·∥Lq (Ω)

= Ŵ 1
q,Γ(Ω).

(3) Γ0 ̸= ∅, Γ ̸= ∅. So far W1
q (Ω) ?
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Corollary - Generation of Analytic Semigroup

We consider the reduced Stokes equations:
∂tu − DivS(u,K (u)) = 0

S(u,K (u))ν|Γ = 0, u|Γ0 = 0

u(0) = u0.

Let A be an operator defined by

Au = Div S(u,K (u)) (u ∈ Dq(A))

Dq(A) = {u ∈ W 2
q (Ω) | S(u,K (u))|Γ = 0, u|Γ0 = 0}.

The underlying space is

Hq(Ω) = {u ∈ Lq(Ω) | (u,∇φ)Ω = 0 ∀φ ∈ Ŵ 1
q′,Γ(Ω)}.

A generates an analytic semigroup on H.
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. . . . . .

Corollary - Maximal Lp-regularity


∂tu − DivS(u, θ) = f ,

S(u, θ)ν|Γ = h|Γ,
u(0) = 0.

div u = g in Ω, t > 0,

u|Γ0 = 0, t > 0, (11)

u(x , t) = L−1[Φ(λ)(f , g , h)](t)

solves (11) and satisfies the estimate:

∥e−γt(∂tu, γu,Λ
1
2
γ∇u,∇2u,∇θ)∥Lp(R,Lq(Ω))

≤ C (∥e−γt(f ,Λ
1
2
γg ,∇g ,Λ

1
2
γh,∇h)∥Lp(R,Lq(Ω)) + ∥e−γt∂tG(g)∥Lp(R,W−1

q,Γ (Ω))).
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. . . . . .

Sketch of Proof of Main Theorem. Instead of (1), we consider (6).

Uniqueness: Let u ∈ W 2
q (Ω)

N satisfy the homogeneous equation:

λu −Div S(u,K(u)) = 0 in Ω, S(u,K(u))n|Γ = 0, u|Γ0 = 0.

For any φ ∈ C∞
0 (Ω)N , we shall prove that (u, φ) = 0. Let θφ ∈ W1

q′(Ω) be a solution to

(∇θφ,∇ψ) = (φ,∇ψ) ∀ψ ∈ W1
q (Ω).

By (10) we have div u = 0 and (u,∇ψ) = 0 ∀ψ ∈ W1
q′(Ω). =⇒

(u, φ) = (u, φ−∇θφ). Set φ̃− φ−∇θφ, and then φ̃ ∈ Jq′(Ω). Let v ∈ W 2
q′(Ω)

N :

λv −Div S(v ,K(v)) = φ̃ in Ω, S(v ,K(v))n|Γ = 0, v |Γ0 = 0.

By (10) we have div v = 0 and (v ,∇ψ) = 0 ∀ψ ∈ W1
q (Ω). Set

K(v) = ψ1 + ψ2 ∈ W 1
q′(Ω) +W1

q′(Ω), we have

(u, φ̃) = (u, λv −Div S(v ,K(v)) = λ(u, v)− (u,Div S(v , ψ1)) + (u,∇ψ2)

= λ(u, v)− (u, S(v ,K(v)n)Γ +
1

2
(∇u,∇v) + (div u, ψ1)

= λ(u, v) +
1

2
(∇u,∇v), where, we have used: K(v) = ψ1 on Γ.

In the same way, we see 0 = (λu −Div S(u,K(u)), v) = λ(u, v) + 1
2
(∇D(u),D(v))

=⇒ 0 = (u, φ).

Y.Shibata (Waseda) R-sectoriality of the Stokes equations Nov. 5. 2012 17 / 29



. . . . . .

Existence Proof

S(u,K(u))n = S(u,K(u))n− < S(u,K(u))n, n > n+ < S(u,K(u))n, n > n

= µ(D(u)n− < D(u)n, n > n) + (µ < D(u)n, n > −K(u))n = µT D(u)n+ div un

with T D(u)n = D(u)n− < D(u)n, n > n. (6) is written by{
λu −Div S(u,K(u)) = f in Ω,

µT D(u)n|Γ = h̃|Γ, div u|Γ = hN |Γ, u|Γ0 = 0.
(12)

Theorem 1 < q <∞, 0 < ϵ < π/2,
Yq(Ω) = {(f , h) | f ∈ Lq(Ω)

N , h̃ ∈ W 1
q (Ω), hN ∈ W 1

q (Ω) ∩W−1
q,Γ (Ω)}. Then, there

exist λ1 >> 1, A(λ) ∈ L(Yq(Ω),W
2
q (Ω)

N) and B(λ) ∈ L(Xq(Ω), Lq(Ω)
Ñ) (λ ∈ Σϵ,λ1)

such that
(i) For any λ ∈ Σϵ,λ1 , (f , h) ∈ Yq(Ω), u = A(λ)(f , h) is a unique solution to (12).
(ii) GλA(λ)(f , h) = B(λ)Fλ(f , h) and

RL(Xq(Ω),Lq(Ω)Ñ )
({(λ d

dλ
)ℓB(λ) | λ ∈ Σϵ,λ1}) ≤

∃γ1 (ℓ = 0, 1).

Here, Gλu = (λu, λ1/2∇u,∇2u), Fλ(f , h) = (f ,∇(h̃, hN), λ
1/2(h̃, hN),G(hN)).
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Half-Space case

Proof is proceeded in the following cases:
1. Whole space, 2. Half-Space, 3. Bent Half-Spcae, 4. General Domain.

λu −DivS(u, p) = f , div u = g in RN
+, S(u, p)n0|∂RN

+
= h (13)

with RN
+ = {xN > 0} and n0 = (0, . . . , 0,−1).

W 1
q,0(RN

+)
∥∇·∥

Lq (RN+) = Ŵ 1
q,0(RN

+) with W 1
q,0(RN

+) = {u ∈ W 1
q (RN

+) | u|xN=0 = 0} and

Ŵ 1
q,0(RN

+) = {u ∈ Ŵ 1
q (RN

+) | u|xN=0 = 0}.
∃ V ∈ L(W 1

q (RN
+) ∩W−1

q (RN
+),W

2
q (RN

+)
N) s.t. divV (g) = g in RN

+ and

∇2V (g) = V1(∇g), ∇V (g) = V0(g), V (g) = V−1(G(g)),

with V1 ∈ L(Lq(RN
+)

N , Lq(RN
+)

N3

), V0 ∈ L(Lq(RN
+), Lq(RN

+)
N2

), V−1 ∈ L(Lq(RN
+)

N).

u = V (g) + v =⇒{
λv −DivS(v , p) = f + µDivD(V (g)), div v = 0 in RN

+,

S(v , p)n0|∂RN
+
= (h − µD(V (g))n)|∂RN

+
.
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. . . . . .

Theorem in the half-space

Let 1 < q <∞ and 0 < ϵ < π/2. Set

Yq(RN
+) = {(f , g , h) | f ∈ Lq(RN

+)
N , g ∈ W 1

q (RN
+) ∩W−1

q (RN
+), h ∈ W 1

q (RN
+)

N},

Xq(RN
+) = {(F1, . . . ,F6) | F1,F2,F4,F6 ∈ Lq(RN

+)
N , F3 ∈ Lq(RN

+), F5 ∈ Lq(RN
+)

N2

},
Σϵ = {λ ∈ C \ {0} | | arg λ| ≤ π − ϵ}.

Then, there exist V ∈ L(W 1
q (RN

+) ∩W−1
q (RN

+),W
2
q (RN

+)
N) and

T (λ) ∈ L(Xq(RN
+),W

2
q (RN

+)
N) (λ ∈ Σϵ) s.t.

(i) For any λ ∈ Σϵ and (f , g , h) ∈ Yq(RN
+), u = V (g) + T (λ)Fλ(f , g , h) is a unique

solution to (13), where Fλ(f , g , h) = (f ,∇g , λ1/2g , λG(g),∇h, λ1/2h) ∈ Xq(RN
+).

(ii) Set Gλu = (λu, λ1/2∇u,∇2u). Then, there exists a U(λ) ∈ L(Xq(RN
+), Lq(RN

+)
Ñ)

(λ ∈ Σϵ) s.t.

Gλu = U(λ)Fλ(f , g , h)
RL(Xq(RN

+),Lq(RN
+)

Ñ )({(λ
d
dλ )

ℓU(λ) | λ ∈ Σϵ}) ≤ ∃γ0 (ℓ = 0, 1).
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Bent Half-Space

Φ : RN → RN : C 1,1 diffeomorphism s.t. ∇Φ = A1 + B1(x), ∇Φ−1 = A−1 + B−1(x), A
and A−1 are constant orthonormal matrices, B, B−1 ∈ C 0,1 and

∥Bi∥L∞(RN
+) ≤ M1, ∥∇Bi∥L∞(RN

+) ≤ M2 (i = 1,−1).

Here, 0 < M1 ≤ 1 ≤ M2 and M1 is chosen so small that every arguments will be done
nicely.

Ω+ = Φ(RN
+), Γ+ = Φ(∂RN

+), n+ : unit outer normal to Γ+.

We consider the equation:{
λu −Div S(u, p) = f , div u = g in Ω+,

S(u, p)n+|Γ+ = h|Γ+ .
(14)

y = Φ(x), u(y) = TAv(x), p(y) = θ(x) =⇒
λv −Div S(v , θ) + F(v) = f in RN

+,

div v + G(v) = g in RN
+,

S(v , θ)n0 +H(v) = h on ∂RN
+.

(15)
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. . . . . .

Continuation of the bent half-space case

F(v) = F1(λv) + F2(∇2v) + F3(∇v), G(v) = G1(∇v) = div (G2v), H(v) = H1(∇v),

∥Fi∥L∞(RN
+) ≤ CNM1, ∥Gi∥L∞(RN

+) ≤ CNM1 (i = 1, 2), ∥H1∥L∞(RN
+) ≤ CNM1,

∥F3∥L∞(RN
+) ≤ CNM2, ∥∇Fi∥L∞(RN

+) ≤ CNM2(i = 1, 2), ∥∇G1∥L∞(RN
+) ≤ CNM2,

∥∇H1∥L∞(RN
+) ≤ CNM2.

v = V (g) + T (λ)Fλ(f , g , h) =⇒
λv −Div S(v , θ) + F(v) = f + VF (λ)(f , g , h) in RN

+,

div v + G(v) = g + VG(λ)(f , g , h) in RN
+,

S(v , θ)n0 +H(v) = h + VH(λ)(f , g , h) on ∂RN
+

(16)

with

VF (λ)(f , g , h) = F1(λV (g)) + F2(∇2V (g)) + F3(∇V (g))

+ F1(λT (λ)Fλ(f , g , h)) + F2(∇2T (λ)Fλ(f , g , h)) + F3(∇T (λ)Fλ(f , g , h))

FG(λ)(v) = G1(∇V (g)) + G1(∇T (λ)Fλ(f , g , h))

= div (G2(V (g) + T (λ)Fλ(f , g , h))),

VH(λ)(f , g , h) = H1(∇T (λ)Fλ(f , g , h)),
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. . . . . .

Continuation of the bent half-space case

For any φ ∈ W 1
q,0(RN

+), (VG(λ(f , g , h), φ) = −(G2(V (g) + T (λ)Fλ(f , g , h),∇φ)
=⇒ VG(λ)(f , g , h) ∈ W 1

q (RN
+) ∩W−1

q (RN
+) and

|λ|∥VG(λ)(f , g , h)∥Ŵ−1
q (RN

+)
≤ CNM1(|λ|∥G(g)∥Lq(RN

+)+ |λ|∥T (λ)Fλ(f , g , h)∥Lq(RN
+)).

Set V(λ)(f , g , h) = (VF (λ),VG(λ),VH(λ))(f , g , h). Then,
FλV(λ)(f , g , h) = W(λ)Fλ(f , g , h) with

RL(Xq(Ω))({(λ
d

dλ
W(λ) | λ ∈ Σϵ,λ1}) ≤ CN(M1 + λ−1/2M2) (ℓ = 0, 1).

Since ∥Fλ(f , g , h)∥Xq(RN
+) gives an equivalent norm to ∥(f , g , h)∥Yq(RN

+) and since

∥FλV(λ)(f , g , h)∥Xq(Ω) = ∥W(λ)Fλ(f , g , h)∥Xq(Ω) ≤ (1/2)∥Fλ(f , g , h)∥Xq(RN
+) with

small M1 and large λ1.
∃(I + V(λ))−1 ∈ L(Yq(Ω))

u = V ((I + V(λ))−1(f , g , h)) + T (λ)Fλ(I + V(λ))−1(f , g , h) solves (16).

Gλu = Ṽ (λ)Fλ(I + V(λ))−1 + GλT (λ)Fλ(I + V(λ))−1(f , g , h).

Fλ(I+V(λ))−1Fλ(I+
∑

−1)
jV(λ)1) = (I+

∑∞
j=1(−1)jW(λ)j)Fλ = (I+W(λ))−1Fλ.
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. . . . . .

Theorem in the bent half-space

Let 1 < q < ∞ and 0 < ϵ < π/2. Then, there exist M1 ∈ (0, 1) and λ1 ≥ 1
V ∈ L(W 1

q (Ω+) ∩W−1
q (Ω+),W

2
q (RN

+)
N) and T (λ) ∈ L(Xq(Ω+),W

2
q (Ω+)

N)
(λ ∈ Σϵ,λ1) s.t.

(i) For any λ ∈ Σϵ and (f , g , h) ∈ Yq(Ω+), u = V (g) + T (λ)Fλ(f , g , h) is a
unique solution to (15), where
Fλ(f , g , h) = (f ,∇g , λ1/2g , λG(g),∇h, λ1/2h) ∈ Xq(Ω+).

(ii) There exists a U(λ) ∈ L(Xq(Ω+), Lq(Ω+)
Ñ) (λ ∈ Σϵ,λ1) s.t.

Gλu = U(λ)Fλ(f , g , h)
RL(Xq(Ω+),Lq(Ω+)Ñ )

({(λ d
dλ )

ℓU(λ) | λ ∈ Σϵ,λ1}) ≤ ∃γ0 (ℓ = 0, 1).
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. . . . . .

Properties of uniform C 1,1 domains

For any M1 ∈ (0, 1), ∃ countably numbers Φj ∈ C 1,1(RN)N , Ψj ∈ C 1,1(RN)N s.t.
The maps: x → Φ1

j (x) and x → Φ2
j (x) are bijective.

0 < ∃d0, d1, d2 ≤ 1 and x0
j ∈ Ω, x1

j ∈ Γ and x2
j ∈ Γ0 s.t.

Ω = (
∞∪
j=1

Bd0(x
0
j )) ∪ (

∞∪
j=1

Φ1
j (RN

+) ∩ Bd1(x
1
j )) ∪ (

∞∪
j=1

Φ2
j (RN

+) ∩ Bd2(x
2
j )),

Bd0(x
0
j ) ⊂ Ω, Φi

j(RN
+) ∩ Bd i (x

i
j ) = Ω ∩ Bd i (x

i
j ) (i = 1, 2, j = 1, 2, 3, . . .).

∇Φj = Tj + Tj , ∇(Φj)
−1 = T−1,j + T−1,j ,

∇Ψj = Sj + Sj , ∇(Ψj)
−1 = S−1,j + S−1,j ,

Tj , T−1,j , Sj , S−1,j are constant orthonomal matrices,

∥Tj ,T−1,j ,Sj , S−1,j∥L∞ ≤ M1 << 1,

∥∇Tj ,∇T−1,j∥L∞ , ∥∇Sj ,∇S−1,j∥L∞ ≤ M2.

There exists an positive integer L such that any L+ 1 distinct sets of the covering
sets {Bd i (x

i
j ) | i = 0, 1, 2, j = 1, 2, 3, . . .} have an empty intersection.
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. . . . . .

General Domain Case

Let ζ ij and ζ̃
i
j ∈ C∞

0 (B i
j ) withB

i
j = Bd i (x

i
j ) such that

2∑
i=0

∞∑
j=1

ζ ij = 1 on Ω, ζ̃ ij = 1 on supp ζ ij ,

∥ζ ij ∥W 2
∞(RN ), ∥ζ̃ ij ∥W 2

∞(RN ) ≤
∃ c0 (i = 0, 1, 2, j = 1, 2, 3, . . . , ).

Let ui
j satisfy the equations:

λu0
j −Div S(u0

j ,K
0(u0

j )) = ζ̃0j f in H0
j = RN ,

λu1
j −Div S(u1

j ,K
1
j (u

1
j )) = ζ̃1j f in H1

j = Φ1
j (RN

+),

µT D((u1
j )nj = ζ̃1j h̃, div u1

j = ζ̃1j hN on ∂H1
j ,

λu2
j −Div S(u2

j ,K
2
j (u

2
j )) = ζ̃2j f in H2

j = Φ2
j (RN

+),

u2
j = 0 on ∂H2

j .

(∇K 0(u),∇φ)RN = (µDivD(u)−∇div u,∇φ)RN
∀φ ∈ Ŵ 1

q (RN);

(∇K 1
j (u),∇φ)H1

j
= (µDivD(u)−∇div u,∇φ)H1

j

∀φ ∈ Ŵ 1
q,0(H1

j ),

K 1
j (u) = µ < D(u)nj , nj > −div u on ∂H1

j ;

(∇K 2
j (u),∇φ)H2

j
= (µDivD(u)−∇div u,∇φ)H2

j

∀φ ∈ Ŵ 1
q (H2

j ).
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. . . . . .

General Domain Case

u −
∑2

i=0

∑∞
j=1 u

i
j{

λu −Div S(u,K (u)) = f +RF (f , h) in Ω,

µT D(u)n = h̃ + R̃H(f , h), div u = hN +RHN(f , h) on Γ, u|Γ0 = 0.

RF (f , h) =
2∑

i=0

∞∑
j=1

{ u(DivD(ζ ij u
i
j )− ζ ijDivD(ui

j ))−∇K (ζ ij u
i
j )− ζ ijK

i
j (u ij))},

R̃H(f , h) = −µ
∞∑
j=1

T D(ζ1j u
1
j )nj − ζ1j T D(ζ1j u

1
j )nj),

RHN(f , h) =
∞∑
j=1

(∇ζ1j ) · u1
j

(17)

The main task in how to treat the error term, especially non-local terms. To give
you a rough idea, let me consider v 1

j satisfying:{
λv 1

j −Div S(v 1
j ,K

1
j (v

1
j )) = 0 in H1

j ,

µT D(v 1
j )nj = 0, div v 1

j = ζ̃1j hN on ∂H1
j
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. . . . . .

General Domain Case

How to estimate: (∇ζ1j )I 1j with I 1j = K 1
j (u

1
j )− (µ < D(u1

j )nj , nj > −div u1
j ).

For any φ ∈ Lq′(Ω), let Φj ∈ Ŵ 2
q′,0(H1

j ) such that

(∇Φj ,∇ψ)H1
j
= ((∇ζ1j )φ,ψ)H1

j

∀ ψ ∈ Ŵ 1
q (H1

j ),

∥∇Φj∥W 1
q (H1

j )
≤ δ1∥(∇ζ1j )φ∥Lq′ (H1

j )

with some δ1 independent of j = 1, 2, 3, . . .. Especially, ∆Φj = −(∇ζ1j )φ in H1
j

and Φ1
J |∂H1

j
= 0.

Since I 1j = K 1
j (v

1
j )− (µ < D(v 1

j )nj , nj > −div v 1
j ) ∈ Ŵ 1

q,0(H1
j ), we have

(I 1j , (∇ζ1j )φ)H1
j
= (∇I 1j ,∇Φ1

j )H1
j
= µ(DivD(v 1

j )−∇ < D(v 1
j )nj , nj >,∇Φ1

j )H1
j

= −µ(D(v 1
j ),∇2Φj)H1

j
+ (< D(v 1

j )nj , nj >,∆Φj)H1
j

= −µ(D(v 1
j ),∇2Φj)H1

j
+ (< D(v 1

j )nj , nj >, (∇ζ1j )φ)H1
j
.

|
∞∑
j=1

(I 1j ,∇φ)Ω| ≤
∞∑
j=1

∥∇v 1
j ∥H1

j
∥φ∥Lq′ (Ω∩B1

j
)

≤ (
∞∑
j=1

∥∇v 1
j ∥qH1

j
)1/q(

∞∑
j=1

∥φ∥q
′

Lq′ (Ω∩B1
j
)
)1/q

′
≤ Cq,Ω(

∞∑
j=1

∥∇v 1
j ∥qH1

j
)1/q∥φ∥Lq′ (Ω).
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. . . . . .

General Domain Case

There exists a I(f , h) ∈ Lq(Ω) such that I(f , h) =
∑∞

j=1 Ij(f , h) and

|I(f , h)∥qLq(Ω) ≤ C q
q,Ω

∞∑
j=1

∥∇v 1
j ∥qH1

j
.

For each v 1
j , we use the local properties of v 1

j .

Set V(λ)(f , g) = (RF , R̃H,RHN)(f , h). There exists a W(λ) ∈ L(Xq(Ω)) such
that FλV(λ)(f , h) = W(λ)Fλ(f , h) and

RL(Xq(Ω))({(λ
d

dλ
)ℓW(λ) | λ ∈ Σϵ,λ2}) ≤ 1/2 (ℓ = 0, 1)

provided we choose λ2 >> 1 large enough. Employing the same argument as in
the bent-half space case, we can show the existence theorem.
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