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]
Problem

Au—DivS(u,p)=f, divu=g in Q,
S(U, p)n|r = h|r u|r0 =0.

o S(u,p) = —pl + puD(u), D(v) =Vu+ TVu
e Q: uniform C1! domain in RN with boundaries I and Tg.
o dist (I',[p) >0, n: unit outer normal to I’

If the surface tension is taken into account, then the bc. on I is:

{)\n—u-n:d onl,

2
S(u,p)n+ (cg — cAr)nmn = h onT. @

@ 7. corresponding height function, Ar: Laplace-Beltrami op. on I.
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Background of my talk: analytic semigroup

u'(t) — Au(t) =0 (t > 0), u(0) = up on some Banach space X. (3)
If A has a resolvent estimate:
IMAM =A< €
for A € X¢ 5, with some 0 < € < /2 and A\g > 0, where
Yy ={AeCllargA| <71 —¢€, [A]> o},

then 1
L / eM(A — A" LdA
2mi Jr

gives an analytic semigroup associated with (3).
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Backgroud of my talk: maximal regularity

U'(t) — Au(t) = f(t) (t >0), u(0)=0. (4)
Letting fo(t) be O extension of f(t) to t <0,

u(t) = % /OO M — A (N dr (A= +ir)

—00

must be a solution to (4). Since

1 (> .
u'(t) = 2/ AN — A (N dr
i

—0o0

If \(A/ — A)~! is R-bounded, then Weis's operator valued Fourier
multiplier thoerem yields the maximal L, regularity:

e |, rx) + €7 Aull,m,x) < Clle" follL,r,x)-

‘R-sectoriality is the notion that yields the generation of analyticity and the

maximal L, regularity at the same time.
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.
Weis' operator valued Fourier multiplier theorem
R-boundedness

p € [1,00), {7j}jen are sequences of independent, symmetric {—1,1}-valued random
variables on [0,1]. A C B(X, Y) is R-bounded <=

1 N 1 N
I w@Ttlsdus ¢ [ 1>yl du forall Te A feX, NeN.
o O o O

Theorem (Weis)

Let X and Y be two UMD Banach spaces and 1 < p < co. Let M be a function in
CHR\ {0}, L(X, Y)) such that

R({M(p) | p € R\ {0}}) = ko < 00, R({pM'(p) | p € R\ {0}}) = k1 < o0.
Set Tu¢p = F MF[¢]] (Fl¢] € D(R, X)). Then, we have

| Tmll £(Lpr, %), Lo, v)) < Clko + k1)

for some positive constant C depending on p, X and Y.
v
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Assumption 1 for domains

Assumption 1 }

Let Q be a uniform CH! domain.

ﬁﬂa,5>03ndK>OS.t.

o \V/Xo elU ro, Hh(X/) S Cl’l on Ba(Xé) with ||h||C60’1(BQ(X6)) S K

QN Bs(xo) = {x € RY | x; > h(x')} N Bs(x0),
00N Bg(x) = {x € RV | xi = h(x")} N Bg(xo).

CH1(Ba/(x4)) denotes the set of all h € C1(By/(x)) s.t.

102 h(x") — 0% h(y")]
E sup ; ;
1| — X#y |X - .y |
[’ =1 wyeB, /()

Y.Shibata (Waseda) ‘R-sectoriality of the Stokes equations Nov. 5. 2012 6 /29



.
Assumption 2 for domains:

Let
Wor(Q) = {0 € W (Q) | 6]r =0},
W2 Q) = {0 € Lgoe(Q) | VO € Lo()Y, 0]r = 0}.
Definition of the space for the pressure
Let W!() be a closed subspace of W;’F(Q) that contains qu,r(Q)- J

For any f € Ly(Q)", we consider the weak Dirichlet-Neumann problem:

(V0,Vp) = (f.Vy) Yo eW,(Q). ()
Assumption 1

Let 1 < g < oo and let ¢' = g/(q — 1). Then, there exist an operator
K, € L(L(Q)N, WE(Q)) with r = g and r = ¢’ such that for any f € L,(Q)",
KC(f) is a unique solution to (5).
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-
The space for the divergence data

ge Wi (Q)n Wq__rl(Q) means that there exists a constant C; > 0 such
that for any ¢ € W, (Q)

(g, )l < GlIVellL, ()
By the Hahn-Banach theorem, there exists a G(g) € Lq(Q)N such that

1G(8)llLy@) < sup{l(g, )l | ¢ € Wo r(Q), Vel @ =1},
(G(8), Vo) = (8,9) Ve Wy(Q).
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Main Theorem

1< g<oo 0<e<m/2. Q satisfies Assumptions 1 and 2.
Ya(R) = La(Q) x (W (Q) N W, 1(Q)) x W, (%),
Xa() = La(Q)" x Lo(Q)" % Ly(Q) x Lo(Q) x Lo(Q)™ x Ly(Q)",
Fa(f,g,h) = (f, Vg, \"’g,2G(g), Vh,A"/?h) € X4(R)

Ino > 1 and O(N\) € L(Yq(R), W2(2)V) (A € E. ) such that

VA€ Xeqy Y(F,g,h) € Yq(Q), u= P(N)(f, g, h) is a unique solution to (1)
with some p € W (Q) +W(Q).

Moreover, there exists an operator W(A) € L(X4(Q), Lq(Q)N) (N € Xc ) with
N = 2N + N2 such that

(Au, N2V, V2u) = W(N)FA(f, g, h),

d\r
Rc(xg(n),Lq(Q)N)({(Aa) V) [ A€ Tey}) <701, (=0,1).
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Reduced Stokes equation

Let K(u) = p < D(u)n,n > —divu + 0, € W} Q) + WL(Q) , where
0, € W(RQ) is a unique solution to

(VOu, V) = u(Div D(u) — V < D(u)n,n >, Vo) 7 Wy (Q).
K (u) satisfies:
(VK(u), V) = (uDiv D(u) — Vdivu, V) 7o € WL(Q),

subject to K(u)|r = (¢ < D(u)n,n > —div u)|r.

The reduced Stokes equation:
Au—DivS(u,K(u))=f in Q, (6)
S(u,K(u))n=honT, ulr,=0.
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Equivalence between (1) and (6)

Let A € X », with very large Ag. Then, we have
(1) If W, (Q) is dense in Wy(Q), then (1) = (6)
) (6 = ().

(=) Let g € W}(Q2) N W, () be a solution to

~(f, Vo) = g, ») + (V8 Vo) o€ Wor(Q) _
subject to g|r =< h,n > |r Let u € WZ(Q)" and p € W2(Q) + Wi (Q) be a solution
to (1). Since divu = g, for any ¢ € ,F(Q) we have

(f, Vo) = Mu, Vo) = p(Div D(u) = VK(u), Vo) + (V(p — K(v)), Vo)
= —{\(div u, @) + u(Vdivu,V)} + (V(p — K(u)), V).
= (V(p— K(u)), V) =0"p € W, (Q). Since

p—K(u)=p<D(u,n>—< hn>—(u< D(u)n,n> —divu)
=—<hn>+4+g=0
on I, the denseness of W, (Q) in Wj(Q) yields that p = K(u).
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6) = (1)

Let J4(€2) be the solenoidal space defined by
5(Q) = {F € L(@)" | (£, V) =0 "o € Wh(Q)}.
To solve (1), let O, € W7 () + W2 (Q) be a solution to
(VOrh. Vo) = (£, V) "o € Wa(Q)
subject to 8|r =< h,n > |r. Then, we have
Au—DivS(u,p—0rg) =f—Vb,, divu=g inQ,
{S(u7p — Org)n|r = (h— < hyn>n)|r, ulr, =0.
Thus, we may assume that f € J;(Q2) and < h,n >=0on . Let
K(\ g) € W;(Q) + W2(R) be a solution to
(VK(X 8), Vo) = —(AG(g) + V&, Vi) "o € We(Q)
subject to K(\,g) =g on T. Let u € W2(Q)" be a solution to
Au—Div S(u, K(u)) =+ VK(X g) in Q,
{S(Ua K(u))nlr = (h+ K(A, g))nlr, ulr, = 0.
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N —
Continuation

(VK(A, g), Vo) = (Au— Div S(u, K(u)), V)

, v . (8)
= (Au, Vo) — u(Vdivu, V) "o € Wi ().
Let ¢ € W, (), and then
(VKA. 8), V) = =(AG(g) + V&, V) = —{A(g, #) + (V&, Vi)} )
(7),(8) = = —{A\(divu, ) + u(Vdiv u, Vi) }.
And, divu = p < D(u)n,n > —K(u) = K(\,g) =gonT
= divu=g == wvand p=K(u)— K(}, g) solve (1).
Especially, if u € W(RQ) solves
Au—Div S(u, K(u)) = f in Q,
S(u, K(U))n|r = h|r, ulr0 = 07
with f € J4(Q2) and < hyn >=0on T, then K(\, g) =0, (8), (9) =
divu=0 and u€ Jy(Q). (10)
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Example of Domains

@ Qis a bounded domain = W;(Q) = V\\/ql,r(Q)v

@ Q is an exterior domain with o =0 =
W;(2) = the closure of W; (Q) with seminorm: ||V - Il g0

@ Let p; € CHHRYY) (i =1,2) with p1(x') < a1 < a2 < o(xX') (X' € RV 1),
where a; (i = 1,2) are constants. Let

Q={xeR"[p(x) < < p(x) (x eR" )},
Mo ={xeR" | xnv = 1(x) (xX eR"7'},
M={xeR" | xyv=p(x') (xX eR"'}.

@ Set Hy oy = {x €RY | xy < a1} U{x € R" | xy > ao}. Let Q be an aperture
domain such that BR N Q = Bf N H,, ., for some R > 0 with
BRf = {xeR" | |x| > R}.

(1) T=0 = WYQ) =WQ).
(2) To=0 = WiQ)= W”V'lhqm) — W),
(3) To#0,T#0. Sofar Wy(Q) ?
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Corollary - Generation of Analytic Semigroup

We consider the reduced Stokes equations:
Oru — DivS(u, K(u

(
S(u, K(u))v
u(0

)=0
| 0 u‘r0 =0
Upg

)
L=
)
Let A be an operator defined by

Au = DivS(u,K(u)) (ueDgy(A))
Dy(A) = {u € WS(Q) | S(u, K(u)lr =0, ulr, =0}
The underlying space is
HolQ) = {u € Lo(Q) | (u.Vi)a =0 Vo€ W) ().

A generates an analytic semigroup on H.
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Corollary - Maximal L,-regularity

Oru — DivS(u,0) =1, divu=g in Q,t>0,
S(u,Ov|r = hlr, U|r0 =0, t >0, (11)
u(0) =0.

u(x, t) = LTHO(N)(F, g, h)](t)
solves (11) and satisfies the estimate:
1
lle= " (Opu, yu, 2V u, V3u, VO L, (r, L)

1 1 _
< C(lle™(F, N g, Ve, Ao h V) .o + 16 0:G (&)1l e, w, ()
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Sketch of Proof of Main Theorem. instead of (1), we consider (6).

Uniqueness: Let u € WqQ(Q)N satisfy the homogeneous equation:
Au—Div S(u, K(u)) =0 in Q, S(u,K(u))n|r =0, ulr, =0.
For any ¢ € C5°(£2)", we shall prove that (u, ) = 0. Let 6, € W,,(R) be a solution to
(V0. V) = (9, V9) "o € We(Q).
By (10) we have divu =0 and (u, V) =0 "¢ € W), (Q). =
(u,p) = (u,p —V0,). Set g — ¢ — VO,, and then @ € J(Q). Let v € W;,(Q)N:
Av —DivS(v,K(v))=¢ in Q, S(v,K(v))n|r =0, v|r, =0.
By (10) we have divv = 0 and (v, V¢)) =0 Y € W3(Q). Set
K(v) =1 + 12 € W (Q) + W, (), we have
(u, ) = (1, v — Div S(v, K(v)) = A(t, v) — (1, Div S(v, 1)) + (u, Viiz)
= M, v) — (1, (v, K + 3 (Vur, V) + (div o, )
= Mu,v) + %(VU,VV)7 where, we have used: K(v) =11 onT.

In the same way, we see 0 = (Au — Div S(u, K(u)), v) = A(u, v) + 3(VD(u), D(v))
= 0= (u, ).
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N —
Existence Proof

S(u, K(u))n = S(u, K(u))n— < S(u, K(u))n,n > n+ < S(u, K(u))n,n > n
= p(D(u)n— < D(u)n,n > n) + (p < D(u)n,n > —K(u))n = p7 D(u)n + div un

with 7D(u)n = D(u)n— < D(u)n,n > n. (6) is written by
Au—Div S(u, K(u)) = f in Q,
pTD(u)n|r = hlr, divulr = hnlr, ulr, = 0.

Theorem 1 < g < o0, 0 <e<m/2,
Yo(Q) = {(f,h) | f € Ly(Q)", he Wg(Q), hv € Wi (Q) N W, }(Q)}. Then, there

exist A1 >> 1, A(\) € L(Yq(Q), W2(Q)V) and B()) € E(Xq(Q) J DY) (N eTn)
such that

(i) For any A € X 5, (f, h) € Yq(Q), u= A(N)(f, h) is a unique solution to (12).
(i) GNA(N)(f, h) = B(\)FA(f, h) and

R @, Loty {A 5 ) B [A€Tcn}) < m (£=0,1).

Here, Gyu = (Au, A\Y/2Vu, V2u), Fx(f, h) = (f,V(h, hn), \Y/?(h, hy), G(hw)).
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.
Half-Space case

Proof is proceeded in the following cases:
1. Whole space, 2. Half-Space, 3. Bent Half-Spcae, 4. General Domain.

Au—DivS(u,p) =f, divu=g in RY, S(u,p)no|BM =h (13)
with RY = {xy > 0} and no = (0,...,0,—1).

vy AL A ,

o WL (RY) Wt = Wl (RY) with W2o(RY) = {u € W2(RY) | ulxy—0 = 0} and
Wio(RY) = {u € We(RY) | ulxy—o = 0}.

@ 7 Ve (W, (RY)nw,  (RY), W2(RY)V) sit. divV(g) = g in RY and

V2V(g) = Vi(Vg), VV(g) = Vo(g), V(g)= V-1(4(g)).

with Vi € L(Lo(RY)Y, Ly(RV)™), Vo € L(Ly(RY), Ly(RV)), Vo1 € L(Lo(RY)Y).
o u=V(g)+v=

Av — DivS(v, p) = f + uDivD(V(g)), divv=0 in RY
S(v; p)nolapy = (h — uD(V(g))n)|orn-
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.
Theorem in the half-space

Letl1< g<ooand0<e<m/2. Set
Yo®Y) = {(Fog.h) | f € Ly(RY)", g € WERY) N W, (RY), he WiRY)"),
2
Xo(RY) ={(Fu,...,Fs) | F1, Fo, Fa, Fs € Ly(RY)Y, Fs € Ly(RY), Fs € Lo(RY)"'},
Y.={AeC\ {0} | |arg\| <7 —¢€}.
Then, there exist V € L(W,(RY) n W, 1 (RY), W2(RY)V) and
T(A) € L(XRY), WRDY) (A € To) sit.

(i) Forany A€ X, and (f,g,h) € Yo(RY), u= V(g) + T(NFa(f,g, h) is a unique
solution to (13), where Fx(f, g, h) = (f, Vg, A\"/?g,AG(g), Vh, A\Y/2h) € X,(R").

(i) Set Gyu = (Au,\'/?Vu,V2u). Then, there exists a U(\) € L(Xy(RY), Lq(Rﬂ)N)
(A € X¢) s.t.

° G)\U = U()‘)F)\(fagv h)
o R ix, @)L ey ({AFR) U [ A € Ee}) <30 (£=0,1).
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Bent Half-Space

¢ : RV — RV: €M diffeomorphism s.t. V& = A; + Bi(x), V&' = A + B_1(x), A
and A_; are constant orthonormal matrices, B, B_; € C%! and

HBi”Lw(M) < M, ||VBI'HLOO(M) <M, (i=1,-1).
Here, 0 < My <1 < M, and M; is chosen so small that every arguments will be done
nicely.

Q. = o(RY), Iy = ®ARY), n, : unit outer normal to I'.
We consider the equation:

{)\U—DivS(u,p)zf, divu=g in Q4,

(14)
S(U, p)n+|r+ = h|r+.
y = 0(x), uly) = "Av(x), ply) = 0(x) =
Av —DivS(v,0) + F(v)=f  inRY,
divv+G(v) =g in RY, (15)
S(v,0)nog+H(v)=h on ORY.
‘R-sectoriality of the Stokes equations
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Continuation of the bent half-space case

F(v) = Fi(Av) + Fo(VPv) 4+ F5(Vv), G(v) = Gi(Vv) = div(Gav), H(v) = Ha(VV),
IFill @y < CuMa, [1Gill @y < CuMy (P =1,2), [[Hall, @y < CuMh,

[ F3lli oy < CuMa, [IVFill, @y < CuMo(i = 1,2), VGl @y) < CuMe,
||VH1||LOQ(RQ') < CyMs.

v=V(g) + T(\F:(f.g,h) =

Av — Div S(v,0) + F(v) = f + Vr(A)(f, g, h)

in RY,
divv+G(v) =g+ Vg(N)(f,g,h) in RY, (16)
S(v,0)no +H(v) = h+Vn(N)(f, g, h) on ORY
with

Vr()(f.g.h) = Fi(AV(g)) + Fo(V2V(g)) + F5(V V(g))
+ FA(AT(N)Fa(f, g, h)) + fz(VzT()\)F,\(f, g, h) + F(VT(A)FA(f, g, h))
Fa(N)(v) = G(VV(g)) + G(VT(VFA(F. &, h)
=div (G2(V(g) + T(A)Fa(f, g, h))),
Vu(N)(F. g, h) = Ha(VT(NFA(F. &, b)),
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.
Continuation of the bent half-space case

@ Forany € Wio(RY), (Vo(A(f, g, h), ¢) = —(G2(V(g) + T(NFa(f, &, h), Vi)
= Vo(A)(f, g, h) € Wq(RY) N W (RY) and

AV (A)(F, &, D)l 1y < CuML(IAIG (@) gy + IMIIT A FA(F, & W)l ymy)-

Set V(A)(f, g, h) = (Vr(N\), Vg (A), Vi (N))(f, g, h). Then,
FEXV(A)(f, g, h) = W(A)Fa(f, g, h) with

d _
Repa@){AZZWA) [A € Zex}) < Cv(My+ A Y2My) (£=0,1).

Since ||FA(f, g, h)”Xq(Rﬁ) gives an equivalent norm to ||(f, g, h)”Yq(M) and since

[EVA(F, 8, h)llx@ = WA, &, b)) < (1/2)IIFA(F, &, h)llx,@n) with
small M; and large A;.

S+ V)T E L(Ye()

u= (( +V(A) 7 (F.g:0) + TR+ V(X)) (F. g, h) solves (16).

Gau= V)R + V) + G TR+ V() H(F, g, h).

(V) TR+ Y V)Y = (X2 (- 1YWOY) Fa = (14W(N) ' Fa.
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Theorem in the bent half-space

Let1 < q < oo and0 <e<m/2 Then, there exist My € (0,1) and A\; > 1
Ve L(WAQ:) N W, Q) W2RY)N) and T(N) € L(X(Q)), W2(2)V)
(AeXcn) st
(i) Forany A€ X.and(f,g,h) € Yy(Q4), u=V(g)+T(\)F\(f,g,h)isa
unique solution to (15), where
F)\(fagv h) = (fv Vga )‘1/2g7 )‘g(g)a Vh7 /\I/Zh) S XQ(Q-‘F)
(il)  There exists a U(A) € L(X(21), Lo(Q)Y) (A € Zca,) sit.
o G)\U = U()\)F)\(f,g, h)
o Rex@ )o@t {AGx) UA) [ X € Een}) < 70 (£=0,1).
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Properties of uniform C*! domains

For any M; € (0,1), 3 countably numbers ®; € CLY(RV)V, v; € CLYRV)V st
@ The maps: x — ®j(x) and x — ®?(x) are bijective.

@ 0<3d°d,d*<landx’ €Q x €land x7 €l st

Q= (U By () U ({J @7 (RY) N Ba () U (| #7(RE) N B2 (7)),

j=1 j=1
Bpo(x') € Q, ®j(RY)NBi(x) =QNByi(x) (i=1,2, j=1,2,3,...).
O VO, =T+ T, V(&) =T+ T,
VU, =8 +5, V(V) ' '=81,+51,
T, T-1j, S;, S

_1,j are constant orthonomal matrices,

175 T-1j,Sjy S—1,llee < ML << 1,
VT, VT-1illie, 1IVS, VS-1llLee £ Ma.

@ There exists an positive integer L such that any L + 1 distinct sets of the covering
sets {B,i(x{) | i=0,1,2, j=1,2,3,...} have an empty intersection.
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N —
General Domain Case

@ Let ¢/ and ] € C5°(B]) withB] = Bgi(x]) such that
2

ZZC}:I on Q, ff:l on supp(},

i=0 j=1
||Cj|‘wgo(mN)v HG”W&(R"’) <o (i=0,1,2, j=123,...,).

@ Let u} satisfy the equations:

Al — DivS(uf, K°(u)) = Cf in HY =R",

Auj = Div S(uy, K (4})) = G in Hj = &} (RY),
uTD((u})n; = Ch, divu =& hy on IH;,

Auj = Div S(uf, K7 (1)) = G in #; = @ (RY),
uj2 =0 on 87—[?.

(VK°(u), V)an = (uDiv D(u) — Vdivu, Vo)an " € W, (RY);
(VK (u), V@)H} = (uDiv D(u) — Vdiv u, V@)H} Yo € Wi o(H)),
Kjl(u) = p < D(u)nj,n; > —divu on 87—[};
(VK (1), Vo)yz = (uDiv D(u) = Vdiv u, Vo)ye " .6 Wo(H).
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General Domain Case
® u— Z?:o > uj
Au—Div S(u, K(u)) =+ Rx(f,h) inQ,
uTD(u)n = h+ Ry (f, h), divu=hy+ Run(f,h) onT, ulr, =0.

Rr(F,h) = > {u(DivD(¢Gu) — (Div D(y))) — VK(Guf) — GK (u i)},

i=0 j=1

Rau(f, h) = —NZTD(CJ up)n; — GTD(G uf)ny),

Raun(f, h) = (V) - uf
j=1
(17)

@ The main task in how to treat the error term, especially non-local terms. To give
you a rough idea, let me consider v-1 satisfying:

Avi — Div S(v}, K} (v} )) in Hj,
pTD(v)n; =0, divy} = C v on OH;
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General Domain Case

@ How to estimate: (V()I}' with I} = K'(u}) — (1 < D(uj)nj,n; > —div u}).
@ Forany ¢ € Ly (Q), let ®; € VAVC,%’O(H}) such that

(VO Vi) = (VG)p )y 70 € We(H)),
||V¢j‘|wg(7-¢}) < 51H(VCJ‘1)‘PHLq,(H1)

with some 6; independent of j = 1,2,3,.... Especially, A®; = —(V(})p in Hj

and ¢3|8H1 =0.
@ Since I = K'(vj) — (1 < D(vj)nj,n; > —div v}') € quo(’H ), we have
(. (V@) = (VI VOb),0 = p(Div D(v}) ~ ¥ < D( Jnj.m; >, VL),
= D(v)nj,n; >, A®));s

1

D(VJ )n/7 n; >, (VCJ )SD)H}'

Ve)al <Y IV Il @ns)

—u(D(), V20)p + (<

—u(D(v}), v2¢J)H} +(<

(4

1

et

<

Jj=1 oo Jj=1 o
1 1 1
<O Ivvld 1)/q(§ ||<P||q mBl /7 < Can § 1977115 1)/q\|<PHL,(Q)
Jj=1 j=1
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N —
General Domain Case

® There exists a Z(f, h) € Lq(2) such that Z(f, h) = >, [(f, h) and
IZ(F, M) < CqQZ”vV I3

@ For each v;, we use the local properties of v;

@ Set V(A )(f,g) = (R7, Ra, Run)(f, h). There exists a W()\) € L(Xq()) such
that FAV(X)(f, h) = W(X)Fa(f, h) and

Reoam({A ) W) [ A€ T <12 (£=0,1)

provided we choose \» >> 1 large enough. Employing the same argument as in
the bent-half space case, we can show the existence theorem.
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